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The Mesotron Component of Cosmic Rays 
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From experimental and theoretical results a complete qualitative picture of the mesotron 
component is evolved. The intensity, the production, the decay-coefficient of the mesotrons 
in the whole atmosphere as well as the origin of the mesotrons at sea level are obtained in the 
form of curves. It is further shown that this picture gives a satisfactory interpretation of the 
anomalous absorption, the atmospheric effects and the latitude effect at sea level. 


INTRODUCTION 


HE cascade theory of electron showers 

which is based on relativistic quantum 
mechanics has been successfully applied to the 
results of cosmic-ray experiments. The observed 
intensity of cosmic rays in the high atmosphere 
as well as the latitude effect at high altitudes 
have been explained by the same primary energy 
spectrum. 

The cascade theory, however, cannot give an 
interpretation of cosmic-ray intensity at sea 
level consistent with the latitude effect at the 
same height. It is known that nearly all the 
cosmic-ray particles at sea level are not electrons 
but particles of higher penetrating power which 
must, at least partly, be of secondary origin on 
account of their decay.'? 

Although all the measurements of the absorp- 
tion of the mesotron component give a real 
radioactive decay, they are not in quantitative 
agreement. In the present paper it is attempted 
to give an explanation of these differences as 


1H. Euler and W. Heisenberg, Erg. der exak. Naturwiss. 
17, 1 (1938). 
* B. Rossi, Rev. Mod. Phys. 11, 296 (1939). 


well as a consistent picture of the formation and 
decay of the mesotrons in the whole atmosphere. 


THE MESOTRON INTENSITY IN THE 
ATMOSPHERE 


The total number of cosmic particles which 
travel in a vertical direction has been known for 
some time from sea level to a height of 30 km* 
(curve 1, Fig. 1). Recently the number of particles 
penetrating 4 to 18 cm of lead has been meas- 
ured.4~7 At sea level this number is about 80 
percent of the total intensity® (point A). The 
relative intensity of the hard component in the 
whole atmosphere (curve 2) is obtained by 
tracing the curve of the penetrating particles 
through this point. Thus an upper limit for the 
mesotron intensity which itself is assumed 
identical with the penetrating particles only up 
to a height of 8 km is found. This assumption 
might not be completely correct even at low 


3G. Pfotzer, Zeits. f. Physik 102, 23 (1936). 

*E. G. Dymont, Nature 144, 782 (1939). 

5 A. Ehmert, Zeits. f. Physik 115, 326 (1940). 

®M. Schein, W. P. Jesse, and E. O. Wollan, Phys. Rev. 
57, 847 (1940). 

7M. Schein, W. P. Jesse, and E. O. Wollan, Phys. Rev. 
59, 615 (1941). 

® P. Auger, J. de phys. et rad. 6, 226 (1935). 
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altitudes as shown by the relative occurrence of 
slow mesotron and proton tracks at 4300-m 
altitude which contain about 70 percent meso- 
trons and 30 percent protons.® 

Further the number of mesotrons at the limit 
of the atmosphere must be zero on account of 
their decay. A third value for the construction 
of the mesotron curve is the position of its 
maximum which must be below the height of 
the maximum production of mesotrons. As is 
found later the difference in height of the two 
maxima should be small because of the high 
decay-coefficient at that height which is inde- 
pendent of the mesotron intensity within wide 
limits. The precise shape of the curve (curve 3) 
found in this way is not important for the 


present purpose. 


+ THE PRODUCTION OF MESOTRONS IN 
THE ATMOSPHERE 


The production of mesotrons in a block of 
2-cm lead has been measured between pressures 
of 30 and 5 cm Hg.® In order to extrapolate the 
results to the whole atmosphere the following 
assumptions are made: 

(1) The mesotrons are produced in pairs by 
photons which must have at least an energy of 
twice the rest mass of a mesotron. The minimum 
energy is set at 410° ev. The number of these 
photons is proportional to that of the electrons 
of the same energy. 

(2) The production of mesotrons is inde- 
pendent of the energy of the photon provided it 
is above the minimum. 

A curve representing the number of electrons 
in the atmosphere with an energy >4X 108 ev is 
calculated by making use of the cascade theory’® 
and the primary energy spectrum.'! A curve 
(curve 4) parallel to this is traced through the 
measured points B, C, D, E the position of 
which is given by the experiment® in relation to 
the intensity of the penetrating particles (curve 
2). The good fit of the points and the curve is a 
justification of the assumptions. The second of 
these is not necessarily correct because the 
relative energy spectrum of the mesotron pro- 


*W. M. Powell, — Rev. 59, 471 (1941). 

¥H. J . Bhabha’ and W. Heitler, Proc. Roy. Soc. A159, 
432 

1 W. Heitler, Proc. Roy. Soc. A161, 261 (1937). 
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ducing rays does not change considerably below 
the maximum of the total intensity at 8 cm Hg. 
A further point lies considerably below the 
curve, but as it has been measured in a thicker 
block (5 cm Pb), the producing radiation is 
absorbed in it to a greater extent. The original 
point lies, when expressed in radiation units, 
at a depth /=17. The additional absorber is 
1=2/0.4=5 which brings the total depth to 22 


J 
60 cm Hg 
20 10 8 6 4 2km ° 


T T 
ie) 20 40 


Fic. 1. Curve 1: Total number of cosmic-ray particles at 
latitude 50° North; curve 2: number of penetrating 
particles; curve 3: number of mesotrons; curve 4: number 
of mesotrons produced in 2-cm lead; curve 5: number of 
mesotrons produced in a column of air 1 km high; curve 6: 
decay coefficient per km of mesotrons; curve 7: contribution 
of layers 1 km thick to number of mesotrons at sea level. 


and the point to position F’. Thus the agreement 
becomes satisfactory. 

A transformation from lead to air is necessary 
for obtaining the production in the atmosphere 
itself. In the absence of an adequate theory this 
transformation is assumed to be proportional to 
the number of protons and neutrons in a nucleus 
or to the mass. Thus multiplying the production 
per gram and per cm? with the air mass in a 
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column of 1-km height and of 1-cm? section one 
obtains the production of mesotrons per km 
(curve 5). 

Because of the decrease of the production of 
mesotrons and the increase of the density of air 
with increasing pressure, the production in air 
goes through a maximum at a height of 12 km 
(15 cm Hg), i.e., considerably below the maxi- 
mum of total intensity. 


THE DECAY OF THE MESOTRONS 


In certain radioactive decay experiments the 
production of the radioactive elements continues 
during the measurement of the decay rate. 
Similar conditions apply to the present problem 
for which the decay equation is: 


(a+8)N = (dN/dH) +P. 


In this @ is the absorption coefficient, 8 the 
decay coefficient, N the number of particles, 
H the height above sea level, P the production 
of mesotrons, and dN/dH the differential of the 
intensity-height curve (curve 3). With the 
exception of the decay coefficient all other 
quantities are known either from experiments or 
from the present paper. Thus it is possible to 
calculate 8 for the whole atmosphere (curve 6). 

As the average momentum of the mesotrons 
is proportional to its decay path L or inversely 
proportional to 8 


L=1/8=pru/um 


(rw and wy decay time and mass of mesotron 
at rest), this curve gives the average energy of 
the mesotrons as a function of altitude. 

This fact together with the cascade theory of 
electron and photon absorption explains the 
shape of the curve A. At the top of the atmos- 
phere the average energy of the mesotrons will 
be equal, on account of their production in pairs, 
to half the average energy of the photons, which 
in turn equals that of the primary particles. 
This latter is estimated” at about 5X10° ev at 
the latitude under consideration. Comparing 
this with L=13 km for E=1.5 X10 ev, one finds 
that the decay-coefficient becomes 8 =0.025/km. 


® 1. S. Bowen, R. A. Millikan, and H. V. Neher, Phys. 
Rev. 53, 217 (1938). 


This value agrees well with the present results 
which give 8=0.03/km. 

With increasing depth of the atmosphere the 
energy of the mesotron producing rays decreases 
rapidly through the mechanism of shower 
production ; i.e. the decay coefficient increases. 

At still greater depths of the atmosphere 
(below 10 km) the production of mesotrons in 
air falls off. As the mesotrons of the lower energy 
ranges disappear preferentially through decay 
and absorption the mean energy increases and 
consequently the decay coefficient decreases. 
The same difference in the energy spectra of the 
mesotrons at sea level and at 6 km has also been 
directly observed." A further check is found in 
the coinciding of the maximum decay, which is 
equal to BN and takes place at a pressure of 
20-30 cm Hg, and of the hump in the absorption 
curve which is due to the decay electrons. 

The decay time at sea level which is calcu- 
lated by taking the different values of mean 
energy at sea level as well as of the mesotron 
rest mass, lies between 1 and 3 usec. 


THE ORIGIN OF THE MESOTRONS AT SEA LEVEL 


A fraction e~‘*+®# of the mesotrons which 
originate in a layer H km high will reach sea 
level. The contribution to the intensity at sea 
level of the different layers is obtained by 
multiplying the number of mesotrons formed in 
each layer by the above factor. 

Down to sea level the production of mesotrons 
per decay path is of the same order as their 
intensity. Therefore the decay coefficient of all 
mesotrons (curve 6) at the height /7 can be taken 
as that of the mesotrons produced at the same 
height. 

If this approximation is sufficient, the sum of 
all contributions which were calculated in the 
described way (curve 7) must be equal to the 
number of mesotrons found at sea level, which 
is approximately the case. 

The important result is that the mesotrons at 
sea level come in about equal parts from two 
definite layers; the first has a maximum at 6 km 
and the second at 22 km. The mesotrons from 
the stratosphere are of higher energy than those 


13M. Schein, E. O. Wollan, and G. Groetzinger, Phys. 
Rev. 58, 1027 (1940). 
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from the troposphere. It is not possible to decide 
whether the difference in their mean energy is 
sufficient to identify them with components 
found in absorption experiments at sea level." 
It is further to be noticed that practically nothing 
is contributed from layers between 10 and 15 km. 


THE ANOMALOUS ABSORPTION OF 
THE MESOTRONS 


Even if in measurements of cosmic-ray ab- 
sorption at altitudes of a few kilometers the air 
mass between this point and sea level is replaced 
by a much denser absorber of the same atomic 
weight, the intensity at the higher altitude is 
still greater than at sea level. 

A density effect which was calculated recently® 
was found insufficient to account for this 
difference. The radioactive decay of the meso- 
trons however gives a decay path L of 6 to 
10 km.'*!7 These results were calculated under 
the assumption that no mesotrons are produced 
below the highest measuring point. 

Thus in comparing these values with the 
present results which give L=8 km at sea level, 
L=5 at 2 km and L=4 at 4 km, it must not be 
forgotten that mesotrons are produced below 
4 km in sufficient quantity to account for the 
difference. 


THE ATMOSPHERIC EFFECTS 


Taking into account the results of the present 
paper one expects to find the cosmic-ray intensity 
at sea level I7s, which consists mainly of meso- 
trons, to be a function of the form: 


Ins=G[F(E), T(H), 


In the atmosphere the number of mesotrons 
produced at a certain pressure is only a function 
of the primary energy spectrum at the limit of 
the atmosphere F(Z). But the number reaching 
sea level is determined by the height of the layer 
in which they are produced. This height is a 
function of the pressure at sea level P and of 
the temperature distribution 7(H). 

As all these quantities are functions of time, 
the intensity is a function of time also. 


4 E. Regener, Physik. Zeits. 34, 880 (1933). 


18 E. Fermi, Phys. Rev. 57, 485 (1940). 

16 B. Rossi and D. B. Hall, Phys. Rev. 59, 223 (1941). 

17 W. M. Nielson, C. M. Ryerson, and L. W. Nordheim, 
Phys. Rev. 59, 547 (1941). 


Simultaneous registration at stations dis- 
tributed over the whole earth and correlation of 
series of observations extending over long periods 
enables one to separate three effects: variation 
of primary energy spectrum, barometric effect, 
and temperature effect. The latter, which is 
usually only correlated to ground-level tempera- 
ture, varies of course with geographic situation 
and meteorologic conditions.'8 

It is known from balloon ascents that varia- 
tions of atmospheric pressure at sea level are 
accompanied by such temperature changes in 
the stratosphere that the pressure at a fixed 
height in the upper stratosphere does not change. 
Thus the barometric effect as far as it is due to 
decay is only caused by changes in height of the 
lower mesotron contributing layer. In this case 
the decay coefficient obtained from the baro- 
metric effect!®?° must be slightly smaller than 
the decay coefficient at sea level, because the 
high energy contribution does not vary with 
changes in barometric pressure. As the decay 
path calculated from the barometric effect under 
the assumption of adiabatic pressure changes is 
L=4 km or about half the true L7.=1/8=8 km, 
the changes in height of the contributing lower 
layer must be about twice those for an adiabatic 
pressure change. In fact a factor 3.5 is found by 
comparing the observed pressure change at a 
height of 9 km 6P5, which is equal to 1.5 times 
the pressure change 6Ps at sea level,”4 with the 
calculated adiabatic change 6P94=0.426Ps.” In 
consideration of the large possible error in all 
values, the agreement is satisfactory. 

In other experiments, which confirm also the 
present deductions, the cosmic-ray variations 
have been measured at a depth of 40 m of water.” 
All the mesotrons from the lower layer are 
absorbed in the water and in fact no barometric 
effect has been observed. The remaining half- 
diurnal period of 0.2 percent amplitude whose 
maxima coincide with those of the half-diurnal 


18 A. Duperrier, Proc. Roy. Soc. A177, 204 (1941). 
19H. D. Rathgeber, Naturwiss. 26, 842 (1938). 
999): Kolhérster and I. Matthes, Physik. Zeits. 40, 142 
1939). 
as Hf H. Dynes, M. O. Geophysical Memoirs No. 2 
(1912). 
(Ne PS) Haurwitz, Ver. Geophys. Inst. Leipzig [2] 3 
o. 5). 
% E. Regener and W. Rau, Naturwiss. 27, 803 (1939). 
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pressure oscillation of the atmosphere, must be 
due to effects taking place in the upper layer. 

An observed seasonal effect has been at- 
tributed to changes in the mean air temperature 
and has given a decay path L=32 km.* The 
seasonal changes in temperature extend through 
the whole atmosphere, but in summer the 
temperature in the stratosphere is much lower 
than in winter and probably causes a descent of 
the high mesotron contributing layer. Thus the 
decrease in mesotron intensity due to a rise in 
the lower layer is partially compensated by an 
increase due to the upper contributing layer 
and explains the high value found. 

The intensity variations which remain after 
barometric correction, on passage of warm or 
cold air fronts, are obviously due to changes in 
the normal temperature distribution.*® 

Further it is to be expected that changes in 
the primary energy spectrum which for example 
are caused by magnetic storms, should be 
accompanied not only by intensity variations 
but also by changes in the coefficient of the 
barometric effect. 


THE LATITUDE EFFECT AT SEA LEVEL 


Any acceptable picture of the mesotron 
component must give a satisfactory interpreta- 
tion of the latitude effect at sea level. The 
present results combined with the cascade 
theory are able to give this in a qualitative 
manner. 

Below a height of 8 km (in radiation units 
1=10) the number of secondary electrons pro- 

*P. M.S. Blackett, Phys. Rev. 54, 973 (1938). 


** D. H. Loughridge and P. Gast, Phys. Rev. 58, 662 
(1940). 


duced by electrons with energy <y=4 falls off 
rapidly. Therefore primary electrons <4X 108 ev 
Xe¥=2X ev (the critical energy for mesotron 
production is assumed to be 4X10° ev) cannot 
produce mesotrons below that height. As elec- 
trons of an energy superior to 2X10" ev are not 
influenced by the earth’s magnetic field, the 
contribution from the lower mesotron producing 
layer is not subjected to the latitude effect. 

Thus the latitude effect for the upper layer is 
twice the observed effect, i.e., 30 percent. 
Because only the mesotrons produced by the 
higher energy electrons in the upper layer will 
reach sea level it is possible to estimate the 
latitude effect of this layer to be inferior to 
50 percent. 


SUMMARY 


A possible curve of the mesotron intensity in 
the whole atmosphere has been obtained. 

The mean decay coefficient of these mesotrons 
rises from 0.03/km at the limit of the atmosphere 
to a maximum of 0.4/km at a height of 10 to 
12 km and falls off again to 0.1/km at sea level. 
The corresponding average mesotron energies 
are: 3X10°, 210° and ev. 

The mesotrons which reach sea level originate 
in about equal parts in two distinct layers, one 
around a height of 6 km and the other above 
17 km. The latter is composed of mesotrons of 
high energy and the former of mesotrons of 
lower energy. 

Further it is shown that these results explain 
the differences in the experimental determina- 
tions of the decay path and give a consistent 
qualitative picture of the mesotron component. 
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The Intensities of the Hard and Soft Components of Cosmic Rays as 
Functions of Altitude and Zenith Angle 


KENNETH GREISEN 
Cornell University, Ithaca, New York 


(Received January 14, 1942) 


The intensities of the hard and of the soft component of cosmic rays have been recorded by a 
coincidence method as a function of zenith angle, at the four elevations 259, 1616, 3240, and 
4300 meters, and the errors which may occur in the measurements have been studied. The 
absolute directional intensities have been calculated, as well as the integrated intensities at the 
various elevations. A comparison has been made between the variation of the hard component 
and the variation of the soft component with depth. The nature of the variation of the hard 
component with zenith angle and altitude suggests that there may be appreciable production 


of mesotrons at low altitude. 


INTRODUCTION 


N view of the discussions and hypotheses 

which have been presented recently con- 
cerning the nature and origin of the soft and 
hard components of cosmic rays,!~*® it seems to 
be of importance to determine unambiguously 
the intensities of these components as functions 
of altitude and zenith angle. During the last 
summer, therefore, measurements were carried 
out at Ithaca, New York (elevation 259 m), 
and at Denver, Echo Lake, and Mt. Evans, 
Colorado (elevations 1616, 3240, and 4300 m, 
respectively), with a counter telescope directed 
at various zenith angles, in an effort to obtain 
both the directional and total intensities at 
each elevation. 

The directional intensities were calculated on 
the assumption that all of the multiple coinci- 
dences obtained were due to the passage of single 
particles through the counters, although an 
effort was also made to ascertain the errors 
which are involved in such an assumption. No 
attempt was made to distinguish sharply between 
mesotrons and electrons, but rather the dis- 
tinction was between particles capable of pene- 


1W. Heisenberg and H. Euler, Naturwiss. 17, 1 (1938). 
? B. Rossi, Phys. Rev. 57, 469 (1940). 
*E. Nelson, Phys. Rev. 58, 771 (1940). 
‘G. Bernardini, B. N. Cacciapuoti, B. Ferretti, O. 
Piccioni, and G. C. Wick, Phys. Rev. 58, 1017 (1940). 
5L. W. Nordheim, Phys. Rev. 59, 554 (1941). 
6M. Schein, W. P. Jesse, and E. O. Wollan, Phys. Rev. 
59, 614 (1941). 
7J. F. Carlson and M. Schein, Phys. Rev. 59, 840 (1941). 
*G. Cocconi, Phys. Rev. 60, 532 (1941). 
* B. Rossi and K. Greisen, Phys. Rev. 60, 121 (1942). 


trating only the counter walls and those capable 
of penetrating also a certain thickness of lead. 


DESCRIPTION OF THE APPARATUS 


The apparatus used consisted of six identical 
Geiger-Miiller counters, supported in a straight 
line by a light wooden frame (see Fig. 1) which 
could be tipped at any desired zenith angle. 
The separation between the axes of the extreme 
counters was 36.4 cm. The counters were made 
of brass, and were of the self-quenching type, 
containing 9 percent alcohol and 91 percent 
argon with a total pressure of 11 cm. The 
internal diameter was 4.24 cm, the length of the 
collecting wire was 20 cm, and the thickness of 
the counter walls was 1 mm. Between the 
counters were light, removable wooden shelves 
on which 2 cm of lead could be placed, while 
above the top counter was a similar shelf on 
which 3 cm of lead could be placed. The lead 
absorber was cut so that it had the same width 
as the counters, in order to reduce the coinci- 
dences due to scattering of particles into the 
beam. 

The apparatus was housed in a station wagon, 
the roof of which was composed mostly of 
wooden slats approximately } inch thick. Care 
was taken that no dense part of the station 
wagon or of nearby buildings or mountains 
should be in the solid angle of the counter 
telescope at any of the zenith angles used. The 
four zenith angles at which measurements were 
made were 0°, 29°, 46°, and 56° to the south, 
the axes of the counters being always in the 
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east-west direction. The starting potentials of 
the counters were checked daily and all counters 
were operated at exactly the same voltage 
above the starting potential. 

The recording circuit contained a coincidence- 
anticoincidence arrangement which was not of 
an unusual type and will not be described. 


PRESENTATION OF DATA 


With the apparatus described above, the 
following measurements were made: 

(a) Sixfold coincidences with all lead absorber 
in place. The rate at which such coincidences 
occur will be denoted by N. The total absorber 
thickness in this condition, including both the 
lead, the counter walls, and the wood between 
and above the counters, was equivalent to 
167 g/cm? of lead. Since there are very few 


Fie. 1. 


electrons capable of penetrating this thickness 
of lead, N is proportional to the number of 
mesotrons with momentum above 3.0108 ev/c 
which arrive in the solid angle of the counter 
telescope.!° 


10 Because of the finite dimensions of the counters, not 
all particles traverse the counters perpendicularly to the 
axes of the counters; therefore the effective absorber 
thickness is larger than 167 g/cm*. By a treatment very 
similar to that used below in calculating the directional 
intensities (page 216), one can show that the average 


TaBLe I. Intensities of soft and hard components as 
functions of altitude and zenith angle. 


Altitude Depth in Zenith angle 
(meters) g/cm? 0 29° 46° 56° 


N+n=2.8640.021 2.10+0.026 1.24+0.020 0.730.015 
N =2.2740.021 1.67+0.024 1.0840.020 0.65+0.015 
n =0.59+-0.030 0.4340.035 0.1640.028 0.08+0.021 
n’ =0.5520.034 0.42+0.038 

n+n’=1.14+0.045 0.580.047 


N+n=3.94+0.024 2.89+0.066 1.74+0.044 1.040.032 
N =2.8520.067 2.2540.056 1.330.036 0.850.027 
n =1.0940.071 0.64+-0.087 0.41+0.057 0.194-0.042 
n’ =1,02+0.12 0.5340.10 

n+n' =2.12+0.14 0.94+0.12 


N+n=6.5340.075 4.560.057 2.56+0.049 1.450.030 
N =4.1320.062 2.92+-0.048 1.974-0.043 1.180.028 
n =2.40+0.10 1.64+0.075 0.59+0.065 0.272.0.041 
=2.57+0.17 1.02+0.12 

n+n' =4.97+0.19 1.62+0.13 


N+n=9.18+0.093 6.640.079 3.794-0.059 2.140.044 
N =5.19+0.068 4.15+0.061 2.54+0.049 1.560.038 
n =3.98+0.11 249+0.10 1.2540.077 0.58+0.058 
n’ =5.41+0.25 2.18+0.14 

n+n’ =9.39+0.27 3.43+0.16 


(b) Sixfold coincidences with the lead absorber 
removed; this rate will be denoted by N+n. 
The difference n between the coincidence rates 
with and without the lead absorber is propor- 
tional to the number of particles with sufficient 
energy to penetrate the counter walls and the 
wooden shelves (12 g/cm? brass plus 1.7 g/cm? 
wood) but with insufficient energy to penetrate 
167 g/cm? of lead. This number includes electrons 
with energy above approximately 2X10’ ev, 
and also those mesotrons which are stopped by 
167 g/cm? of lead (‘‘slow’’ mesotrons). 

(c) Twofold coincidences between the extreme 
counters, with the same absorber as in the 
measurement of N+n. 

(d) Twofold coincidences between the extreme 
counters, with the inactive counters and the 
shelves removed. In both of the measurements 
(c) and (d) the number of showers and chance 
coincidences recorded is the same. Therefore 
the difference between the counting rates (d) 
and (c) represents the number of particles 
capable of penetrating two counter walls (2.3 
g/cm? of brass) but not capable of penetrating 


absorber thickness is given by 

Tal 

I, (a—I tan ¢) cos‘ 


where xo is the thickness perpendicular to the counter 
axes, a is the effective length of the counters, and / is the 
separation between the axes of the extreme counters. 
For a=20 cm, /=36.4 cm, we find that 2=1.023x9. 
This correction is therefore negligible. 


2=Xo 
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12 g/cm? of brass plus 1.7 g/cm? of wood. This 
number will be denoted by n’, and may be 
considered as the intensity of ‘“‘slow’’ electrons 
(energy roughly between 4X10® ev and 2X10’ 
ev). We find at all elevations that n’ is of 
approximately the same magnitude as nm. The 
zenith angle variation of m’ is not as significant 
as the zenith angle dependence of N or n, because 
of the large amount of scattering which the slow 
electrons undergo in the air. 

In Table I we present, corresponding to the 
various altitudes and zenith angles at which 
they were measured, the rates N+, N, and n’, 
and the deduced values of m and n+m’, all 
expressed in coincidences per minute. The errors 
listed are the statistical (root mean square) 
errors. The column labeled “depth” indicates 
the atmospheric depth in g/cm’, as calculated 
from the average barometric pressures. 

The values for the intensities of the hard 
component in the vertical direction may be 
compared with similar measurements of Rossi, 
Hilberry, and Hoag," with those of Rossi and 
Hall," and with some recent measurements of 
Rossi and collaborators (unpublished). In the 
first of these experiments, triple coincidences 


1B. Rossi, N. Hilberry, and J. B. Hoag, Phys. Rev. 


57, 461 (1940). 
2 B. Rossi and D. B. Hall, Phys. Rev. 59, 223 (1941). 


were counted, while in the second and third the 
rates given are quadruple coincidence rates. 
The absorber thicknesses were 160, 196, and 
196 g/cm? of lead, respectively. In all three 
experiments the number of side showers recorded 
was reduced by shielding the counters on the 
side with 10 or 11 cm of lead. In Table II we 
present the ratios of the intensities of the hard 
component at the other elevations to the 
intensity at Denver, as obtained in the present 
experiment and in the three experiments quoted. 

The only values in this table which show a 
disagreement appreciably greater than the 
statistical errors are the ratios at Mt. Evans, _ 


and the discrepancy is in such a direction as to ~ 


indicate that in the present experiment a few 


percent of the coincidences at Mt. Evans were-~ | 


due to air showers, which were not recorded in 
the experiment of Rossi, Hilberry and Hoag 
because of the shielding of the counters with lead. 


TABLE II. Ratio of intensities of the hard component in 
the vertical direction to the intensity at Denver. 


Mt. Evans 4300 meters 1.72 +0.01 1, 046 
ho 3240 1.41 +0.011 1.38+0.014 1.42+0.010 1.45 +0.040 
Denver 1616 1.00 +0.00 1.00+0.00 1.00+0.00 1.00 +0.00 
Chicago 1 0.766+0.007 
thaca 259 0.795+0.021 
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CALCULATION OF THE DIRECTIONAL 
INTENSITIES 


In Fig. 2 we have plotted the values of log NV 
and of log m against the corresponding values of 
log (t/cos @); i.e., against the logarithm of the 
distance in g/cm?* to the top of the atmosphere. 
The statistical errors are indicated where 
possible, but for the values of N they are too 
small to appear outside the dots. The ‘‘sema- 
phor”’ signs indicate the elevations at which the 
measurements were made. The “‘soft’’ electrons 
n’ have not been included in the figure because 
the variation of m’ with zenith angle is strongly 
affected by scattering of the low energy particles 
in air. 

The graph will be discussed in greater detail 
below, but here we wish to stress the nature of 
the variation of the coincidence rates with zenith 
angle. It appears that at any elevation the 
intensity of the hard component and also (within 
the rather large errors) that of the soft compo- 
nent can be expressed by a power of cos 6,"° and 
that the exponent does not change appreciably 
with elevation in the range from 259 m to 4300 m. 
It will be shown that under a single, mild, 
simplifying assumption, this experimental fact 
leads to the conclusion that the directional 
intensities are strictly proportional to the counting 
rates, although the proportionality constants 
may be slightly different for the soft and 
hard components. 

Consider the counter telescope tipped so that 
the axes of the counters are horizontal and the 
line joining the centers of the counters (the 
“principal axis’) makes an angle 6) with the 
vertical direction, as indicated in Fig. 3, where 
only the extreme counters are shown. Let @ be 

-the angle between the vertical direction and any 
line passing through the axes of the counters, 
and ¢ the angle between this line and the 
principal axis. We wish to calculate the relation 
between the coincidence rate N(6) and the 
cosmic-ray intensity along the principal axis, (60). 

The single simplifying assumption is that over 
the small range of angle subtended by the 
diameters of the counters, J(@) varies linearly 


8 The close resemblance of the zenith angle dependence 


._ of the total intensity to a cos? @ law has been pointed out 


vy Skobelzyn [D. Skobelzyn, Comptes rendus 194, 118 


by Johnson [T. H. Johnson, Phys. Rev. 43, 307 (1933) ], 
) 1932) ], and by others. 
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with @, so that integration over the diameter 
becomes unnecessary, and one may use as the 
average intensity over the diameter the intensity 
along a line passing through the axes of the 
counters." Over the range of @ included by the 
variation of yg, the accurate expression 


1(6) =1(09)(cos" 6/cos" 69) cos” 


will be used, where n is the exponent indicated 
by the slope of the lines in Fig. 2. The relation 
between N(6o) and is (see Fig. 3): 

N(o) = ff 


=1(00) cos ef(e, s\deds, 


x 
Fic. 3. 


4% The error thus introduced can easily be evaluated 
and shown to be small. If Z(@) varies as cos* @, the ratio 
between the correct average intensity over the diameter, 
and the assumed average intensity, is given by 


1+ (3) (canta —1) 


where b is the diameter of a counter, and / is the separation 
between extreme counters. Using the dimensions of our 
counter array, we find the above ratio is less than 1 by 0.23 
percent at @.=0°, increases to exactly 1 at 6)=45°, and is 
greater than 1 by 0.24 percent at 6)=55°. Thus over the 
range of angle we used, the error is not greater than } percent. 
The percent error increases rapidly as one approaches 90°, and 
is 3 percent for @9= 75°; however, for such large zenith angles 
the percent errors involved in the measurements are so 

that one is still justified in using the assumption. 
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where f is a function of the angle ¢ and of the 
dimensions of the apparatus, and the limits of 
integration are functions only of the dimensions 
of the apparatus. Therefore 


=const. XI(0), 


where the constant depends only on the dimen- 
sions of the counter array and on the exponent n.¥ 

Thus the graph in Fig. 2 may be used as a 
logarithmic graph of intensity of the hard and 
soft components against atmospheric depth in 
the direction of motion. The logarithms of the 
absolute intensities differ only by a constant 
from the logarithms of the counting rates, 
although the constant may have slightly different 
values for the hard and soft components. 

In order to determine the proportionality 
constant, let us first consider the counters as 
rectangular sensitive areas, of length @ and 
width b. 6 is equal to the inside diameter of 
the counters,!* and a is equal to the length of 
the fine collecting wire (this is true for counters 
such as ours, in which contact is made by a 
thick rod to a fine collecting wire, and the 
outer cylinder extends several cm beyond the 
wire at both ends). If / represents the separation 
of the axes of the extreme counters, we then 
obtain (see Fig. 3): 


f f cos? 


2b? ptan a/l 
(a—Iltan ¢) cos"*? 


TABLE III. Absolute intensity in the vertical direction 
1(0); the number of particles per cm? per minute per unit 
solid angle. 


(M) (g/cm*) N n n+n’ 
259 1007 0.443+0.004 0.115+0.006 2+0.009 


0.22 
1616 -0.557+0.013 0.21340.014 0.41 +0.03 
3240 708 0.806+0.012 0.47 +0.020 0.97 
4300 616 1.014+0.014 0.78 +0.022 1 


148 Similar calculations have been carried out by o_o 
and by Froman and Stearns [D. K. Froman and J. C 
Stearns, Can. J. Research Al6, 29 (1938) ], under slightly 
different assumptions, so that the proportionality between 
N(@o) I(@o) was not brought to light. 

J. C. Street and R. H. Woodward, Phys. Rev. 46, 


1029 (1934 ) 


For the case n=2(I(@) « cos? @), this becomes 


N(6) bya a a* 
=—[ 3- tan-!-+ )=47 


and for the case n= 3(I(@) cos’ @), we obtain 
2b? 1 


l(a?+/*)4 


-4.67 
3 


The numbers 4.77 and 4.67 are calculated from 
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the following dimensions of our counter array: 
a=20 cm, /=36.4 cm, and 6=4.24 cm. 

In treating the counters as rectangular sensi- 
tive areas, we underestimate the angle subtended 
by the counters, both along the width and along 
the length of the counters, if we assume the 
counters are really sensitive cylinders. The error 
along the length of the counter arises because of 
the solid angle subtended by the circular ends 
of the cylinders, half of which angle extends 
beyond the solid angle subtended by the rec- 
tangular areas. If one regards the intensity as 
constant over the small additional solid angle, 
one obtains for the correction due to all four 
semicircular areas: 


tan—! a/l 
cos" g sin cos gdy 


AN (6) = 
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For the dimensions of our counter array, 
AN(6o) =0.3381(0o) if we take a cos? 6 depend- 
ence, and for the cos* 
dependence. 

The error along the width of the counter is 
shown in Fig. 4, where the situation is exag- 
gerated for the sake of clarity. The maximum 
angular divergence of the particles is really 
given by angle 8 rather than by a, where 


sin 8=tan a=)/I. 


Under our assumption that the intensity varies 
linearly along the diameters of the counters, 
the correction therefore to be applied to the 
factors calculated above is simply to multiply 
them by the ratio 8/a, which in our case amounts 
to increasing the factors by 0.67 percent. 
Finally, therefore, we have the results 


N(@o) if cos? 6, 
N(@0)=5.031(@0), if cos* 


TABLE IV. Integrated intensity J;, the number of 
rticles per minute which cross an area of 1 cm? placed 
ly. J: = 22 sin @ cos 61 (0)d0. 


Alt. Depth ° 

(M) (g/cm?) N N+n N-+n-+n’ n n+n’ 

259 1007 0.68 0.81 1.04 0.14 0.37 
1616 857 0.86 1.13 1.46 0.27 0.60 
3240 708 1.21 1.74 2.47 0.52 1.26 
4300 616 1.62 2.53 4.00 0.91 2.38 


TABLE V. Integrated intensity J2, the number of 
particles per minute which cross a sphere of 1 cm? cross 
section. J2= sin 


Alt. Depth 

(M) (g/cm?) N N+n N-+n-+n’ n n+n’ 
259 1007 0.90 1.06 1.40 0.16 0.50 

1616 857 1.14 1.47 1.92 0.33 0.78 

3240 708 1.62 2.26 3.20 0.64 1.58 

4300 616 2.17 3.28 5.13 1.11 2.96 


The exponent m indicated by the lines in Fig. 2 
is actually 2.1 for the hard component, and 3.6 
for the soft component. If the “very soft” 
component n»’ were plotted, the slope for this 
component would be somewhat less than 3 
(because of the scattering). However, the varia- 
tion in the proportionality factor is only 2 
percent as the exponent changes from 2 to 3. 
In the next section we have for the sake of ease 
in extrapolation and graphical integration always 


dealt with the total intensities N, N+n and 
N+n-+n’; for these, the indicated exponent is 
between 2 and 3, and we have taken the pro- 
portionality factor as 5.12 throughout. This is 
accurate for the hard component, and may be 
in error by about 1 percent for the intensities 
which include the soft component. 

In Table III we present the absolute intensities 
(particles per cm? per minute, per unit solid 
angle) in the vertical direction, obtained simply 
by dividing the corresponding coincidence rates 
(see Table I) by 5.12. Since the statistical error 
for the soft component is in all cases more than 
2 percent, the error made by using the factor 
5.12 for the soft component as well as for the 
hard component is negligible. 


INTEGRATED INTENSITIES 


The intensity J; may be defined as the 
number of particles per minute which cross, at 
any angle, a unit area placed horizontally. 
J, can be calculated as follows: 


hr 
Ji= 2m sin 6 cos 61(6)dé 


cos? 
=— N(@)d 
(6)d (cos? 8) 


= (4/5.12) X (Area under graph of N(@) against 
@). 


The evaluation of the integral becomes particu- 
larly simple in the case of the hard component, 
because the intensity of this component is 
almost exactly proportional to cos? 6. In the 
graphs of the intensities which include the soft 
component (V+n or N+n-+n’), the curvature 
is so small that the extrapolation to @=4 is 


TABLE VI. J(0), J;, and Jo, as obtained by other experi- 
menters. The intensities include both hard and soft 
components. 


Alt. 


Authors (M) (0) Ji Je 
T. H. Johnson 189 0.70 0.96 
(reference 13) 1915 0.99 1.44 
J. C. Street and 0 0.80+0.028 1.48 +0.055 
R. H. Woodward 
(reference 16) 
D. K. Froman and 37 0.973+40.032 1.3140.042 1.82+0.06 
J. C. Stearns 4300 3.80+0.25 §.1+0.37 7.1240.5 


(reference 15) 
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very easy in all cases. The intensities J, thus 
calculated are given in Table IV for the “‘fast’’ 
mesotrons JN, for all particles capable of tra- 
versing the six counters N+n, and for all 
particles capable of traversing 2.3 g/cm? of brass 
(two counter walls) N-+n+n’. The last columns 
give the differences m and n+n’. 

The intensity Jz, may be defined as _ the 
number of particles per minute which cross a 
sphere of unit cross section. J2 is directly related 
to the ionization per minute per unit volume 
observed in an ionization chamber, and is given 
by 


dr 
f 2x sin 61(0)d0 
0 


cos 6=1 
N(6)d(cos @) 


cos 0=0 


5.12 
=(2n/5.12)X(Area under graph of N(@) 
against cos @). 


The intensities J, thus calculated are listed in 
Table V. 

In the evaluation of J», the contribution in the 
angular range between @=55° and @=90° is 
larger than in the evaluation of J:; moreover, 
the slope of the graph of N against cos 6 changes 
more rapidly than does the slope of the graph 
of N against cos? 6. Hence the results for J 
cannot be considered as accurate as the results 
for Ji. 

The numbers in Tables III, [V and V may be 
compared with the similar results of Johnson," 
Street and Woodward,'® and Froman and 
Stearns,!® which are summarized in Table VI. 
The intensities listed in this table were obtained 
with no absorber except the walls of the counters 
and a thin roof, and hence include both soft and 
hard components. A comparison of the results 
in Tables III to V for N+n and N+n-+n’ 
demonstrates the critical dependence of the 
observed total intensities on the absorption 
which takes place in the counter walls. This 
alone may be sufficient to explain the differences 


in the results.'” 
17Tt seems likely that the high values obtained by 


Froman and Stearns at 4300-m elevation may be due to 
an over-correction for the inefficiency of their counters. 


KENNETH GREISEN 


INTERPRETATION OF THE VARIATION WITH 
DEPTH 


It is immediately obvious from the graphs in 
Fig. 2 that the decrease of m with depth is.much 
more rapid than the decréase of N. In fact, the 
values of m are consistent with a straight line on 
the logarithmic graph, having a slope of —3.6. 
If one connects (as is done in the figure) the 
values of N obtained at one elevation and different 
zenith angles, one obtains for each elevation a 
straight line of slope —2.1; and if one connects 
the values of N obtained at one zenith angle and 
different elevations, one obtains curves showing 
a still less rapid decrease. The difference between 
the variation with depth of the soft and of the 
hard component has been observed by Rossi and 
Benedetti,!® by Regener and Ehmert,'® and by 
Bernardini and collaborators.‘ The implications, 
regarding the origin of the soft component, have 
been discussed by Rossi and Greisen.°® 

Let ¢ represent the depth in g/cm? in the 
vertical direction and y=t/cos @ represent the 
atmospheric depth in the direction of motion of 
the observed particles. The graph in Fig. 2 
indicates definitely that N is not a function 
only of the depth y, since the values of N at 
two equal depths 6; and y2=t2/cos 62 
are not equal unless t;=¢2. Fhis is especially 
true for the points obtained in Denver and in 
Ithaca, for which the possible effect of showers 
or other systematic errors is small and the 
differences are many times the statistical errors. 

A reason for the differences is well known; 
they are the effect of spontaneous decay of the 
mesotrons, which causes the intensity to be a 
function not only of the depth in g/cm? but also 
of the geometrical distance from the place of 
production of the mesotrons. The differences 
could also be explained if the directional intensity 
of the primary rays were not isotropic, but 
since the zenith angle @ in our experiment was 
toward the south, and the latitudes were well 
above the knee of the latitude effect, there 
should be no differences due to magnetic effects. 
There is, in addition to the decay, another 
density effect,?°*! which influences the energy 


18B. Rossi and S. De Benedetti, Ricerca Scientifica 
5 (2), 119 (1934). 
(1938) Regener and A. Ehmert, Zeits. f. Physik 111, 501 
20. Fermi, Phys. Rev. 57, 485 (1940). 
210. Halpern and H. Hall, Phys. Rev. 57, 459 (1940). 
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TABLE VII. Predicted values of logio (N3/N2), where 
N; and N; are observed at equal depths y but at different 
vertical depths ¢ and different inclinations. ¢ and y are 
expressed in g/cm?*. p2 is the momentum at the depth y, 
in ev/c. The values are calculated on the assumption that 
to/u=9X10~* and that the mesotrons are produced at a 
— y=103 g/cm*. The last row gives the observed 
values of logio (.NV3/N2). 


y =t3 =1007g/cm? = 
p2(ev/c) te =857 t2 =708 t2=616 t2=616 
3X108 (0.129 0.31 0.47 0.128 
8x10* (0.085 0.20 0.31 0.078 
|0.050 0.12 0.18 0.042 

or 
p2>3X 108 |0.04+0.01 0.06+0.01 0.07+0.01) 0.005+0.01 


loss by collision of the mesotrons; but in air this 
effect is negligible except for extremely high 
energies. 

In order to compare the differences between 
values of N obtained at equal depths y with the 
predicted differences due to decay, one needs to 
know the place of production of the mesotrons, 
the angular distribution at the place of pro- 
duction, and the momentum spectrum. This 
information is not available. For a qualitative 
comparison, however, we may calculate the 
effect for mesotrons of certain momenta, taking 
a reasonable value for the depth of production 
and assuming that the mesotrons have the same 
direction as the primaries by which they are 
produced. 

At two different vertical depths ¢2 and ?s, let 
the zenith angles 6. and 63 be so chosen that 
y=t2/cos 02=t3/cos 63. Let Nez represent the 
number of mesotrons of momentum #2 observed 
at ty in the direction 62, and let N3 represent the 
number of mesotrons of the same momentum 
observed at ¢; in the direction 63. Let us denote 
by Le and L; the corresponding distances from 
the place of production of the mesotrons (depth 
yi) to the place of observation. If we assume 
that the momentum loss of the mesotrons is a 
constant given by a ev/c per g/cm? of air, we 
obtain the relation (see Euler and Heisenberg,' 
Rossi?) 


og 2 


2 TO 


2 B. Rossi, Rev. Mod. Phys. 11, 296 (1939). 


where 
p2tay 


1 (p1/p2)/log (9/31) 


pi=peta(y—yi) is the momentum of the 
mesotrons at the place of production, ro is the 
proper lifetime and y is the rest-mass. We take 
for to/u the value 9X10~ (cm-c/ev),™ and we 
assume for y, the value 103 g/cm? (1/10 of the 
atmosphere). The lengths L may be evaluated 
with the aid of the relation 2=29 log (to/t) 
between altitude z and vertical depth ¢, in which 
(according to our barometer readings) 29=84 
X 104 cm and tp = 1036 g/cm?*. 

Thus we have calculated the differences 
(logio Ns—logio N2) which are given in Table 
VII. The calculations have been made for three 
different values of the momentum 3105, 
8X10°, and 2X10° ev/c. In the first three 
columns of the table, N3 represents the number 
of mesotrons in the vertical direction at Ithaca 
(ts=1007 g/cm’, 6;=0), and represents the 
number of mesotrons in an inclined direction at 
one of the other stations (Denver, Echo Lake, 
and Mt. Evans, respectively, for columns one, 
two, and three), the inclinations being so chosen 
that the depth in the direction of observation 
is the same at all four stations. If the mesotrons 
were monoenergetic, and all had at the depth of 
observation a momentum equal to one of the 
values chosen for p2, the numbers in the row 
corresponding to that momentum should repre- 
sent the separations in Fig. 2 between the 
topmost line and the three lower lines, respec- 
tively, at the depth indicated by arrow A. In 
the last column of the table, Ns; represents the 
number of mesotrons in the vertical direction at 
Echo Lake (t3;=708 g/cm’, 6;=0), and 
represents the number of mesotrons in an 
inclined direction at Mt. Evans, so chosen that 
the depth in the direction of observation is the 
same at both stations. If the mesotrons were 
monoenergetic, and had one of the momenta 
for which the effect has been calculated, the 
number in the last column corresponding to 
that momentum should represent the separation 


23 See Rossi and Hall, reference 12. This result has been 
confirmed recently in another experiment by Rossi and 
= an account of which is to be published 
shortly. 
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between the two lines in Fig. 2 at the depth 
indicated by arrow B. 

In the last row of Table VII, we have given 
the observed differences (logio N3—logio N2), 
which are taken directly from Fig. 2 at the 
depths indicated by arrows A and B. It may be 
noted that the observed difference between 
Denver and Ithaca (0.04+0.01) is in agreement 
with the predicted separation for p2=2 10° 
ev/c (0.050), which is a reasonable estimate of 
the effective momentum at sea level. All of the 
other observed differences are much lower than 
those predicted. In particular, the predicted 
effect between the higher elevations (which is 
given at depth B by the last column in the 
table, and at depth A by the difference between 
the figures in the second and third columns) is 
of the same order of magnitude as the predicted 
effect between the lower elevations (given by 
the first column); whereas the observed effect 
between the higher elevations is practically 
zero. This discrepancy remains, even if the 
calculations are repeated using different values 
for the lifetime or for the depth of production 
of the mesotrons. 

The discrepancy might be accounted for if 
many side showers were recorded at the high 
elevations, since these might reduce the apparent 
decrease in intensity with increasing zenith 
angle, and since the number of showers increases 
with altitude faster than the number of meso- 
trons. However, auxiliary experiments described 
below show that the number of such showers 
recorded with six counters in coincidence is at 
most a very small fraction of the number of 
mesotrons, while the discrepancy is very large. 

The discrepancy may be satisfactorily ex- 
plained, however, if one takes into account that 
mesotron production takes place at all depths 
below the top of the atmosphere, and if one 
makes two assumptions: (1) that mesotron 
production is still an important process at 
depths corresponding to the elevation of Mt. 
Evans (4300 meters), and (2) that mesotrons 
produced with small momentum have a large 
angular divergence from the direction of the 
primaries by which they are produced. Under 
these two assumptions, many of the mesotrons 
which are observed at the higher elevations in 
an inclined direction have been produced near 


the place of observation by primaries which have 
traversed the atmosphere in nearly vertical 
directions. These mesotrons have not been 
appreciably reduced in number by decay. 
Looking at the phenomenon from another point 
of view, we may say that the effective depth of 
observation for these mesotrons lies between ¢ 
and t/cos 0. Near sea level, however, mesotron 
production is rare, so that most of the observed 
mesotrons are produced far from the place of 
observation. The mesotrons observed at sea 
level must therefore have been created with 
such large momentum that their divergence from 
the direction of the primaries is small. For 
these mesotrons, the effective depth of observa- 
tion is very nearly t/cos 6, as is assumed in the 
calculations presented above. 

This explanation might account for the 
difference (log N3—log N2) being small when one 
compares intensities observed at the higher 
altitudes, and for the differences being roughly 
as predicted by the theory when one compares 
intensities observed near sea level. We consider, 
therefore, that the results of this experiment on 
the intensity of the hard component as a function 
of altitude and of zenith angle are an indication 
of the production of mesotrons at fairly low 
altitudes. 


SYSTEMATIC ERRORS IN THE MEASUREMENTS 
(1) Inefficiency 


Auxiliary experiments performed with the 
counters used in this experiment™ indicate that 
the inefficiency of the counters due to the 
“dead-time” following each pulse is 0.2 percent 
or less at 259-m elevation. This implies an error 
in the measurements with six counters which is 
about 1 percent in Ithaca and increases to about 
2.5 percent at the highest elevation. 

Other types of inefficiency, i.e., that due to 
time lags and that due to occasional failure of 
the particles to produce ions in a counter, have 
been shown by our auxiliary experiments to be 
smaller than 0.5 percent per counter, and are a 
constant fraction of the counting rate. Therefore 
they have no influence on the relative rates, and 
introduce an error less than 3 percent in the 
absolute rates. 


% We expect toTpublish a detailed account of these 
experiments in the near future. 


we 
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(2) Chance Coincidences 


An experiment performed with the same 
apparatus in Ithaca, in which the counting rates 
were increased by a radium source, indicates 
that the resolving time of the circuit is about 6 
or 7 microseconds, and that the number of sixfold 
chance coincidences is completely negligible. 


(3) Scattering 


The decrease in the number of coincidences, 
due to scattering of particles out of the beam, 
has been neglected. 


(4) Showers 


Occasionally two or more electrons which are 
members of the same shower may simultaneously 
traverse all of the counters and be recorded as 
only one particle. This effect tends to reduce 
slightly the number of electrons recorded. No 
effect at all of this type is expected for mesotrons. 

A more serious error, which affects the 
counting rates with lead as well as those without 
lead between the counters, is caused by side 
showers which discharge all the counters simul- 
taneously. This effect tends to increase all of 
the counting rates. 

The error caused by showers is the most 
difficult to eliminate or evaluate. If one wishes 
to record only mesotrons of high energy, one 
may reduce the number of side showers recorded 
by shielding the counters on the sides (as well 
as above the counters) with a large thickness of 
lead. If one wishes to record electrons, however, 
the presence of lead alongside and near the 
counters distorts the results because of the 
showers which originate in the lead itself. 
Likewise one cannot use the device of placing 
alongside the coincidence counters additional 
counters, which are so connected that a coinci- 
dence is recorded only when the side counters 
are not simultaneously discharged. Such a device 
would discriminate against true coincidences 
caused by electrons, since all observed electrons 
are members of more or less dense air showers. 
This device also reduces the coincidences 
recorded for mesotrons by several percent,”® 
because the side counters are sometimes dis- 

*6 See Rossi, Hilberry and Hoag (reference 11), Schwegler 


[A. Schwegler, Zeits. f. Physik 96, 62 (1935) ]. This result 
is substantiated by similar experiments now in progress. 


charged by knock-on electrons accompanying 
the mesotrons. 

It has been suggested that one may correct 
for the showers recorded, by measuring the 
coincidence rate with one of the counters 
slightly out of line, and subtracting this rate 
from the coincidence rates with all the counters 
in line. The correction thus obtained, however, 
is much too large, both because of the knock-on 
electrons which discharge the counter out of 
line when a particle goes through the other 
counters, and because of the shower particles 
accompanying the electrons which traverse the 
counter array. 

In our experiment, the number of side showers 
recorded was reduced by using a large number 
(six) of counters in coincidence. Auxiliary experi- 
ments were performed in which one of the middle 
counters (in line) was so connected that a 
coincidence between the other counters was only 
recorded when this counter was not simultane- 
ously discharged. Such measurements were taken 
with varying numbers of the other counters in 
coincidence, from the two extreme counters 
alone to all of the five remaining counters. The 
results are not conclusive enough to be entirely 
satisfactory, but indicate that the number of 
showers recorded is quite large when only two 
counters are in coincidence, and decreases 
rapidly as the number of counters in coincidence 
is increased. With six counters in coincidence, 
the number of showers recorded seems to be 
not more than a few percent of the coincidence 
rates at the highest elevation, and negligible at 
the lowest elevation. 

The error in the measurements due to the 
recording of side showers is in a direction 
opposite to that of the other errors, which also 
increase somewhat with altitude and partially 
compensate for the error due to showers. The 
exact corrections for all the errors are not known, 
but we know that the corrections are small, of. 
the order of magnitude of the statistical errors. 
Hence we have not applied to the data any 
corrections for the systematic errors discussed 
above. 

The writer wishes to express his thanks to 
Professor Bruno Rossi for suggesting this experi- 
ment, and for assistance in carrying out the 
measurements and evaluating the results. 
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The angular distribution of the two quanta which are emitted in the annihilation of a positron 
and an electron was observed with coincidence counters of high resolving powers both in time 
and angle. The direct observations are consistent with the hypothesis that the two quanta are 
emitted in exactly opposite directions to within at least one degree. A comparison of the 
counter efficiency obtained from this angular distribution curve with a direct and independent 
measurement of the counter efficiency for annihilation radiation shows that the half-width of a 
possible distribution of deviations from strict collinearity is zero to within 15 minutes of angle. 
It may be concluded that the momentum balance is accurately maintained by the quanta 
alone, and that, in general, a positron stops before it is annihilated in accord with the theoretical 


estimates. 


INTRODUCTION 


EFORE the discovery of the positron, Dirac! 
predicted the existence of electron states of 
negative total energy. For free electrons, mo- 
mentum considerations demanded that when 
such states were filled by transition from states 
of positive energy, two gamma-ray quanta must 
be simultaneously emitted. Later calculations? 
of the probability of this process of positron 
annihilation gave the result that positrons 
passing through matter would, in general, stop 
before being annihilated and the two quanta, 
each having an energy of mc”, would be emitted 
in directly opposite directions. These two simul- 
taneous quanta were first detected by Klemperer.* 
He measured coincidences between two Geiger 
counters placed close to the source of annihilation 
radiation so that the solid angle subtended by 
one counter at the source was nearly 27. Better 
angular resolution was obtained by Alichanian, 
Alichanow, and Arzimovitch,‘ in whose experi- 


ments the solid angle subtended by one counter 


was about 0.7 steradian. From a knowledge of 
the angular relation between the two quanta, we 
can determine whether or not the positron is 
annihilated while in motion or whether a third 
body, such as a nucleus, is involved in the 


Sterling Fellow, 1941-1942. 
A. M. Dirac, Proc. Roy. Soc. A126, 360 (1930). 
?P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 361 (1930); 
H. A. Bethe, Proc. Roy. Soc. A150, 129 (1935). 
30. Klemperer, Proc. Camb. Phil. Soc. 30, 347 (1934). 
A. I. Alichanian, A. I. Alichanow, and L. A. Arzimo- 
_— 137, 703 (1936), and C. R. (Doklady) 1, 287 


process. The experiments reported here were 
undertaken to determine this angular relation 
more precisely by using counters subtending a 
solid angle of only 0.015 steradian. 


THE COINCIDENCE EXPERIMENTS 


Two counters, each with an electrostatic shield 
and an amplifying tube, were mounted upon 
arms which permitted rotation about an axis 
parallel to the counter wires. The counters*® had 
cathodes three centimeters long of seamless 
copper tubing 1.05 cm in diameter, sealed in a 
glass envelope. They were filled with a mixture 
of 94 percent argon plus 6 percent oxygen, to a 
pressure of 9 cm of mercury. A source of anni- 
hilation radiation was placed at the axis of 
rotation. Coincidences from the simultaneously 
emitted gamma-rays were recorded with a Rossi 
type adding and a hard tube recording circuit. 
The arrangement is shown schematically in Fig. 
1. The coincidence circuit had a resolving time 


Fic. 1. Schematic arrangement of counters for observing 
coincidences from annihilation radiation. 


5 C. G. Montgomery and D. D. Montgomery, J. Frank. 
Inst. 231, 447-467, 509-545 (1941). 
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of 3X10-® second as determined by the acci- 
dental counts registered with the counters 
separated by several meters, each near a radium 
source. A vacuum-tube pulse generator® was also 
used for this determination and gave results in 
substantial agreement. 

Foils of Cu®™ activated by about 10-va hours 
bombardment in the 3.7-Mev deuteron beam of 
the Yale cyclotron were used as positron sources. 
They were pressed into small pellets and covered 
with 0.32 g/cm* of Pb, sufficient to stop the 
positrons. With such a source of annihilation 
radiation at the point of intersection of the axis 
and the perpendicular plane bisecting the counter 
cathodes, the ratios of coincidence to single 
counting rates were determined for various 
angular deviations of one counter from the line 
through the center of the source and the second 
counter. These deviations were measured with 
an optical lever. In all, ten sources were used 
from which about 800 coincidence counts were 
recorded. Corrections were applied to the data 
for all spurious coincidences. In no case was the 
measured natural coincidence background owing 
to cosmic rays and accidental counts from other 
sources higher than 5 percent of the observed 
annihilation coincidence rate, while that caused 
by accidental counts from the annihilation 
quanta themselves as calculated from the resolv- 
ing time of the circuit did not exceed 10 percent. 

Figure 2 shows these observations. The ver- 
tical lines attached to the points represent the 
probable errors of the ratios as computed from 
the number of counts involved in each deter- 
mination. It is apparent from this figure without 
further consideration that the two annihilation 
quanta are emitted in very nearly opposite 
directions. We shall now proceed to discuss this 
more precisely. 


THE COUNTER EFFICIENCY 


It is evident that if the annihilation quanta 
are all emitted in exactly opposite directions, the 
ratio of the coincidence rate to the counting rate 
of a single counter at 6 =0 is equal to the efficiency 
of the counter for gamma-radiation of this 
energy, since if m quanta per second are passing 
through each counter, the single counting rate 


°C. G. Montgomery, W. E. Ramsey, D. B. Cowie, and 
D. D. Montgomery, Phys. Rev. 56, 638 (1939). 


is en, where e€ is the efficiency, and the coincidence 
rate is @n. Thus a determination of counter 
efficiency by an independent experiment will 
allow us to draw more precise conclusions. 
Knowing the number of positrons emitted per 
sec. from a Cu®™ source, we can easily determine 
the efficiency for the annihilation radiation by 
observation of the single counting rate when the 
source has been wrapped with enough material 
to stop all positrons. One assumes that all 
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Fic. 2. Observations of coincidences from annihilation 
radiation. The ordinates are the ratios of the coincidence 
counting rates to the counting rates of a single counter at 
angles given by the abscissae. The broken lines represent 
what is expected if the two quanta are emitted in exactly 
opposite directions. 


positrons are annihilated with the emission of 
two quanta, which is very nearly the case* for 
Cu® positrons; and that the whole counter 
cathode area is sensitive. 

An activated Cu foil was fastened to the 
central electrode of a small ionization chamber 
which could be evacuated. The current between 
the source and the thick brass shell of the 
chamber was measured with a vacuum-tube 
electrometer. By taking the ratio of the number 
of electrons to positrons from Cu® as 1.6,’ the 
number of positrons emitted per sec. may be 
calculated when correction has been made for 
those positrons which do not escape from the Cu 
foil but nevertheless give rise to annihilation 
quanta. This correction was made by graphical 
integration of the electron and positron spectra 
given by Townsend.* The mean value of three 
determinations of the efficiency was (10+1) 
X10-*. The probable error has been estimated in 


7S. N. Van Voorhis, Phys. Rev. 50, 895 (1936); C. V. 
Strain, Phys. Rev. 54, 1021 (1938). 
8 A. A. Townsend, Proc. Roy. Soc. A177, 357 (1941). 


224 R. 


TABLE I. Calculated value of the maximum counting rate 
ratio as a function of the half-width of D(¢). 


Half-width, 0 1 10’ 20’ 
Rat 6=0 € 0.98e 0.89¢ 0.61e 


such a way as to allow for uncertainties in the 
positron-electron ratio and in the energy spectra 
of the particles. This value is in good agreement 
with other measurements of the efficiency of 
similar counters for 0.5-Mev gamma-rays.°® 


DISCUSSION 


We are now in a position to evaluate more 
precisely the results of the coincidence experi- 
ment. If the two quanta are emitted exactly 
collinearly, the cone described by one counter at 
a point source limits the region in which the 
second counter may register coincidences between 
collinear quanta. For this case, the variation of 
the counting ratio R with the angle @ measured 
from the second counter to the in-line position 
of source and counters is given by R=e(1—86/2a), 
where ¢ is the counter efficiency for the quanta 
and 2a the cone angle measured about the axis. 
Plotting the counting ratio vs. 6, one gets two 
straight lines having a common intercept on the 
R axis at the efficiency and cutting the @ axis at 
+a, which for counters of 1.05 cm sensitive width 
15 cm from the axis is 4.0°. 

For the sources used, which were roughly 
spherical and 4 mm in diameter, the expected 
variation of counting ratio with @ for collinear 
quanta is given by a much more complicated 
expression but is not markedly different from 
that of the ideal point source. The broken line 
in Fig. 2 is calculated for a plane source of 4-mm 
extension with a uniform surface density of iso- 
tropic collinear quantum pair emitters. The 
behavior of this function is almost that for the 
point source model for values of @ where the 
whole source contributes coincidences. The tails 
start beyond @=2.5° where this condition is no 


J. V. Dunworth, Rev. Sci. Inst. 11, 167 (1940); F. 
Norling, Phys. Rev. 58, 277 (1940); N. Feather and J. V. 
Dunworth, . Roy. Soc. A168, 566 (1938). 
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longer satisfied. Furthermore, the ordinate at 
6=0 is 0.996 as compared with ¢ for the point 
source case. The agreement with the observa- 
tions is excellent and we may conclude that 
within limits of, say, one degree, the two quanta 
are emitted in exactly opposite directions. 

We may determine these limits more precisely 
by a simple consideration. Let us suppose that 
directions of emission of the two quanta make 
an angle (r—g), the frequency of occurrence of 
a given ¢ being represented by some distribution 
function such as 


b/x 


D(¢) 
This function has a maximum at ¢=9, falls to 
half this maximum value at g=+1/0, and is 
normalized to have a unit area. The calculated 
value of the counting rate ratio R at =O isa 
very sensitive function of the half-width 1/6. 
Table I shows several of the calculated values. 

If we say that the maximum value of R from 
Fig. 2 is (10+1)X10-, and use the measured 
value of the counter efficiency we get R/e=1.0 
+0.14 and 1/5=0+15’. The half-width is, of 
course, essentially positive, and we may conclude 
from these arguments that the two quanta are 
on the average collinear to within 15 minutes of 
angle. 

Any lack of collinearity in the two quanta must 
be explained either as a scattering of the gamma- 
rays after their emission or must represent some 
momentum other than that of the quanta. This 
monentum may be either the momentum of the 
positron or the electron before annihilation or 
the momentum gained by a third body, an atomic 
nucleus for example, during the annihilation 
process. The experiments described above show, 
however, that this momentum is extremely 
small. If the deviation from collinearity is as 
much as 1°, the corresponding momentum is 
only that of a 9-kev electron, a deviation of 15’ 
corresponds to the momentum of an electron of 
less than 1-kev energy. 
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X-Ray L-Series Satellite Lines 
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A theoretical treatment is given of the La and L£ x-ray satellite lines. The satellites are 
aSsumed to arise from doubly-ionized atoms, and calculations of wave-length positions and of 
relative intensities are made on the method of the self-consistent field. Comparison of computed 
and observed satellite profile structure is made. A classification of reported experimental 
component lines is proposed in terms of theoretical transitions. 


I. INTRODUCTION 


THEORETICAL attempt is made to clas- 

sify the satellites of the x-ray line La; 
recently studied experimentally by C. A. 
Randall and L. G. Parratt! in the atomic number 
range Z=42 to Z=56. The earlier experimental 
results of F. K. Richtmyer and R. D. Richtmyer? 
are also discussed, and the tentative classification 
is extended to the L@ lines studied by these 
authors. 

As stated by the experimenters,! we have in 
reality a sort of continuous spectrum of satellites, 
with maxima of intensity, and the component 
resolution is somewhat arbitrary. But, as these 
satellites are known as “‘lines,’’ we shall keep 
this denomination, which, for some of the lines, 
is also theoretically justified. 

The satellites are here supposed to arise from 
doubly ionized atoms. The theoretical calculation 
of the expected structure is by the usual method 
which has been previously explained in similar 
calculations.* Because most of the considered 
satellites show the particular increase in intensity 
due to the Auger effect investigated by D. Coster 
and R. de L. Kronig,* we assume that the addi- 
tional vacancy is in the Myy or My shell, i.e., the 
3d shell. A complete calculation of the satellite 
structure is made only for this additional 
vacancy, and only a rough estimate is made of 
the position of the satellites due to the ionization 
of other shells. 


1C. A. Randall and L. G. Parratt, Phys. Rev. 57, 786 
(1940), later referred to as R-P. 

*F. K. Richtmyer and R. D. Richtmyer, Phys. Rev. 34, 
574 (1929), later referred to as R-R. 

3See F. K. Richtmyer, Rev. Mod. Phys. 9, 391 (1937) 
and references; F. K. Richtmyer and E. G. Ramberg, 
Phys. Rev. 51, 925 (1937); R. D. Richtmyer, Phys. Rev. 
56, 146 (1939); L. Pincherle, Atti Ist. Ven. 96, 287 (1937). 

*D. Coster and R. de L. Kronig, Physica 2, 15 (1935). 


II. OUTLINE OF THE CALCULATION 


The electrostatic integrals which determine 
the separation of the satellites have been cal- 
culated for 37 Rb and 55 Cs. For these elements, 
tables of eigenfunctions evaluated with the 
method of the self-consistent field’ are available. 
The approximation given by these eigenfunctions 
in the present calculations is made worse by the 
fact that the additional vacancy modifies the 
atomic field; but these eigenfunctions seem 
better than the Slater eigenfunctions which have 
been used for similar calculations. The magnetic 
parameters have been deduced from the experi- 
mental separations of the parent-lines. j—j 
coupling has been assumed, and it is shown that 
calculations in intermediate coupling give only 
slightly different results. 

The separation from La, of the La; satellites 
for other values of Z have been interpolated from 
the corresponding values for Z=37 and Z=55 
according to a linear law. This may seem strange, 
because it is generally assumed that Av, being the 
difference of two quadratic functions of Z, is 
itself a quadratic function of Z; and accordingly 
Moseley diagrams are plotted in which (Av)! is a 
linear function of Z.* But in j—j coupling Av is 
determined by the difference of the electrostatic 
integrals of the two missing electrons in the 
initial and in the final state, and these integrals 
are linear functions of Z, so that Av is also such 
a function. 

A rough way of estimating this function for 
the center of gravity of the satellites is the fol- 
lowing: Consider the La satellites due to an 


5D. R. Hartree, Proc. Roy. Soc. A143, 506 (1933); 151, 
96 (1935). 

6 These diagrams were introduced by F. K. Richtmyer, 
Phil. Mag. 6, 64 (1928). 
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additional vacancy in 3d, then 


hAv=Energy (Lin+My)—Energy (2My) 
— Energy (Lu1)+Energy (My), 


and expressing both Av and the energies in 
Rydbergs, 


Av=(Z12/4)+[ (Zu +1)2/9] 
(Z212/4) + 


Z1, Zm being the effective nuclear charges acting 
on the Ly: and My electrons, respectively. If we 
now take Slater’s’? value, e=0.3, and use the 
empirical formula 


Zum =0.72Z — 18.2, 
we obtain the relation 
Av=0.064Z — 1.52, 


which gives the right order of magnitude of Av 
for every Z. The fact that the experimental 
values seem to fit in a Moseley diagram is mainly 
due to the narrow range of values of Z for which 
these diagrams have been plotted; actually the 
experimental points can be made to lie on a 
straight line as well when (Av)! as when Ay is 
plotted against Z. 

This linear interpolation does certainly not 
introduce more important errors than the other 
approximations. In this connection we note that 
the available Hartree eigenfunctions refer to 
monovalent metals, and this fact makes the 


TABLE I. Values of 6 in the relation F=a+0bZ. 


Value calc. with Value from F(37) 
Integral* hydr. eigenf. and F(S55) 

F° (2s, sp) 0.32 0.32 
F° (2p, 2p) 0.36 0.36 
F* (2p, 2p) 0.18 0.17 
F (2s, 3d) 0.21 0.21 
F° (2p, 3p) 0.19 0.18 
F? (2p, 3p 0.05 0.05 
G® (2p, 3p 0.02 0.02 
G* (2p, 3p 0.02 0.02 
F° (2p, 3s) 0.17 0.17 
F° (2p, 3d 0.21 0.22 
F (2p, 0.07 0.07 
G' (2p, 3d) 0.07 0.07 
G* (2p, 3d) 0.04 0.04 
F* (3p, 3d) 0.15 0.15 

(3d, 0.17 0.17 
F* (3d, 3d) 0.09 0.09 
F* (3d, 3d) 0.06 0.06 


* Notations as in Condon and Shortley, The Theory of Atomic Spectra 


(Cambridge, 1935). 


7J.C. Slater, Phys. Rev. 36, 57 (1930). 


interpolation somewhat less reliable. The inter- 
polated values of the electrostatic integrals for 
Z=47 are in good agreement with the values 
calculated by R. D. Richtmyer.* 

The fact that for the various lines the coef- 
ficient of Z is not the same causes the aspect of 
the whole structure to change when Z varies, 
but not significantly in the range of value of Z 
here considered. The real cause for the observed 
changing is examined in Section III. 

We may note that, if any electrostatic integral 
is supposed to vary with Z according to a linear 


law 
F=a+0Z, 


we can reasonably assume that b is very near to 
the value of F calculated with hydrogen eigen- 
functions. We have then a very simple way of 
effecting extrapolation to near elements when the 
value of F is known for a given Z. This is shown 
by Table I which gives the values of b (in Rydberg 
units) for several electrostatic integrals (a) cal- 
culated with hydrogen eigenfunctions, and (b) 
deduced from the values for Z=37 and Z=55 
(calculated with Hartree eigenfunctions). 


Ill. SATELLITES OF La: 


The linear interpolation cannot be carried out 
at once for all La satellites. Some lines are satel- 
lites not of La;, but of Las. In the case of an Lay 
satellite, the jumping electron passes to Lin 
from Myy, so that, if we want the separation 
from Lai, we must subtract from the difference 
of the electrostatic integrals in the initial and 
final states the separation (5/2)z3a(Z) between 
the Myy and My levels. For these lines we must 
add the corresponding (5/2)z34 to the calculated 
value for Z=37 and Z=55, then carry out the 
linear interpolation, and subtract, for every Z, 
(5/2)zsa(Z) from the obtained value. 

As 234 increases with Z‘, the satellites of Laz 
for Z=37 are practically superimposed on the 
satellites of La:, are gradually separated from 
them with increasing Z and shift towards the 
parent line. For Z=56 the separation is almost 
complete and most of the La satellites are unob- 
servable because they are superimposed on La; 
itself. For higher values of Z these satellites are 
included between La; and Laz. 


8 R..D. Richtmyer, Phys. Rev. 56, 146 (1939). 
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iter- TABLE II. Separations of the satellites of La; and Laz from La;. (Rydberg units.) 
s for 
(5/2)234 = 0.15 0.28 0.49 0.72 1.12 
Line by = 0.17 0.20 0.25 0.30 0.38 Int. 
coef- Satellites LytMy4—>MyMy 4 1.17 1.10 1.24 1.39 1.50 1.65 33.3 
ct of of Lan 3 4 1.36 1.43 1.72 2.00 2.23 2.52 (100.0) 
ries My ionized 3 2 1.19 1.23 1.45 1.67 1.85 2.07 8. 
’ 2 2 1.05 1.03 1.16 1.30 1.40 1.54 44.4 
of Z 1 2 1.53 1.42 1.70 1.99 2.21 2.50 20.7 
1 0 1.24 0.93 1.09 1.25 1.38 1.54 14.8 
rved 
Satellites Ly Miv3— My My 4 1.19 1.14 1.33 1.52 1.67 1.86 66.7 
ogral of Lay 3 3 1.59 1.48 1.76 2.05 2.27 2.56 10.4 
“8 My ionized 3 2 1.39 1.24 1.46 1.69 1.87 2.09 0.7 
near 2 3 1.37 1.31 1.54 1.77 1.95 2.18 41.5 
2 2 1.17 1.07 1.24 1.41 1.54 1.71 13.0 
2 1 1.04 0.98 1.12 1.26 1.38 1.52 1.1 
1 2 1.25 1.24 1.47 1.70 1.88 2.11 23.3 
1 1 1.12 1.15 1.35 1.55 1.71 1.91 10.0 
or te 0 1 1.17 1.17 1.37 1.56 1.72 1.92 11.1 
igen- Satellites Lin My4> My My 4 0.64 0.70 0.64 0.50 0.33 0.00 50.0 
y of of Las 4 3 1.04 1.04 1.07 1.03 0.94 0.70 16.7 
My ionized 3 4 0.83 1.02 1.11 1.11 1.06 0.87 16.7 
1 the 3 3 1.23 1.36 1.54 1.64 1.66 1.57 14.1 
oa 3 2 1.03 1.12 1.24 1.29 1.26 Ll 21.1 
2 3 1.09 1.16 1.25 1.26 1.21 1.03 21.1 
berg 2 2 0.89 0.92 0.95 0.91 0.81 0.57 0.4 
cal- 2 1 0.76 0.83 0.84 0.76 0.64 0.38 15.6 
1 2 1.37 1.31 1.49 1.60 1.62 1.53 15.6 
i (b) 1 1 1.24 1.22 1.38 1.45 1.45 1.34 6.7 
=55 Satellites Lyn1Myy3— Myy2 1.23 1.24 1.37 1.42 1.39 1.25 20.7 
of Laz 2 2 1.01 1.07 1.14 1.14 1.07 0.87 29.6 
Mjy ionized 1 2 1.09 1.24 1.37 1.42 1.40 1.26 23.7 
1 0 0.39 0.71 0.69 0.60 0.46 0.17 14.8 
1 out 
sa tel- As a result of this shifting of the Lae satellites, mental value of (5/2)z3¢ and the assumed 
| La the aspect of the whole satellite structure changes natural width of the theoretical lines are given. 
Lin from element to element, and some of the ob- For Z=37 the separations calculated in inter- 
ation served irregularities in the varying of the experi- mediate coupling are also given. For some lines 
rence mental separations with Z are thus explained. the correction is large, but the main features are 
and Other irregularities may be due to alterations in the same as in j—j coupling. For increasing 
ween the atomic field, such as those produced by the values of Z the j—j coupling becomes an increas- 
must completion of an electronic shell. Others may ingly better approximation. 
lated be traced to a difference in the relative prob- The natural width (full width at half maxi- 
t the ability of the Myy and My levels being ionized mum) has been assumed the same for all 
y Z, through the Coster-Kronig process; such a dif- theoretical transitions and has been interpolated 
ference would alter the ratio between the inten- from the fairly well established values 0.25 
| Las sities of the Laz and La; satellites. (Rydberg units) for Z = 47,° and 1.18 for Z=79," 
the according to the law :" 
from IV. RESULTS: La SATELLITES 
‘ Table II gives, for every La satellite due to a ; 
most 3d ionization, the theoretical separation from La; We note that the ratio between the natural 
inob- for Z=37, 42, 47, 51, 56, and the intensity, cal- Width 6 of the satellites under consideration and 
1 Len culated in j—j coupling, under the hypothesis their separation Av, which ratio may give an idea 
s are that Myy and My have the same probability of *L. G. Parratt, Phys. Rev. 54, 99 (1938). 
being ionized, and referred to that of the most Phys Rev 46, Bt (i934). - Barnes, and E. G. Ramberg, 
intense line taken as 100. For every Z the experi- 1 L. Pincherle, Rend. Acc. Lincei 20, 29 (1934). 
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Fic. 1. Theoretical contours of La satellites. 


of their sharpness, is given by a formula 


(a, b, m, n, constant). As m is very small, for 
small Z the ratio decreases when Z increases, 
then reaches a minimum, and afterwards in- 


creases. For the satellites under consideration 
the minimum is in the neighborhood of Z=40, 
so that this is the best region in which to observe 
them. 

Extrapolating the values given by Table II, 
up to Z=79, we obtain values in good agreement 
with the values given by Richtmyer and 
Ramberg.” The extrapolated values are sys- 
tematically about 0.1 Rydberg lower than the 
values of the above said authors; this may be 
due either to the wide range over which the 
extrapolation has been carried out, or to the 
different kinds of eigenfunctions used in the two 
cases. 

The theoretical satellite profile is obtained if 
we assume that every theoretical line is shaped 
according to the formula 


where J, is the intensity at the distance v from 
the center of the line, and éy is the full width at 
half maximum. For every frequency we add up 
the contributions of all the lines. The result is 
shown in Fig. 1, which gives the profile of the La 
theoretical satellites for Z = 37, 42, 47, 51, 56. In 
abscissa both Av/R and Ad (X. U.) measured 
from the parent line are plotted to enable a 
comparison with the experimental results which 
are summed up in R-P Fig. 2. The ordinate 
scale of each curve of Fig. 1 is in arbitrary units. 

Inspection of Fig. 1 shows that, in general 
aspect, the four to six overlapping ‘‘lines’’ are 
not dissimilar from the experimental contours. 
There are three maxima: The first, a2’, corre- 
sponds to the transition LyyMy4—MyyMy4, the 
most intense Lag satellite (its gradual shifting 
towards the parent line is clearly visible). The 
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Fic. 2. Theoretical contours of Lf; satellites. 


2 F. K. Richtmyer and E. G. Ramberg, Phys. Rev. 51, 


925 (1937). 
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TABLE III. Experimental separations from La; of the La satellites (Av/R). 


Randall and Parratt* Richtmyer and Richtmyer 
Z a's a3 as a’s as as as a's at a! 
37 0.37 0.49 0.68 0.87 1.05 
38 0.40 0.52 0.65 0.92 1.07 
40 0.43 0.58 0.73 1.00 1.18 
41 0.45 0.61 0.75 1.10 1.24 1.41 
42 | 0.19 0.37 0.47 0.63 0.75 1.01 0.46 0.64 0.80 1.09 1.35 1.60 1.82 2.22 
qt 0.33 0.50 0.70 0.87 1.21 1.48 0.49 0.69 0.89 1.22 1.51 1.84 
45 0.36 0.54 0.72 0.92 1.25 1.56 1.77 1.94 0.51 0.72 0.93 1.25 1.57 
46 0.42 0.55 0.76 0.98 1.14 1.31 1.68 1.88 2.20 0.54 0.74 1.01 1.33 1.67 2.06 
47 0.47 0.58 0.77 1.01 1.17 1.38 1.79 2.03 0.57 0.80 1.08 1.41 1.78 
48 0.47 0.62 0.82 1.07 1.25 1.47 1.78 1.98 2.23 0.58 0.81 1.10 1.50 1.88 
49 0.65 0.85 1.24 1.28 1.57 2.06 2.52 2.81 0.60 0.83 1.13 1.54 1.98 
50 0.55 0.89 1.16 1.48 1.85 2.17 2.46 
51 0.95 1.22 1.76 2.31 2.69 3.02 3.50 
52 0.95 1.22 1.82 2.51 2.86 3.37 4.06 
53 0.86 1.18 1.69 2.34 3.07 3.97 
56 1.39 1.73 3.17 4.01 4.98 6.03 


* For Z =42 some lines are classified here differently than in R-P. 


second, the principal maximum, very wide and 
perhaps at least three overlapping lines, is 
generally found to correspond to the transition 
Lym My2—MyMy2. An inflection (which for 
some elements takes the aspect of a second 
maximum) on the side of greater »y corresponds 
to My Myy4. This inflection or maxi- 
mum is followed by a less marked inflection 
corresponding to LyyMiyy2—~MyMyy3. Then a 
broad line is suggested on the side of the small », 
which is the superimposition of several faint 
satellites, both of La; and of Las. The third and 
last general maximum is the sharpest and cor- 
responds almost exactly to Li;My3—MyMy4, 
the most intense single satellite of Lay. 

Table III gives the experimental lines. R-R a! 
corresponds to R-P a3, a!! to ay, and so on. No 
R-R line corresponds to a’ or as’. The satellite 
a, is the most intense, then comes a;; the satel- 
lites, a3 and ag, have about the same intensity; 
a;, when it appears, has also this intensity: a; 
is the faintest one. The agreement with the 
experimental separations is rather poor, as was 
to be expected owing to the poor approximation 
given by this kind of calculations; the reasons 
that the theoretical separations are generally 
larger than the experimental values have been 
discussed by Richtmyer and Ramberg.” 

In spite of the quantitative disagreements, 
some interesting conclusions can be drawn. The 


F. K. Richtmyer and E. G. Ramberg, Phys. Rev. 51, 
925 (1937). 


lines which can be assigned to the configuration 
under consideration are a3; to a;, because they 
show the intensity anomaly due to the Coster- 
Kronig effect. It is most likely that the most 
intense experimental line, namely /a;, corre- 
sponds to the maximum of the theoretical curve, 
and it must then be classified, at least for Z>42, 
as the superimposition of several faint theoretical 
transitions, Ly,My2—MyMy2 being the most 
important. Then as corresponds mainly to 
Lin Mw3—MyMy4 and probably a;’ to 
LinMyw2—MyMy3 though for some elements 
it may be a,’ which corresponds to LyyMyy3 
— MyMyy4. The change in the aspect of these 
three lines from element to element is brought 
about by the shifting of two satellites of Las, 
namely Lm My Myy2 and wl 
— My Mjyy2, which lie in the considered region ; 
that is why the same experimental line, as clas- 
sified by R-P or R-R, may correspond in dif- 
ferent elements to different theoretical transi- 
tions. as on the contrary can be assigned almost 
exactly to Li1My3—MyMy4, the most intense 
satellite of La;. As for a;, the calculation in 
intermediate coupling shows that two weak 
lines, Lin My 1+ My My2 9 and Lin Miy 3 
—MyMiy3 are more widely separated from 
In My3— My My4 than is found in j—j coupling, 
so that a; may be the superimposition of these 
two lines. In this hypothesis the ratio of the 
intensities a; : as is 0.3, in agreement with ex- 
periment; but the fact that, when Z increases, 


rve 
II, 
ent 
and 
the 
be 
the 
the 
two 
rom 
up 
q 
La 
In 
ired 
= 


230 L. PINCHERLE 


the separation between as and a; increases 
rapidly cannot be accounted for by this expla- 
nation. 

A classification in which a; is assigned to 
LiuMy3—MyMy4 and as, as’ and as to the 
principal maximum of the theoretical curve 
would not account for the intensity of a4. 

Las; corresponds to several faint lines, most 
Laz satellites, My Myy2 being the 
most important, and, if its intensity allowed its 


TaBLeE IV. Theoretical separations from La; of the 
satellites due to single ionization. 


Lex satellites Lez satellites 
Ionized shell Z=37 Z=55 Z=37 Z=55 
1s 11.1 12.5 11.0 115 
2s 6.0 7.9 5.8 6.9 
2p 7.0 9.5 6.9 8.5 
3s 1.1 1.5 1.0 0.5 
3p 1.2 1.7 1.0 0.7 
3d 1.2 1.9 1.0 0.9 
4s 0.1 0.3 0.0 —0.7 
4p 0.1 0.3 —0.1 —0.8 
4d 0.3 —0.8 


being observed for Z>50, it should be found to 
move towards the parent line. a2’ is almost ex- 
clusively Li1My4—Miy My4, the most intense 
Laz satellite, and its not being observed for Z >48 
is due to the fact that it gets too near to the 
parent line. It was suggested however by R-P 
that as’ does not show the intensity anomaly 
shown by lines due to a 3d ionization, so that it 
should be assigned to another vacancy, probably 
in the N shell; then a; would correspond to 
Liy:My4—-My My4. But the measure of the 
intensity of ae’ is difficult as it lies in the strong 
background of the parent-line, so it seems that 
the first classification is preferable. 

The arrows in Fig. 1 indicate the positions at 
which the experimental lines are fitted by the 
proposed classification. For instance for Z=47 
the following components fit more or less the 
theoretical curve: a,’ at Av=0.5, intensity 32; 
a3, Av=1.1, intensity 40; ay, Av=1.3, intensity 
100; a5, Av=1.55, intensity =52; Av=1.75 
intensity 44; as, Ay=2.0, intensity 65. 

To try to classify the other satellites observed 
by R-P, the separations of the centers of gravity 
of the satellites due to a single additional vacancy 
in any other shell ni have been calculated. They 


are given by: 


Av= Fy(2p, ml) — Fo(3d, nl) for the La, satellites, 
Av= F,(2p, nl) — Fo(3d, nl) — (5/2) 
for the Laz satellites, 


Table IV gives the results for Z=37 and 
Z=55. The interpolation to other values of Z is 
linear for the satellites of La:, and must be 
carried out as explained in Section III for the 
satellites of Laz. The values of Av for an N 
ionization are uncertain, because the ionization 
in 2p alters the N eigenfunctions in a more con- 
siderable way than it alters those of inner 
electrons; and they are certainly lower than the 
real values, as follows from the fact that the 
additional ionization places the N electrons, on 
the average, nearer to the nucleus and so in- 
creases F(2p, 41) more than Fo(3d, 

The satellites due to a vacancy in the N shell 
cannot probably be observed because they are 
too near to La;. The N vacancy however may 
easily be double, either because of the rather 
high probability of the N shell being ionized, or, 
more likely, as a result of an Auger effect in 
which an initial L— M ionization is transformed 
into a L—N—N one. The resultant of the many 


TABLE V. Separations of the L{; satellites (Rydberg units). 


Z= 37 56 
0.17 0.38 
Int. 
Line coup.; jj-coup. Int. 


_ My 3 2 1.28 1.22 2.07 12.3 
2 1 
My = LyMyy2—MyyMyy2 1.12 1.29 2.13 27.8 


ionized 1 2 1.36 1.47 2.61 27.8 
1 0 0.66 0.94 1.52 11.1 


lines arising from such an ionization could then 
be a2’, as previously stated, or superimposed on 
it. If for Z=42 the lines observed by R-P are 
classified as in the present paper, then the line 
with a separation of 0.19 Rydberg from La; is 
most likely to be the one under consideration. 
The satellites due to a 3s or 3p ionization should 
be superimposed on those due to a 3d ionization, 
but these satellites must be extremely faint, 
because, if 3s or 3p happen to be excited, they 
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have a great chance of being destroyed through 
an Auger effect (in which a 3d electron fills the 
vacancy and an N electron is ejected) before the 
emission of the line La has taken place. Such 
an Auger effect will then leave the atom with a 
L—M-—N ionization, the vacancy in the M shell 
being in Myy or My. 

The satellites which arise from an additional 
L vacancy have a very large separation. They 
have been observed by Burbank" for Z = 47 at the 
position foretold by the theory, but, strangely 
have not been observed for Z=42 by Veith and 
Kirkpatrick"—the new line found by these au- 
thors is probably a satellite of Ls. 

We see then that the other satellites observed 
by R-P, namely as, ag, ay’ cannot be explained as 
due to atoms with a single additional vacancy 
and must then be assigned to atoms ionized three 
times. Lines due to a double additional vacancy 
have been found for K satellites.'® It is suggested 
here that the lines in question arise from the par- 
ticular Auger effect by which the original vacancy 
in 3s or 3p is changed in a double vacancy, 3d+4l. 
In first approximation the separation from the 
parent-line of a satellite due to a double additional 
vacancy is the sum of the separations which would 
be caused by the single vacancies. This gives about 
the right order of magnitude of the observed 
separations, particularly for as and ay, when we 
remember that the separation due to an N 
vacancy will be still increased when, besides 2), 
also 3d is ionized. The separation of as’ seems too 
large to be explained with this cause; an M—M 
ionization should be responsible. 

The hypothesis that as, ag, ay’ may be caused 
by acompletely different mechanism, namely by a 
double transition with the emission of a single 
light quantum is disproved by earlier calculations 
of the author,’” which show that, for Z~50, the 
satellites due to double transitions have an in- 
tensity which is only 10~-* or 10~* that of Lay, and 
are then unobservable. Moreover the intensity 
of these lines is proportional to Z~*, so that they 
should be observed more easily for lighter ele- 
ments, which is not the case. 


4 C. J. Burbank, Phys. Rev. 56, 142 (1939). 
ass Mf Veith and P. Kirkpatrick, Phys. Rev. 56, 705 
sent, H. Kennard and E. Ramberg, Phys. Rev. 46, 1040 
vp, Pincherle, Nuovo Cimento 14, 185 (1937). 


V. RESULTS: L8 SATELLITES 


Table V, which is constructed exactly as 
Table II, gives the separations of the L@, satel- 
lites. As 8; is not a component of a doublet, all 
the separations are linear functions of Z; so the 
values for Z=37 and Z=56 only are given, and 
the value of Z34 is omitted. The natural width of 
these lines has been assumed to be the same as 
that of the La satellites, as the natural width of 
the Ly and Ly levels are not much different. The 


TaBLeE VI. Separations from Lf; of the maxima in the 
theoretical contours for the Lf; satellites, and of 
the experimental lines. 


Maximum corresponding to the Experimental lines 
theoretical transition (Richtmyer and 
Richtmyer) 
LyMy3-M,yM. 


41 1,27 1.66 0.42 0.85 

42 1.31 1.72 0.42 0.88 1.13 1.39 
44 1.38 1.82 0.45 0.96 1.26 1.66 
45 1.41 1.86 0.53 1.00 1.36 1.75 
46 1.43 1.88 0.56 1.09 1.48 1.82 
47 1.46 1.90 0.69 1.16 1.60 1.96 
48 1.50 1.96 0.64 1.15 1.71 2.21 
49 1.55 2.06 0.60 1.17 1.76 

50 1.60 2.16 0.65 1.31 1.82 


profile of the group is shown in Fig. 2 which 
refers to Z = 46, and it is very much the same for 
the other elements for which experimental data 
are available. It presents two maxima: the first, 
and more intense, corresponds to the most intense 
theoretical transition, LyMy3—MiyMy4; the 
second is the superimposition of three lines, 
namely LuMy3—-MiyMy3 Lu My2—-MiyMy3 

In Table VI the positions of the two maxima 
are compared, for every Z, with the experimental 
results of R-R. Of the experimental lines, 82" is 
the strongest, 8;' and 6,'"! have about the same 
intensity, and 6,'! is very weak. We see that in 
this case too the theoretical values are larger 
than the experimental ones. The most intense 
line LB," almost certainly corresponds to the 
most intense maximum of the theoretical curve 
and can then be classified as L1; My3—>MiyM v4, 
although some fainter theoretical lines are super- 
imposed. L8,'" corresponds to the second 
maximum of the theoretical curve, and is the 
overlapping of three theoretical transitions. The 
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TABLE VII. Separations and intensities (in brackets) of LB: satellites for Z=55. 


Initial level 
Final M ionized M ionized 
MivNrv3 | 5.88 5.42 Satellites of Li; 
(51) (13) (Niv—Lin) 
2| 5.56 5.10 5.45 
(13) (18) (14) 
1 5.43 5.78 5.76 
(14) (4) (9) 
0 5.16 
(9) 
My Niv4 4.81 5.47 
(61) (21) 
3 4.94 5.60 5.19 
(21) (17) (26) 
2 5.56 5.15 6.10 
(26) (1) (19) 
1 5.05 6.00 
(19) (8) 
My Ny4 | 5.76 Satellites of LB» 
(82) 
3 | 5.92 5.46 
(13) (51) 
2} 5.83 5.37 5.72 
(1) (16) (29) 
1 5.28 5.63 5.61 
(1) (12) (14) 
MyNy5 5.17 
(100) 
4 4.92 5.58 
(21) (61) 
3 5.25 5.90 5.49 
(2) (29) (33) 
2 5.43 5.02 5.97 
(5) (27) (13) 
1 5.40 6.35 
(8) (19) 
0 5.75 
(9) 


separation 8,''—£,""! is given fairly well by the 
theory. 

It is proposed to classify L8,'¥ in the same way 
as Las, Lag, namely, as due to a double additional 
vacancy caused by an Auger effect in which an 
initial single 3s or 3p ionization is changed into a 


_ double one, Myy(or My)+N. 


It is more difficult to classify LB,', and it 
seems that it can be explained only as due to a 
(probably double) N ionization, and in this case 
it should not present the Coster-Kronig intensity 
anomaly; in any case its great intensity is 
puzzling. 

Finally, a few words for the LB, satellites. 
Their wave-length positions have been calculated 
for an additional 3d vacancy for Z=55 (for Z = 37 
the 4d shell is still unoccupied). Table VII gives 
their separations in intermediate coupling, and 
intensities in j—j coupling (which is nearly 


reached). No experimental results are available 
for Z=55, but R-R results for Z=53 show that 
the theoretical values in the case of LB, are in 
less agreement with the experimental values than 
in the case of other lines. This is expected owing 
to the inadequateness of the 4d eigenfunction. 

The theoretical contours of the Lf: satellites 
(which have a larger natural width than the LA; 
satellites) are shown in Fig. 3. It suggests a 
doublet, the line on the side of shorter wave- 
length being the stronger. The experiments give 
two strong lines LB! and L8,"!, and some fainter 
ones, as satellites due to a 3d ionization, but the 
two theoretical “lines” are a superimposition of 
so many theoretical transitions, that a classi- 
fication is of academic value only. 

We may note that a change in the aspect of the 
LB: satellites from element to element must be 
expected, as for La satellites, when the satellites 
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of LBis(Niv—Lin) gradually shift towards the 
parent line. These lines are almost completely 
separated from the L; true satellites for Z=79. 

As for the other experimental lines, that indi- 
cated by R-R as LB.(c) may be due to a double 
additional vacancy, as as and ag, and L8,(a), 
which does not show the Coster-Kronig intensity 
anomaly, is almost certainly the resultant of the 
many lines due to an additional N vacancy ; the 
theoretical value for the separation of this line, 
namely F)(2p, 4d)— Fo(4d, 4d), is 0.9, in fair 
agreement with the experimental value. Also 
lines due to a double N ionization may of course 
contribute. 


VI. CONCLUSIONS 


(a) The separation of a satellite from the 
parent line is a linear function of the atomic 
number. 

(b) If the parent line is a component of a 
doublet, the satellites of the other component 
may be superimposed; they move towards the 
parent line when Z increases, and produce a 
change in the aspect of the satellites from element 
to element. 

(c) The following classification is proposed for 
the La satellites: 

La’ to La; are due to a 3d ionization; 

a’ is mainly the most intense satellite of Laz: 
Lu1My4> My¥4. 

a3; is the overlapping of several faint Laz 
satellites. 

Alternatively a2’ may be due to a (single or 
double) N ionization, and a3 to LyyMy4 
ivM v4. 

a, is the overlapping of several lines, Ly; y2 
—MyMy2 being the most important. 

a5 is mainly LinMiy3—-My 

as’ is probably mainly Li; 


a is almost exclusively 
the most intense theoretical satellite of Lay. 

a; remains unexplained, unless a more exact 
calculation shows that some weak theoretical 
line is beyond y4. 

as, @y, ay’ are due to ionized atoms; the double 


additional vacancy is 3d+4l, and is brought 


about by an Auger effect from an initial state in 
which there is only one additional vacancy in 3s 
or 3p. 

(d) As for the L satellites: 

LB! is probably the resultant of the many 
lines due to an additional single or double 
vacancy in the N shell. 

BY is mainly Lu My3—-MiyMy4. 


Be 
B, 
55 
Cs 


Fic. 3. Theoretical contours of LB: satellites. 


is the superimposition of 
—MiyMy3, Lu My2—-MiyMy3 and Lu 
—MiyMyy2. 

B.'¥ is analogous to Lag, Lag. 

B.(a) is due to an N ionization. 

B2", B2(b), B2!!, which are known to be due to a 
3d ionization, cannot be more precisely classified, 
being the overlapping of too many theoretical 
transitions. 

B2(c) is analogous to Lag, Lag. 
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The Auger Effect in Relative Intensities and Widths of X-Ray Lines 
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A systematic study of the widths and relative intensities of certain LZ lines in the atomic 
number range 70=Z=81 has been made with a two-crystal spectrometer. It was found that 
in going from Ta (73) to Tl (81) the width of lines arising from Ly initial states increased in 
energy by approximately six electron volts, while the widths of lines arising from Ly and Ly 
initial states increased by only approximately one electron volt. Further, the intensities of 
L lines relative to the intensities of Zyz and Lyy1 lines showed a marked decrease with atomic 
number. Both of these variations can be attributed to the rapid increase with atomic number 
of the probabilities of the Auger transitions Lj—~LyyMry and Lj—LyMy. The results on 
line widths are in accord with the theory of Weisskopf and Wigner. All the data recorded 
indicate that Auger transitions are of prime importance in determining the relative intensities 


and widths of certain x-ray lines. 


I. INTRODUCTION 


HAT the Auger effect plays an important 
part in determining both the relative in- 
tensities and the widths of x-ray lines was first 
recognized by Coster and Kronig.! Auger transi- 
tions, otherwise known as radiationless tran- 
sitions, increase the widths of lines since they 
decrease the lifetime of the states; secondly, they 
decrease the relative intensities of diagram lines 
since Auger transitions allow an atom to leave a 
state without emitting a quantum; thirdly, they 
increase the relative intensities of ‘‘second-order” 
lines, otherwise known as “‘satellite’’ lines, since 
the final states of many Auger transitions are the 
initial states for satellite emission. 

The importance of Auger transitions in x-ray 
spectroscopy is increased by the fact that their 
probabilities often vary rapidly from one element 
to the next. Accordingly, the Auger effect pro- 
vides exactly the sort of mechanism required to 
explain the puzzling variations that have been 
observed in line widths and in relative intensities. 
Indeed, this rapid variation of Auger proba- 
bilities with atomic number makes it possible to 
distinguish the results of Auger transitions from 
the effects of other processes. 

The present paper reports systematic measure- 
ments of the widths and relative intensities of 
certain L-series lines for elements of atomic 


number between 73 and 81. In this region it is 


* Now at the University of Southern California. 
1 Coster and Kronig, Physica 2, 14 (1935). 


known that the probabilities of the Auger transi- 
tions from an L, initial state to the final states of 
double ionization Lin My and Lin My are rapidly 
changing with atomic number. Therefore, one 
may expect appreciable changes in relative in- 
tensities and widths of lines arising from Ly 
transitions. The expected variations are clearly 
shown by the data reported here. 


II. THEORY OF SHAPES AND WIDTHS 
OF X-RAY LINES 
On the assumptions of the Dirac radiation 
theory Weisskopf and Wigner? found that the 
frequency distribution of a line arising from 
transitions between the states A and B was 
given by 


Av 
+14) 


J(v)Av= 


Here 4 and I are, respectively, the reciprocals 
of the mean life* of atoms in states A and B, and 
vp*=(E4—Exg)/h where and Ez are the most 
probable energies of states A and B. The full 
width at half maximum of this distribution 
is Av=(T4+T*)/2m in frequency units, or 
AE=h(T4+T*%) in ergs. 

The width of a line is seen to be proportional 
to the sum of the reciprocals of the mean lifetimes 


2 Weisskopf and Wigner, Zeits. f. Physik 63, 54 (1930). 

3’ The mean life of atoms in the state A is here defined 
as the time required for N atoms in that state at time t=0 
to be reduced to 1/e of N (e is the Naperian base). 
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of the initial and final states. It is convenient to 
interpret AT“ and AT? as the energy widths of 
states A and B, respectively. Speaking in these 
terms, one may say that the width of a line is 
equal to the sum of the widths of the initial and 
final states. 

The reciprocal of the mean_life of a state I“ is 
equal to the sum of the probabilities of all 
spontaneous transitions from state A to any 
other state, so one may write 


vB", 
B 


where ys“ is the probability for the transition 
A-—B, and the sum extends over all. possible 
transitions. Taking account of both radiative and 
Auger processes, one may rewrite the above in the 
form 


R Ss 


where yz“ is the transition probability for the 
radiative transition A—R and ys‘ is the proba- 
bility for the Auger transition A—S. 

Several investigators have made calculations 
on the relative importance of radiative and Auger 
transitions in determining the widths of energy 
levels. Ramberg and Richtmyer‘ have computed 
both vr* and Ys ys* for the K, Ly, My, Mu, 
Min, and Ny, levels for Au (79). They found that 
the radiative process accounts for almost all the 
transitions from the K shell, but that for all other 
levels investigated, the Auger contribution to the 
level width was dominant. For the L; level of gold 
they found the ratio of Auger transition proba- 
bilities to radiative transition probabilities to be 
six to one. Pincherle,> working on gold but using 
hydrogenic wave functions, also found this ratio 
to be roughly six to one, although his calculated 
value of the width was less than half that of 
Ramberg and Richtmyer. Such data as are 
available on fluorescence yields confirm the idea 
that Auger transitions are often far more prob- 
able than radiative ones. 

Further, an Auger transition may be highly 
probable for one element, and forbidden for an 
element adjacent in the periodic table.6 Any 


‘Ramberg and Richtmyer, Phys. Rev. 51, 913 (1937). 

5L. Pincherle, Nuovo Cimento (N.S.) 81, 162 (1935). 

§ This is true because such a transition is possible only 
when the energy of the initial state is greater than that of 


abrupt change in the probability of a given Auger 
transition should result in a corresponding change 
in the width of the initial state and hence in a 
variation of the widths of all x-ray lines associ- 
ated with that state. Thus, for a series of ele- 
ments, one may study the changes in the proba- 
bility of an Auger transition through observations 
of the variation in the widths of selected x-ray 
lines. 


Ill. THE AUGER TRANSITIONS 


The two Auger transitions that are the primary 
concern of this paper have a common L, initial 
state and their final states (of double ionization) 
are LmMiy and LiyMy. These radiationless 
transitions are possible whenever the energy of 
the LZ; state is greater than the energies of the 
states Myy and Lm My, respectively. In Fig. 1 
the difference in the v/R values of the L; and Lin 
states is plotted as a function of atomic number ; 
on the same graph, the v/R values for the Miy 
and My states of element Z+1 are also plotted. 
It is clear from the figure that the Auger transi- 
tion L;—LymMy can take place for elements of 
atomic number below 50 and above 73, while the 
transition L;—Ly1 Mwy is confined to elements of 
atomic numbers below 50 or above 77. 


If the probabilities Yanan and become 
sufficiently large, they may constitute the princi- 
pal factor in fixing the width of the Zy, level. 
Calculations of Ramberg and Richtmyer* indi- 
cate that these two transitions alone contribute 
62 percent of the width of the Z; level for gold. 
For elements of atomic number between 50 and 
72 these transitions are forbidden and so con- 
tribute inappreciably. On the basis of these 
considerations one should expect a large change 
in the width of the Z,; level for elements between 
72 and 79. 

Data on the satellites of the La doublet confirm 
the importance and high probabilities of the 
Auger transitions L}—Ln1Mty,y. The La satel- 
lites, according to Druyvestyn’ and others, arise 
from transitions from the states of double ioniza- 


the final state (of double ionization) and is most probable 
when this energy difference is not too great. When the 
energy difference is very large, the probability of the Auger 
transition is small, since the wave function describing the 
ejected electron oscillates too rapidly to make the transi- 
tion probability integral large. 

™M. J. Druyvestyn, Zeits. f. Physik 43, 707 (1927). 
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Fic. 1. Coster-Kronig diagram. The Auger transition Ly~Ly,Myy (Lj—~Ly1 My) is 
possible for an element of atomic number Z if the energy difference Ly — Ly is greater than 
the energy of the Myy(My) level of element Z+1. 


tion Lin and LyMy. Early observations of 
these satellites showed that they were intense 
relative to the La doublet for elements of atomic 
number above 73 and below 50, while they were 
very weak for elements in the atomic number 
range 50=Z=73. The explanation of this in- 
tensity anomaly was proposed by Coster and 
Kronig! who suggested that the high probability 
of the Auger transitions L1—~LimMy,y for ele- 
ments below 50 and above 73 should result in a 
great increase in the number of atoms which 
reach the initial state for La satellite production. 
Hirsh* measured photographically the relative 
intensities of the La satellites in the atomic 
number range 40=Z=52. His data confirmed the 
prediction of Coster and Kronig, as have subse- 
quent measurements on the Ja satellites by 
Randall and Parratt,? who used a two-crystal 
spectrometer. 

Shrader,’® also using a two-crystal spectrome- 
ter, has determined the relative intensities of the 
La satellites for elements of atomic number 
between 73 and 92. His results are shown in 


8F. R. Hirsh, Phys. Rev. 48, 722 (1935). 

® Randall and Parratt, Phys. Rev. 57, 786 (1940). 

1 R. E. Shrader, unpublished work. The author is 
grateful to Dr. Shrader for the use of his unpublished curve. 


Fig. 2. The curve fitting his data is arbitrarily 
resolved into two components, one assigned 
to each of the transitions Lj>LmMy and 
Ly>LmMyw which are possible for elements 
of atomic number greater than 72 and 76, 
respectively. 

If one assumes that the sum of the proba- 
bilities of the Auger transitions ZL} Mty,v is 
roughly proportional to the relative intensity of 
the La satellites, it is apparent that the sum 


Yomitry-+'YLaraty should increase rapidly with 
atomic number for 73=Z=81. As a consequence, 
the width of the Ly level should increase with atomic 
number in this range. Data presented in the present 
paper confirm this-assumption and prediction. 
Any increase in the probabilities of Auger 
transitions from the ZL; state should result in a 
decrease in the intensities of L; lines relative to 
the intensities of Ly and Lin lines, provided 
(1) there exists no corresponding abnormal be- 
havior in Auger transitions from the Zy and Lin 
states, and (2) the ratio of the numbers of atoms 
reaching the L;, Ln, and Lim states is constant. 
This prediction is based on the obvious fact that 
the relative number of atoms leaving the L, level 
by radiative transitions must decrease as 
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the Auger probabilities increase. Coster and 
De Langen"™ have shown that the intensities of 
the L; lines, L8; and L@,, are smaller relative to 
the intensity of the Ly line L8, for Ag (47) than 
for Sn (50) and Sb (51). The probabilities of the 
Auger transitions Miy,y are much greater 
for silver than for tin and antimony, so their data 
are in agreement with expectations. Data pre- 
sented in this paper reveal a marked decrease with 
atomic number in the intensity of the Ly lines 
relative to the Ly and Ly lines from Ta (73) to 
TI (81). 


IV. EXPERIMENTAL 


The direct-reading two-crystal spectrometer 
used in the present work has been described by 
Richtmyer and Barnes.” 

The ionization chamber, 10 inches long, was 
filled with argon to a pressure of three atmos- 
pheres. At one angstrom the chamber absorbed 
99 percent of the incident intensity. Special 
provision was made to collect ions produced near 
the entrance window before re-combination. The 
ionization currents were amplified in a Brown- 
DuBridge circuit, with an FP-54 electrometer 
tube mounted adjacent to the ionization cham- 
ber. Either of two input resistors, of the order of 
10'° and 10" ohms, respectively, could be placed 
in the control-grid circuit. 

The x-ray tube was of the Coolidge type with 
demountable filament and target assemblies. 
Because the target was not shielded from the 


‘filament, the maximum ordinate was checked 


after recording each spectral curve to make 
certain that no appreciable tungsten layer had 
been deposited on the target. The focal spot was 
roughly 10X5 mm. The x-rays made an angle 
of thirty degrees with the target face ; the cathode 
electrons, sixty degrees. The tube window was a 
disk of beryllium which transmitted 84 percent of 
the incident intensity at 1.274A (Au La). 

The targets used were prepared as follows: 
Yt (70) and Lu (71) powdered samples, reported 
to be “alloyed” with aluminum, were pressed 
into a thin layer of lead (82) which had been 
melted onto copper and silver, respectively. 
There were definite x-ray spectral indications 


" Coster and De Langen, Physica 3, 282 (1936). 
® Richtmyer and Barnes, Rev. Sci. Inst. 5, 351 (1934). 
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that other rare earths were also present in the 
samples. These targets were not entirely satis- 
factory and the power dissipation had to be 
limited to approximately 300 watts in each case. 
The Ta (73), W (74), and Pt (78) targets were 
made by hard soldering a strip of each to copper. 
Crushed metallic bits of Rh (75), Os (76), and 
Ir (77) were forced into silver with a hydraulic 
press. A thin foil of Au (79) was hard-soldered to 
25-ml silver. These targets were entirely satis- 
factory for powers up to one kilowatt. The 
Th (81) target was made by evaporating thallium 
in vacuum and allowing it to condense on a sheet 
of 10-ml copper which had been previously soft 
soldered to the target carriage. The evaporation 
was carried out in a tube designed to hold the 
entire target carriage, so that it would not be 
necessary to heat the thallium once it had been 
deposited. It was necessary to limit the x-ray 
tube power to 500 watts to prevent the re- 
evaporation (or sputtering) of the thallium. 
The data for all lines of a given element were 
recorded at the same x-ray tube voltage. For 
every element except thallium, this voltage was 
approximately three times the excitation potential 
of the LZ; state. With the thallium target the tube 
was often unstable at this potential (46 kv) so all 
thallium data were taken at 42 kv. Tube currents 
varied from one to thirty milliamperes. Both the 
tube voltage and current were maintained con- 
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Fic. 2. The intensity of the La satellites relative to the 
La doublet as a function of atomic number. The curve abe 
represents the contribution of the Auger transition 
Ly Ly My, while the curve fgh is attributed to the transi- 
tion Lyj—>Lyy Myy. (Data taken by Dr. R. E. Shrader.) 
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stant within 1.5 percent by manual control 
throughout the recording of each spectral curve. 


V. CRYSTALS 


The observed widths of x-ray lines should be 
corrected for the finite resolving power of the 
spectrometer. For a two-crystal spectrometer the 
resolving power depends on (1) the geometrical 
divergence of the x-ray beam and (2) the diffrac- 
tion patterns of the crystals. Parratt" and others 
have shown that with slits properly arranged the 
resolving power of the spectrometer is limited by 
the crystal diffraction patterns. For the data 
presented here the geometrical resolving power 
was 250,000. This is approximately 25 times as 
great as the physical resolving power of the 
instrument, as determined by the diffraction 
patterns of the crystals. 

The correction to the observed width of a line 
may be a function of the width and shape of the 
line in question, as well as of the diffraction 
patterns of the crystals. Several correction 
formulae have been proposed and used for cor- 
recting widths reported in the literature, but as a 
general formula each is open to question. 

On the approximations (a) that the diffraction 
patterns of the crystals in both the (1, +1) and 
(1, —1) positions are identical, and (b) that their 
shapes and the true x-ray line shape may each be 
represented by a Gaussian error function, it has 
been shown that 


where Wy is the true width of the line, and Wp 


TABLE I. Data on condition of calcite crystals. 


(1, +1) (1, —1)  Per- 
full full cent 
width width  reflec- 


Date Observer Radiation X.u. x.u. tion 
Dec. 1938 Shrader CuKa 1544 — 0.15 61 
Apr. 1939 Parratt MoKa 0.71A 0. 0.087 48.5 


0.38 
Oct. 1939 Cooper* MoKa 0.71A 0.36 . 
— 1940 Cooper MoKa 0.71A 0.365 0.090 55 
une 1940 Cooper CuKa 1.54A 0.57 ' 


* Between the measurements of Parratt and those of Cooper the 
crystals were ground and etched several times, following the method 
of Manning [Rev. Sci. Inst. 5, 316 (1934)]. The increase in the widths 
of the (1, +1) and (1, —1) curves and the decrease of the percent 
reflection from October, 1939 to June, 1940 is probably due to general 
deterioration of the crystal faces, although the differences are all of 


the order of the uncertainties involved in the measurements. 


3 L.G. Parratt, Phys. Rev. 46, 749 (1934). 
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and W. are the observed widths in the (1, +1) 
and (1, —1) positions, respectively. Since W, for 
L-series lines is considerably greater than W., one 
may write 


=Wo—(W2/2W>). 


Thus for Gaussian error shapes the correction is 
proportional to the square of the (1, —1) width 
and inversely proportional to the width of the 
observed (1, +1) curve. 

If one assumes the shapes to be given by the 
classical dispersion function, the correction 
formula may be written in the simple form: 


Wr => Wo- W.. 


Here the correction is simply the width of the 
(1, —1) curve and is independent of the observed 
width of the line. The correction for the classical 
dispersion shapes is always greater than that for 
the Gaussian error shapes. 

There is much experimental evidence that the 
(1, —1) shapes of most lines in the wave-length 
region 0.5A=\=3.0A lie somewhere between the 
classical dispersion and the Gaussian error 
shapes. Parratt and Miller’ have shown that the 
square of the classical dispersion curve gives a 
reasonably good fit for a large number of ob- 
served (1, —1) shapes in this wave-length region. 
The fact that the shapes of observed (1, —1) 
curves lay between the Gaussian error and 
classical dispersion shapes led Richtmyer, Barnes, 
and Ramberg" to propose the correction formula 


Wr=W.—iW., 


which gave more consistent values for Wr of 
certain lines than did either of the formulae 
above. 

In the search for a better established correction 
formula Parratt!® made extensive measurements 
on the widths of certain Ka doublets in various 
parallel and anti-parallel positions for 16 pairs of 
crystals. He found that for several pairs of 
crystals one could write Wr= W,—29W."7 where 
Wr is the true width, W. the (m, —m) width, and 


4 Parratt and Miller, Phys. Rev. 49, 280 (1935). 
% Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 843 


(1934). 
16. G. Parratt, Rev. Sci. Inst. 6, 387 (1935). 
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TABLE II. Widths of L-series lines. 


AX Ay AV Estimated AX AX AV Estimated 
r obs. cor. cor. Error in oN obs. cor. cor. Error in 
Line Transition (x.u.) (x.u.) (x.u.) ev AA obs. Line Transition (x.u.) (x.u.) (x.u.) ev Ad obs. 
Ytterbium (70) Osmium (76).—Continued 
Ls; LyMy 1449.4 2.32 2.21 12.9 0.08 Ly; Nur 989.8 «1.11 1.00 12.6 0,03 
LB, My 1488.2) 2.63 2.51 13.9 0.08 Le, LyMiy 11945 088 0.77 66 0.02 
Lys Nur 1219.8 1.23 10.2. 0.05 Ly; Nw 1022.8 0.91 080 94 0.02 
Ls; LyMyy 14725 141 130 74 0.03 Lys Ow 998.8 0.76 0.65 6.5 0.08 
LB: miNy 1166.9 1.21 1.1 9.9 0: 
Lutecium (71) 
LB; = 1398.22.15 04 12.8 0.15 Iridium (77) 
Lp, LyMiy 1420.7 1.21 1.10 6.7 0.03 LB; 11385 1.68 1.57 14.9 0.04 
1367.2) 1.65 154 10.1 0.05 | My =1177.2, 2.10 1.99 17.7 0.06 
Tentatum (73) Ly: Nu 963.3 1.20 1.10 14.6 0.04 
antalum L N; 957.1 1.09 0.99 13.3 0.0: 
LB; YyMin 1304.1 1.73 1.62) 11.7 0.03 le. L 1155.4 0.85 0.74 68 0.02 
LBs Miu 1343.1 2.18 2.007 14.1 0.04 v1 iv 988.8 0.87 0.76 96 0.02 
ins Lys Ow 964.9 0.70 059 7.8 0.05 
Lin N 1133.0 1.12 1.01 97 0.03 
LB; 1324.2 10s 094 66 002 | 
Ly 1135. 1.11 1.00 95 0.03 
Ow 1111.5 0.70 059 73 0.04 ms i: 
Lp. LiuNy 1281.9 1.42 1.31 98 0.03 IB, I ~ 11399 205 194 184 0.09 
Ly; Nur 926.0 «1.09 0.98 14.1 0.03 
Tungsten (74) 
LiMm 1259.9 1.70 1.59 12.3 0.03 | 28: ZuMiv 1117.6 0.84 073 7.2 0.02 
Ly: Ny 956.0 085 0.75 10.1 0.02 
Ly: Ny 1065.9 1.23 1.12 12.1 0.03 2 
Lys Nun 1059.9 1.11 100 11.0 0.03 Gold (79) 
Lg uMiy 1279.2 0.97 086 65 0.02 
jv My 10963 102 091 93 002 |Z: LiMm 1065.5 1.70 159 17.2 0.15 
Lys Or 1072.1 0.64 0.53 5.7 0.04 LB, My 1104.2 2.05 1.94 19.6 0.09 
Lg, LyNy 1242.0 1.34 1.23 98 0.03 Ly: Nu 902.55 1.20 1.10 16.6 0.05 
Ly; Nut 895.8 0.97 149 0.03 
Rhenium (75) LB, IuMiy 1081.3) 0.81 0.70 4 
Ls; 1217.6 1.75 1.64 13.6 0.03 | Ly 924.6 0.80) 0.70 10.10.02 
LB, My 1256.3 2.22 211 164 0.04 | Lye Ow 901.0 0.60 050 7.6 0.04 
Ny 1029.9 1.25 1.14 13.2 0.03 Lp. 1068.0 1.04 0.93 10.1 0.04 
Nur 1023.6 1.13 1.02 12.0 0.03 
Ls, LyMiy 1236.0 0.92 081 £465 0.02 Thallium (81) 
Ly Niy 1058.7 0.98 0.87 95 0.02 LB; LM 9985 1.60 149 184 0.06 
Lye Ow 10344 069 O58 6.7 0.05 LB, My 1037.0 1.89 1.78 204 0.05 
Lp. LyNy 1204.1 1.27 116 98 0.03 Lye Nu 845.7 1.12 1.02 17.5 0.04 
Lys Nir 839.3 «11.02 16.1. 0.04 
Osmium (76) Ls, LuMy 1013.0 0.75 064 0.02 
Ls; LyMmr 11768 1.77 1.66 14.7 0.03 Ly; Ni «0.61 «10.0 0.02 
LB, My 1215.8 2.17 2.06 17.1 0.05 v6 Ow 842.3 047 0.37 £64 0.04 
Nu 995.9 1.24 1.13 14.0 0.04 Le. LyNy 10082 0.95 0.84 10.2 0.03 


W, the +m) width (all widths in x.u.). 
Crystals satisfying this relation are said to be of 
Class I; those which do not are grouped in 
class IT. 

Data on the crystals in the present work (3A 
and 3B, used by Richtmyer, Barnes, and 
Ramberg,'® and by Shrader!®) are recorded in 
Table I. Comparing these data with those of 
Parratt, one sees that the crystals are rather poor 
at Mo Ka (0.71A) and good at Cu Ka (1.54A). 
The crystals do not fall into class I. Consequently 
the correction formula proposed by Parratt for 
crystals of class I is not applicable and one must 
resort to some other scheme for correcting the 


observed widths. The corrections applied to the 
observed widths reported here were determined 
as follows: Parratt’s values of the true widths of 
the Mo Ka and the Cu Ka lines were accepted as 
standards. Then the corrections for Mo Ka was 
0.10 x.u. and for Cu Ka 0.12 x.u. It was then 
assumed (a) that the correction was a linear 
function of the wave-length in the range from 
0.71A to 1.54A and (b) that the correction is a 
function of wave-length alone. The first assump- 
tion cannot introduce appreciable error, but the 
second is open to question. It was made only 
because it is not yet known how the correction 
should be influenced by the width. 
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ATOMIC NUMBER 


Fic. 3. Widths of L-series lines in electron volts as a function of atomic number. 
The lines LB3, LB4, Ly2, and Ly arise from Ly initial states; L8; and Ly; are Ly 


lines, and has an initial state. 


VI. WIDTH DATA 


Data on the width of certain L lines of ten 
elements are presented in Table II. The observed 
widths in x.u. were those measured after cor- 
rection for zero drift of the amplifying circuit, for 
the background of continuous radiations, and for 
overlapping of neighboring lines. The ‘‘corrected”’ 
widths were obtained by subtracting a correction 
for the diffraction patterns of the crystals. In the 
last column of Table II are the estimated errors 
in the observed widths. Lines with large errors 
were either very weak or badly overlapped by 
neighboring lines. 

In Fig. 3 the corrected widths, in electron 
volts, of seven L lines are plotted as a function of 
atomic number. Of these seven lines, L83, LA:, 
Ly2, and Ly; arise from transitions from an Ly 
initial state, while L8, and Ly; have an Ly 
initial state, and L, arises from a transition from 
the Lin state. For elements 73 to 81, the lines 
arising from the L; initial state show increases in 
widths of approximately six electron volts while 
the lines arising from Ly and Li initial states 
have changes in width of the order of one 
electron volt. Thus, as predicted by consideration 
of the Auger effect, the Ly lines show rapid increases 


in widths for elements 73 to 81, while Ly and Lin 
lines show but small changes. 

Since each of the L; lines has so nearly the same 
increment in width, it seems conclusive that an 


TABLE III. Comparison of present width data with that of 


other observers. 
Element Line Cooper Williams* R. B. R.15 
W(74) LB, 0.97 0.94 
1.34 1.38 
Ly: 1.02 1.01 
Ir(77) LB, 0.85 0.82 
1.12 1.17 
Ly 0.87 0.92 
Pt(78) LB, 0.84 0.80 
LB2 1.10 1.14 
Ly 0.85 0.84 
Au(79) LB, 0.81 0.79 0.81 
LB: 1.04 1.06 1.04 
LB; 1.70 2.00 
LB, 2.05 2.00 
Ly 0.80 0.79 0.82 
Ly: 1.20 1.20 
Ly; 1.07 1.06 
Lys 0.60 0.60 
TI(81) LB, 0.75 0.74 
LB: 0.95 1.00 
Ly: 0.71 0.74 


* J. H. Williams, Phys. Rev. 45, 71 (1934). 
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increase in the width of the L; state is responsible 
for the major part of this variation. It is true that 
some small portion of the width changes may be 
attributed to changes in the breadths of the final 
states, and indeed, several other factors may have 
some influence on the line widths. Nevertheless, 
the conclusion stands that the observed variations 
are due primarily to the change in the width of 
the Ly; level and that all other factors are of 
secondary importance. 

A few of the lines measured by the author have 
also been measured by other observers. A com- 
parison of the widths reported in this paper with 
those of the other observers is given in Table III. 
The observations agree within the experimental 
error for every line except Au L8;. This line 
overlaps Au LS: so badly that an arbitrary 
graphical resolution must be carried out. 
Richtmyer, Barnes, and Ramberg'® used only 
classical dispersion curves for and and 
neglected the “residuals,” whereas the author 
adjusted the shapes of the two lines to fit the 
observed contour. 


VII. RELATIVE INTENSITIES 


The relative intensities are assumed to be 
proportional to the product of the energy width 
and the relative maximum ordinate of each 
spectral curve. Since all the lines compared had 
approximately the same (classical dispersion) 
shape, and nearly the same wave-length, the 
uncertainty introduced by this approximation is 
believed to be less than that involved in the 
comparison of maximum ordinates. None of the 
numerous and troublesome corrections required 
for the most precise comparisons of relative 
intensities has been made. 


TABLE IV. Relative intensities of L-series lines. 


Relative to Lf: Relative to L 
(LB: =100) =100) 

LB: LBs LBs Ly: Lys Lys 
Yt(70) | — (14.8?) (13.0-?) 
Lu(71) | 44.4 (15.7-?) — 
Ta(73) | 46.1 18.5 13.4 17.3 25.1 2.0 
W(74 46.2 16.2 13.8 14.1 20.4 2.8 
Rh(75) | 44.5 15.2 11.4 13.3 18.5 4.7 
Os(76) | 45.8 13.9 11.1 11.5 17.0 6.2 
Ir(77) | 45.7 14.2 10.7 12.4 15.5 7.3 
Pt(78) | 43.7 14.1 9.9 
Au(79) | 45.0 13.0 10.1 10.5 14.1 11.3 
TI(81) | 45.1 9.4 8.8 11.0 813.1 12.3 


Two methods for comparing maximum ordi- 
nates were used. First, the spectrometer was set 
on the peak of each line in succession with the 
power in the x-ray tube and the sensitivity 
of the recorder kept constant. After subtracting 
the background of continuous radiation and the 
contribution of overlapping lines, the relative 
maximum ordinates were measured. Second, 
the maximum deflection produced by each of the 
lines was made approximately full scale and the 


Fic. 4. The intensities of L8; and Lf, relative to LB:. 
LB; and Lf, arise from Ly initial states while Lf: has the 
initial state Ly. 


relative maximum ordinate for each was com- 
puted by the use of the known ratios of amplifier 
sensitivities and of the measured x-ray tube 
currents. An average of the relative maximum 
ordinate given by these two methods was used in 
computing the relative intensities. 

In Table IV the areas (products of maximum 
ordinate and width) of LBs, L83 and Lf, relative 
to the area of LB, (L8,:=100) are recorded. The 
greatest wave-length separation of any of these 
lines from LA; is 53.5 x.u. It is estimated that the 
values reported are accurate to within two 
percent of the area of LB,. In Fig. 4 the intensities 
of LB; and Lf, are plotted relative to LB: which is 
an Lin line. These data show that the intensities 
of the two L lines are decreasing relative both to the 
Lu line and to the Li line in the atomic number 
range 73=Z=81. 

The intensities of Lys, Lys, and Lye relative to 
Ly; are also recorded in Table IV. The maximum 
wave-length separation from Ly; is 38.5 x.u. and 
the estimated error is approximately two percent 
of the intensity of Ly:. [The line Lye (LmOry) is 
not observed for elements of atomic number 
below 70, but rapidly increases in relative in- 
tensity from Ta (73) to Tl (81). Its behavior is 
quite extraneous to the topic being discussed. ] 
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Once again, it is clear that the lines arising from L, 
transitions (Ly: and Ly3) are decreasing in inten- 
sity relative to a line (Ly:) which has an Ly initial 
State. 


VIII. CONCLUSIONS 


The widths of lines arising from L; transitions 
increase strikingly with atomic number in the 
range 73=Z=81. At the same time the intensi- 
ties of these lines relative to lines arising from Li 
and Lyn transitions show corresponding decreases. 
These observations are accounted for quali- 
tatively by the role of the Auger effect. Only two 


Auger transitions are considered in the present 
discussion. Although beyond doubt these two are 
the principle ones involved in the topics of the 
present paper, there are certainly many more 
Auger transitions some of them with similar 
dramatic changes in probability from element to 
element. It is highly probable that many of the 
anomalies in x-ray line widths and relative 
intensities in other atomic number ranges will 
soon be shown to be due to Auger transitions. 

The author wishes to express his gratitude to 
Professor L. G. Parratt for his helpful suggestions 
and for his enlightening discussions. 
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Level schemes are deduced for gold and tungsten from the measurement of beta-gamma and 
gamma-gamma coincidences, together with a knowledge of the energies of the various radiations 
emitted. The beta-ray spectrum of Au!® is simple with an end-point of 0.78 Mev. The residual 
nucleus emits two gamma-rays in cascade. W'*? has a complex beta-ray spectrum. The high 
energy group has a maximum energy of 1.4 Mev while the one of lower energy has an end-point 
of 0.5 Mev and is followed by a 0.9 Mev gamma-ray and some other gamma-rays which 
give gamma-gamma coincidences. The dysprosium beta-ray end-point is 1.2 Mev and the 


maximum energy gamma-ray is 1.1 Mev. 


N order to obtain energy level schemes for 

radioactive nuclei, it is necesssry to know 
the energies and intensities of all gamma-rays 
emitted during the process, the energy distribu- 
tion of all beta-rays emitted, and also any correla- 
tions between beta-rays emitted by the parent 
nucleus and the gamma-rays produced by the 
product. Up to the present our knowledge of all 
these factors, for any radioactive species, has 


been quite limited. In general one has available,. 


or can determine with ease, data on the maxi- 
mum energy of the electrons emitted during the 
process. In some cases the shape of the beta- 
ray spectrum is also known and information is 


* Thesis submitted to the Graduate Faculty of Indiana 
University in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. 

Now at the Radiation Laboratory, University of 
California. 


available as to whether the spectrum is simple 
or complex. In those cases in which the spectrum 
is complex the value of the inner end point has 
not been determined with any great accuracy. 
Frequently gamma-rays have been found and the 
energies and intensities of these have been deter- 
mined in a few instances. 

Norling,! Mitchell, Langer and McDaniel,’ 
and Dunworth? have applied coincidence count- 
ing methods to the latter problem and have been 
able to derive reasonable energy level schemes 
for several radioactive transformations. In par- 
ticular, level schemes for the disintegration of 
Mn* (2.5 hours), (54 min.), Sb'™* (60 days), 
and others have been determined. It is the pur- 


1F. Norling, Zeits. f. Physik 111, 158 (1938). 

2 A. C. G. Mitchell, L. M. Langer, and P. W. McDaniel, 
Phys. Rev. 57, 1107 (1940), also 56, 380 (1939). 

3 J. V. Dunworth, Rev. Sci. Inst. 11, 167 (1940). 
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pose of the present experiments to apply these 
methods to the investigation of radioactive gold 
(2.7 days), tungsten (24 hours), and dysprosium 
(2.5 hours). 


APPARATUS 


Counters were used singly to determine, by 
the method of absorption of beta-rays in alumi- 
num, the beta-ray end-point. Two counters, in a 
coincidence circuit, were used to determine the 
energy of gamma-rays by measuring the range 
of Compton electrons ejected by them from 
aluminum. Coincidences between two or more 
gamma-rays and coincidences between _beta- 
and gamma-rays were also measured. 

Two types of counters were used in most of the 
experiments. Glass-walled counters of conven- 
tional design, having a brass cathode 0.0025 cm 
thick, were filled with argon to a pressure of 
8.5 cm Hg, and 1 cm Hg of petrolic ether to aid 
in quenching the discharge. The sensitive region 
is about 7.5 cm long and 2.7 cm in diameter. 
The glass wall and brass cathode stop electrons 
with energies less than 300 kev. 

In order to count electrons of energy less than 
this, especially designed counters having thin 
windows were made. These counters have a 
thick brass envelope and are fitted with thin 
aluminum windows. The windows are each 0.0025 
cm thick which will absorb electrons of energy 
less than 70 kev and are supported on grids with 
transmitting areas of 1 cm*. These counters were 
filled with argon at a pressure of 5 cm Hg and 1 
cm of petrolic ether. 

Because of the thin aluminum windows, the 
counters could not be baked out and were ac- 
cordingly unstable. This defect was cured by a 
long period of evacuation and by passing a 
discharge through them to free the gas from the 
walls. After this treatment the counter thresholds 
increased only slightly in a period of four months. 

The counters, source and absorbers were 
supported on two brass rods in a large copper- 
lined box. The apparatus could be so arranged 
that it could be used to measure beta-gamma and 
gamma-gamma coincidences on the one hand, 
or the energy of Compton recoil electrons from 
gamma-rays on the other. In either case the two 
counters were placed in a horizontal plane with 
their centers a known distance apart. If the 


energy of Compton recoils was to be measured, 
the radioactive source was placed on one side 
of the counters and an aluminum radiator, 
thick enough to stop all beta-rays, was inter- 
posed between the source and the counters. 
Sheets of aluminum of varying thickness were 
then placed between the two counters, and the 
number of coincidences per minute was meas- 
ured as a function of the thickness of the alumi- 
num. The energy of the gamma-ray was then 
obtained from the maximum range of the Comp- 
ton electrons with the help of a curve published 
by Curran, Dee, and Petrzilka.‘ 

In the cases in which beta-gamma or gamma- 
gamma coincidences were to be measured, the 
source was mounted on an aluminum block 
between the two counters. The block was of such 
a thickness that no beta-rays from the source 
could pass through it and at the same time it 
served as a radiator for Compton electrons from 
the gamma-rays of the source. In those cases 
in which coincidences between two or more 
gamma-rays were to be measured, a similar 
piece of aluminum was placed between the source 
and the other counter. 

If coincidences between beta- and gamma-rays 
were to be measured the thick aluminum block 
between the source and one of the counters 
(hereafter called the beta-counter) was removed 
and arrangements made to place thin sheets of 
aluminum between this source and the counter 
so that only electrons with ranges greater than a 
certain specified amount would be detected. 
In this manner beta-gamma coincidences could 
be determined as a function of the energy of the 
beta-rays being recorded in the beta-counter. 

In all cases the number of single counts in each 
counter was measured before and after each run. 
With the help of this information and the known 
resolving time of the circuit the chance coin- 
cidence rate could be calculated and subtracted 
from the total coincidence rate. The resolving 
time of the coincidence circuit was obtained in 
the usual manner by placing a separate source 
over each counter, measuring the counting rate 
of each counter singly and of the two in co- 
incidence. If Ni, N2, and N,, are the single count- 
ing rate in each counter and the coincidence 


*S. C. Curran, P. I. Dee, and D. Petrzilka, Proc. Roy. 
Soc. 169, 269 (1938). 
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Fic. 1. Absorption of beta-rays from gold. Curve B, showing 
end-point, taken with stronger source than curve A. 


counting rate, respectively, then 
(1) 


where 7 is the resolving time in question. In 
the experiments the value of 27 varied between 
9X10-§ min. and 7.5X10-* min. depending on 
the counters used. 

In addition, the coincidence rate due to 
cosmic rays was measured for every arrangement 
used and also subtracted from the total coin- 
cidence rate in any experiment. The cosmic-ray 
rate amounted to approximately 0.2 min.—. 

The voltage source, amplifiers, and recording 
mechanism were those described by Mitchell, 
Langer, and McDaniel.? The apparatus could 
count at a rate of 30,000 per minute in each 
counter. 


EXPERIMENTS AND RESULTS 
Gold 


Gold was bombarded with slow neutrons from 
the Indiana University cyclotron and experi- 
ments were performed on the radioactive species 
Au! of half-life 2.7 days. 

Using the method of absorption in aluminum, 
McMillan, Kamen, and Ruben’ obtained a beta- 


ray end-point of 0.78 Mev. Richardson* examined 
the spectrum in a cloud chamber, and obtained 
0.83 Mev asa maximum energy of the beta-rays. 
In addition, he found an internal conversion 
line at 0.44 Mev. 

The gamma-rays have been investigated by 
Richardson,* who measured the energy of the 
Compton electrons and photoelectrons pro- 
duced by suitable radiators in a cloud chamber. 
He found two lines with energies of 0.44 and 
0.28 Mev of intensities 1.2 to 1, respectively. 
In addition, he suggested that there was a weak 
line at 0.7 Mev. Sizoo and Eijkman’ obtained 
some evidence for a weak gamma-ray of 2.5 Mev 
by analyzing the absorption curve of the radia- 
tion in lead. 

Absorption curves of the beta-rays were taken 
under various conditions. The two curves shown 
in Fig. 1 were taken with very different source 
strengths as is indicated by the disparity in 
intensity of the gamma-ray backgrounds. The 
background in Curve B was determined with 
the aid of other points at greater absorber 
thickness, not shown on the graph, and is there- 
fore more accurate than it appears to be. The 
range of the beta-rays determined from this 
curve is 0.31+0.01 g/cm? which is in good agree- 
ment with McMillan, Kamen, and Ruben. 
Using Feather’s old rule,’ 


R=0.511E—0.091, (2) 


which appears to be more accurate than the more 


, 


Absorber G /cm* 
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Fic. 2. Beta-gamma coincidences in gold. Double circle 
shows 


5E. McMillan, M. Kamen, S. Ruben, Phys. Rev. 52, 
375 (1937). 

6 J. R. Richardson, Phys. Rev. 55, 609 (1939). 

7 Sizoo and Eijkman, Physica 6, 332 (1939). 

8.N. Feather, Phys. Rev. 35, 1559 (1930). 
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recent one in the low energy region, one obtains 
an end-point energy of 0.78 Mev. 

Experiments on beta-gamma and gamma- 
gamma coincidences were performed with both 
the thin aluminum-walled counters and the 
counters with glass envelopes. The number 
of gamma-gamma coincidences per recorded 
gamma-ray was found to be (0.073+0.015) x 10-*. 

The number of beta-gamma coincidences per 
recorded beta-ray taken with the thin-walled 
counters is shown as a function of the absorber 
thickness in Fig. 2. The vertical lines through 
the points indicated are calculated from the mean 
statistical errors, including the errors due to the 
background. It will be seen from the figure that 
the number of beta-gamma coincidences per 
recorded beta-ray is a constant independent of 
the energy of the beta-rays. Beta-gamma co- 
incidences taken at larger absorber thickness 
than shown, but using the thick-walled counters, 
indicate that the coincidence rate per recorded 
beta-particle does not decrease at higher ener- 
gies, but remains approximately constant all the 
way to the end point. From a curve of this type 
one would be led to suppose that the beta-ray 
spectrum of gold is simple, and that the dis- 
integration of Au'®® always leads to the same 
excited state of Hg'®’, from which the gamma- 
rays follow. The average number of beta-gamma 
coincidences per recorded beta-particle can be 
taken from the curve and yields a value of 
(0.15+0.01) x 10-*. 

In order to calculate the number of gamma-ray 
quanta emitted per disintegration one employs 
the following considerations. Let there be N 
disintegrations per second and let K be the aver- 
age number of gamma-quanta per disintegration. 
If Ss and S, are the sensitivities, including solid 
angle factor of the counters to beta- and gamma- 
rays, respectively, and if S, is supposed to be 
essentially constant in the region of gamma-ray 
energies involved, then the number of beta- 
gamma coincidences is given by 


= KS, (3) 
and the number per recorded beta-ray, by 
Nay/NSs=KS,. (4) 


Similarly the number of gamma-gamma coin- 


cidences is given by 


Ny, = NS,?K(K —1) (5) 
and the number per recorded gamma-ray by 
Nyy/NKS,=S,(K—1). (6) 


The ratio of these quantities is 
N,,/NKS, K-1 


= (7) 
Npy/NSsz K 


From these equations and the data given above 


0.78 Mev 


0.28 Mev 
0.44 Mev 


° 
N 


= 

@ 

< 
2 


Fic. 3. Energy level scheme for gold. 


one can determine a value of K, the number of 
gamma-quanta per disintegration. If, as a first 
approximation, one takes the efficiency of the 
counters for the various gamma-rays as equal, 
one obtains a value of K=1.9. This value of 
K-=2 fits well with the level scheme proposed 
by Richardson, who assumed that the 0.28 Mev 
and 0.44 Mev gamma-rays are in cascade. 

If, on the other hand, one assumes the level 
scheme of Richardson with K = 2, one can calcu- 
late the gamma-ray efficiencies of the counters 
for the two gamma-rays in question. 

Using formulas similar to Eqs. (3) and (5), 
one obtains for this apparatus 


S,(0.44) =0.09 10-8, S,(0.28) =0.06 10-*. 


An estimate of the solid angle of the gamma- 
counter allows one to solve for the absolute 
efficiencies of the gamma-rays. The results were 
in agreement with Norling’s curve® to within 
the experimental errors. 


°F. Norling, Phys. Rev. 58, 277 (1940). 
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Fic. 4. Coincidence absorption of Compton electrons 
from tungsten gamma-rays. 


The level scheme proposed by Richardson is 
shown diagrammatically in Fig. 3. Since no 
evidence has been found indicating the presence 
of a low energy group of electrons, it is supposed 
that Au!®* goes to an excited state of Hg'®’ from 
which the two gamma-rays of energy 0.44 or 
0.28 Mev are emitted in cascade. The weak 
0.7 Mev gamma-ray may be placed hypothet- 


ically as a parallel mode in competition with the 


other gamma-rays in cascade. It will not affect 
the value of K within errors common to this type 
of experiment since it is relatively weak in 
intensity. 

In view of the fact that, for ranges of elec- 
trons less than 0.1 g/cm?*, both internal con- 
version electrons and disintegration electrons 
are counted by the beta-ray counter, we tried to 
see if internal conversion electrons would have 
any effect on the number of beta-gamma coin- 
cidences per recorded beta-ray. One would ex- 
pect a slight decrease in the number of beta- 
gamma coincidences per recorded gamma-ray 
for electrons of range less than 0.1 g/cm*. Un- 
fortunately the statistical errors could not be 
kept small enough to detect this effect, which 
should be about 5 percent. It is of interest, in 


‘this connection, to note that Norling,'® found 


coincidences between internal conversion elec- 
trons and disintegration electrons in gold. 

At the conclusion of these experiments, a 
recent paper of Norling" came to our attention 
in which he failed to find gamma-gamma coin- 
cidences in gold. The gamma-ray counters he 
used had walls of lead 1 mm thick which prob- 


1” F, Norling, Naturwiss. 27, 593 (1939). 
"F, Norling, Arkiv f. Mat. Astr. och Fysik B27(3), 9 


(1941). 


ably absorbed the 0.28 Mev gamma-ray to such 
an extent that no coincidences were observed. 
He did observe beta-gamma coincidences for 
two absorber thicknesses and the number of 
these per recorded beta-ray was independent of 
the energy. 


Tungsten 


The tungsten activity was induced with both 
slow and fast neutrons by Minakawa” who ob- 
tained 24.0+0.1 hours for the half-life. He found 
1.1 Mev for the maximum energy of the beta-ray 
spectrum by absorption in aluminum, Fajans 
and Sullivan'* analyzed the spectrum in a cloud 
chamber and also by absorption in aluminum, 
obtaining 1.40+0.05 and 1.40 to 1.44 Mev by 
the respective methods. In addition they meas- 
ured a gamma-ray by the lead absorption method 
and gave 0.87 Mev for its energy. According to 
their experiments the activity is to be attributed 
to the isotope W'*’. Since negative electrons are 
emitted, the resulting isotope is Re'*’. 

In the present experiments, a tungsten strip 
0.025 cm thick was bombarded on a _ probe 
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Fic. 5. Beta-gamma coincidences in tungsten. 


inserted into the deuteron beam in the cyclotron. 
Tungsten bombarded by deuterons give several 
radioactivities."* These possible contaminations 
include three rhenium periods with half-lives of 
20 minutes, 90 hours, and 52 days, and a tungsten 
activity of 74.5 days. The short half-life had 
decayed before the observations started. 


1220. Minakawa, Phys. Rev. 57, 1189 (1940). 
3K. Fajans and W. H. Sullivan, Phys. Rev. 58, 276 


(1940). 
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The measurements were made without chem- 
ical separation. However, the activity followed 
the chemistry of tungsten and the residue had no 
gamma-activity. The final check on the contami- 
nation was an examination of the decay curves. 
The curves showed that there was a negligible 
amount of the 20-minute, 52-day, and 75-day 
activities present during the time coincidence 
runs were being taken. The rate of decay indi- 
cated that about six percent of the initial beta- 
singles was due to the 90-hour rhenium activity. 
Since this activity has no gamma-rays associated 
with it,“ the only effect it would have is to 
increase the number of beta-counts and decrease 
the ratio Ns,/NSs. A correction was made for 
this contamination at various absorber thick- 
nesses, by assuming that the shape of the beta- 
spectrum for rhenium is the same as for tungsten. 
The corrections were twelve percent or less, and 
have no effect on the inner end point. 

No satisfactory beta-ray end-point was ob- 
tained because of the high gamma-ray back- 
ground, but a rough determination giving 
1.3+0.1 Mev was sufficient to identify the 
spectrum. 

The absorption of Compton electrons, de- 
termined with the thin-walled counters, is shown 
in Fig. 4. It will be seen that the range of the 
Compton electrons is 0.42+0.03 g/cm*. With 
the curve of Curran, Dee, and Petrzilka this 
corresponds to 0.90 Mev. 

The results of experiments on beta-gamma 
coincidences with thin-walled counters are shown 
in Fig. 5. It is clear that the type of curve 
obtained here is entirely different from that 
shown in Fig. 2 for gold. The increase in beta- 
gamma coincidences in tungsten for low energy 
beta-particles shows that the beta-ray spectrum 
is complex. The absence of coincidences with 
thick absorbers indicates that there are no 
gamma-rays associated with high energy elec- 
trons. Points at still higher absorber thickness 
were reached with the help of thick-walled 
counters, and also indicated no beta-gamma 
coincidences. The straight line extrapolation of 
the beta-gamma coincidences per recorded beta- 
ray gives an end-point of 0.155+0.015 g/cm?. 
From Feather's old rule, the energy is 0.49 Mev 


4G. T. Seaborg, Chem. Rev. 27, 1 (1940). 


of the lower energy group. Using values for the 
beta-ray end-point (1.4 Mev), the end-point of 
the lower energy group (0.5 Mev) and the energy 
of the gamma-ray (0.9 Mev), one can obtain a 
satisfactory level scheme for the disintegration 
of W'S’. The level scheme is given in Fig. 6. 
The scheme is complicated, however, by the fact 
that we have observed gamma-gamma_ coin- 
cidences which suggest that there are other low 
energy gamma-rays in parallel with the 0.9 Mev 
gamma-transition. 

To help in an attempt to obtain a value for K, 
the number of gamma-rays accompanying the 
low energy beta-group, as well as to get some 
idea of the relative intensity of the two groups, 
one may proceed as follows: the number of 
gamma-gamma_ coincidences’ per recorded 
gamma-ray was found to be 


(8) 


The number of beta-gamma coincidences per 
recorded beta-particle at this absorber thickness 


Re'®” 


Fic. 6. Proposed energy level scheme for 
the disintegration of tungsten. 


was 
Ng, (9) 


where a is the fraction of the total number of 
disintegrations belonging to the low energy 
group. If two groups are present, Eq. (7) is 
replaced by 


R=(N,,/NKS,)/(Nay/NSs)o 
=(K=1)/aK=1.79. (10) 


A rough value for the branching ratio a may 
be estimated from the slope of Ng,/NSg as a 
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function of absorber thickness to be expected if 
one assumes that the two beta-ray distributions 
have a shape to be expected from theory. Com- 
parison of the calculated with the experimental 
slope led to the estimate a=0.4+0.2, which 
gives K ~4. 

An independent estimate for K may be ob- 
tained by assuming a reasonable value for the 
average gamma-ray sensitivity. The dimensions 
of the experimental arrangement gave roughly 
0.15 for the solid angle of the gamma-counter 
divided by 42. Assuming an average absolute 
gamma-ray efficiency of 0.3 X10-, one finds that 
8, becomes 0.5 X10-*. Then from Eq. (8), K is 4. 
These rough estimates seem to show that the 
data are consistent. 


Dysprosium 


The 2.5-hour activity induced by slow neu- 
trons is probably due to Dy'®, since there is only 
one stable isotope of holmium (165) to which the 
dysprosium decays (emitting negative electrons), 
and since otherwise the isotope would be isomeric 
with a stable isotope of dysprosium. 

Meitner® and Hevesy and H. Levy'® agree 
on a beta-ray energy of 1.4 Mev. Mitchell, 
Langer, and McDaniel? suggested the existence 
of a gamma-ray. Meitner obtained the gamma- 
ray energy by rough absorption measurements 
in lead and found the energy to be of the order of 
magnitude of 0.6 Mev. This would be an estimate 
of the average gamma-ray energy. 

A small amount of dysprosium oxide held on 
to an aluminum backing in a paraffin base was 
bombarded with slow neutrons from the cyclo- 
tron, to produce the source for this experiment. 

The range of the beta-rays was measured with 
the thin-walled counters, and was found to be 
0.49+0.02 g/cm*. This corresponds to an end- 
point of 1.20 Mev. 

Compton recoils were measured to obtain 
the maximum energy gamma-ray. The glass- 
walled brass cathode counters gave a range of 


%L. Meitner, Arkiv. f. Mat. Astr. och Fysik A27(3), 17 


(1941). 
16 G. Hevesy and H. Levy, Kgl. Dansk. Vid. Sels. 14, 5 
(1936). 


0.5+0.1 g/cm? which corresponds to a gamma- 
ray energy of 1.1 Mev. 

Beta-gamma coincidences were found with 
the thin-walled counters with no absorber in 
front of the beta-counter. There were so many 
beta-rays per recorded gamma-ray that with a 
usable beta-rate there were too few gamma-rays 
to get an adequate number of coincidences for 
accurate work. 

Gamma-gamma coincidences were also de- 
tected, indicating that the gamma-spectrum is 
probably complex. 

The writer wishes to express his thanks to 
Professor Allan C. G. Mitchell, who suggested 
the problem, for his advice and interest in the 
work, and also to Professor E. J. Konopinski for 
many helpful suggestions concerning the correla- 
tion of the results. The author also is indebted 
to Professor J. M. Cork of the University of 
Michigan for irradiating the first samples used 
in the experiment, and to his colleagues at 
Indiana University for running the cyclotron 
and checking calculations. 


APPENDIX 
Errors 


One would like to find criteria for a minimum relative 
error in beta-gamma coincidence experiments. On this 
basis Dunworth’ has developed a formula for the maximum 
useful source strength for a given geometry: 


N#=1/2r, 


where N is the source strength and r is the resolving time 
of the coincidence circuit. 

Under certain conditions it may be better to use still 
weaker source strengths because the usable counting rate 
of a tube counter is limited at high rates by missing, and 
multiple pulses. If the source strength is too high one must 
sacrifice solid angle, to which the error is more sensitive 
than to the source strength. According to Dunworth’s 
formula for f, the relative error due to statistical fluctua- 
tions in the total coincidence rate, this quantity depends 
on the source strength N approximately as N-}. It depends 
on the solid angles subtended by the two counters, which 
are ‘proportional to his e: and ¢2, as (€:€2)~*. It is evident 
that the best arrangement would be to have the counters as 
close as possible to increase ¢; and €2 by increasing the solid 
angle and then to use such a source strength as to produce 
the maximum usable counting rate. 
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The theoretical half-lives of forbidden beta-transitions are determined as a function of the 
maximum energy and the nuclear charge. This is done for the usual five types of interaction 
which may be assumed in Fermi's theory of beta-decay. It is also assumed that the nuclear 
charge is very small compared with 137. It is found that the half-lives in most first forbidden 
and some second forbidden transitions may be expected to manifest the same dependence on 
energy as those in allowed transitions, i.e., approximately proportional to the inverse fifth 
power of the maximum energy. In general, however, first forbidden transitions may obey an 
inverse seventh power law and second forbidden an inverse seventh or ninth power law. 


I 


ONOPINSKI and Uhlenbeck! have deter- 

mined the theoretical energy distribution 
of electrons emitted in forbidden beta-transitions 
for the five distinct types of interaction between 
the nuclear and the emitted particles. They 
also point out that the half-lives of forbidden 
transitions in light nuclei will depend upon a 
number of factors and that in general a simple 
correlation between half-life and energy cannot 
be expected. One difference between light and 
heavy nuclei in this respect is that the light 
nuclei probably have stationary states which 
belong to a rather definite multiplet ;? and rapid 
beta-transitionscan take place only between levels 
which are components of the same multiplet.’ 
Thus beta-transitions in light nuclei may have 
abnormally long lives even though the change 
in angular momentum entailed is ‘‘allowed.”’ 

A further complication to be expected in light 
nuclei arises from the approximate equality of 
the absolute value of the Coulomb energy of the 
ejected electron and its maximum energy. In 
order to be able to estimate more closely the 
relative effect of Coulomb and kinetic energy in 
determining the half-life the distribution curves 
of reference 1 have been integrated for all 
interactions. 

The decay constant which characterizes the 
beta-transition according to Fermi’s theory* may 


1E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 
308 (1941). 

2 E. Wigner, Phys. Rev. 51, 106, 947 (1937). 

3E. Wigner, Phys. Rev. 56, 519 (1939). 

‘E. Fermi, Zeits. f. Physik 88, 161 (1934). 


be written as the product of two factors 
\=GI(w, Z). (1) 


Z is the charge number of the product nucleus and 
w is the maximum energy (including rest energy) 
of the electron or positron in units of mc*. For 
electron emission Z is taken to be positive; for 
positron emission, negative. In allowed spectra 
Io(w, Z) is the integral over all electron energies 
of the ‘“‘Fermi-distribution.”’ A subscript 0 will be 
put on I(w, Z) if it applies to allowed transitions. 

We shall consider only the limiting case of 
small Z. In this limit the effect of the Coulomb 
field on the probability of emission of an electron 
with energy EZ, 1=E=w, is an extremely slowly 
varying function of E, at least for the great 
majority of possible values of E. The effect of 
the Coulomb field will accordingly be disregarded 
entirely in integrating the allowed spectra and 
will be expanded in a series of powers of aZ for 
the forbidden spectra. As soon as a definite form 
of interaction between light and heavy particles 
is established an integration 7(w, Z) which would 
apply to forbidden spectra of heavy elements 
would be useful in studying the matrix elements 
of large nuclei. Nordheim and Yost® have 
presented a formula for the decay constants of 
allowed spectra which is valid for all Z and large 
enough w. 

In the limit of small Z, Io(w, Z) is practically 
independent of Z and is given by the well-known 


5 L. W. Nordheim and F. L. Yost, Phys. Rev. 51, 942 
(1937). 
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formula 
(w?—1)! 
Io(w) — 9w? — 8) 
60 


+jw In (w+(w?—1)4). (2) 


Two unknown factors are included in G of 
Eq. (1). One of them is the ‘‘Fermi constant” g 
which in general is five constants giving the 
amount of scalar, vector, tensor, axial vector, 
and pseudoscalar interaction which exists. The 
other is the square of the matrix element of the 
interaction, |/(Q)|*. The operator Q acts on 
the waves of the nuclear particles changing 
proton into neutron in positron emission and 
neutron into proton in electron emission. In 
addition Q may contain other operators as 
factors. If Q be simply proportional to the spin 
operator we shall denote Q by ¢: similarly Q will 
be denoted by r, pe, 1, etc., if it is proportional 
to these operators. 

Allowed beta-spectra can have Q proportional 
to 1 giving the Fermi selection rulest or to ¢ 
giving Gamow-Teller® selection rules or to a 
linear combination of these operators. If allowed 
transitions are between known levels of the same 
multiplet the value of G for each kind of inter- 
action can be determined. A complete discussion 
and table of results for allowed spectra is given 
by Wigner in reference 3. 

It is the purpose of this paper to present the 
integrals I,(w, Z) and J2(w, Z) which obtain in 
first and second forbidden transitions, respec- 
tively. Estimates of the ratios of matrix elements 
which appear in forbidden spectra to those 
which appear in allowed spectra are also made. 


II 


A beta-transition will be called first forbidden 
if the wave functions of initial and final nuclei 
differ in parity but do not differ in angular 
momentum by more than two units. The decay 
constant of a first forbidden transition involves 
an integral over one of the energy distributions 
found in reference 1. A few minor departures 
from the method of Konopinski and Uhlenbeck 
will be introduced here and these are as follows: 

(a) It is at once evident that the above defini- 
tion of first forbidden transitions includes the 
“allowed pseudoscalar”’ transitions of reference 1 ; 


6G. Gamow and E. Teller, Phys. Rev. 49, 895 (1936). 


(b) the nuclear wave functions will be assumed 
to be real so that the cross product terms in 
reference 1 will not be included in our results ;? 

(c) the Dirac notation with p’s and o’s will be 
used.’ A scalar operator on the four spin indices 
is represented by p3, a polar vector by (pie, 1) a 
tensor by pew), an axial vector by (@, p;) 
and the pseudoscalar by p2; there was found! to 
be no distinction between p; and p» so far as the 
shapes of forbidden spectra are concerned but 
the two lead to different values of the matrix 
element and it is important to keep them 
separated in estimating decay constants; 

(d) instead of B;;, 7;;, and S;;, (the irreducible 
symmetric tensors) of reference 1 we shall use 
the ‘‘normalized”’ equivalents denoted by square 
brackets in Eq. (3): 

Lor 
(rr) (3) 
[re Xr 27 

Corr 


Estimates of the magnitude of M(Q) will be 
made on the basis of the expected magnitude of 
the factors which appear in Q. For example if 
Q=l[orr ] the magnitude of M([err ]) is expressed 


as 
M ((orr ])=R°M(o). (4) 


In Eq. (4) R is the nuclear radius in units of 
h/mc. The well-known empirical relation between 
R and the atomic weight A is closely given by 
the equation 

2R=aA! (a=1/137). (5) 


A factor ps in Q is equivalent to a factor unity 
but if p: or p2 appears the appropriate factor 
depends upon the velocities of the nuclear 
particles. An approximate value of the average 
velocity of nuclear particles can be derived from 
the doublet separations of Li’ and related nuclei 
assuming a Hartree model and Thomas forces 
or from the expected kinetic energy in nuclei. 
Such estimates necessarily involve arbitrary 
factors but a fair average of the results for the 
velocity, 8, is about 3 (light velocity is unity) 
and this value will be adopted in the following 
calculations. 


7For the implications of the assumption of real wave 
functions see E. Wigner, Goett. Nachrichten (1932), p. 546. 

8 P. A. M. Dirac, The Principles of Quantum Mechanics 
(Oxford 1935). 
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In order to get some idea of the effect of p; 
and pz on the value of matrix elements which 
contain them we assume a proton to be in a 
four-component s wave 


vp=(A,0, —Bcos 6, B sin 6e**), 


where A depends upon rf, is positive and of the 
magnitude of unity; B is positive and of the 
order of 8p, the velocity of the proton. Since 
pi and pz induce a change of parity let it be 


TABLE I. Pseudo-monopole. 


Interaction = QO Gi/Go~ Ai 
Scalar S 0 0 — 
Vector V pe 10-5w? 0’, 1 
Tensor pw 0.1 0’, 1 
Axial Vector A pi 10-5w? 0 
Pseudoscalar* P pe 0.1* 0 


* Since P leads to no allowed transitions this value has a meaning 
only if P occurs in combination with another operator. 


supposed that the proton is changed into a 
neutron in a p wave 


vv =(A’ cos 6, —A’ sin 6e'*, B’, 0) 


with A’ positive and B’=| By |. The contribution 
of p: to the matrix element is then approximately 
SV newrdr/ |B8p| and that 
of is |By|+|Bp|} 
1/3. Even if the entire difference in energy of 
initial and final nuclei, w, were supplied by the 
kinetic energy of the transformed nuclear 
particle the occurrence of p; in Q should give rise 
to a factor w/ MB=w/300 in the matrix element. 
The dependence of matrix elements proportional 
to p; on differences in velocities of nuclear par- 
ticles has been pointed out before by Marshak.® 

First forbidden transitions which depend upon 
p1 Or p2 do not depend upon r and so the radiation 
may be called monopole radiation. Since a change 
of parity is effected by the operators p; and po, 
however, the radiation may more properly be 
called pseudo-monopole, a term which serves also 
to distinguish between first forbidden and 
allowed monopole emission. Both types of 
monopole transitions give rise to the Fermi 
distribution in energy.! It follows that the decay 
constant for first forbidden transitions of the 
pseudo-monopole variety is determined by Eqs. 


*R. E. Marshak, Phys. Rev. 59, 937(A) (1941). 


(1) and (2) with the appropriate values of G 
and w. In Table I the possible Q which lead to 
pseudo-monopole transitions are shown together 
with the estimated value of G,/Go, the ratio of 
G for first forbidden to G for allowed transitions 
under the same interaction. In the last column 
of Table I and also of the following tables the 
possible changes of nuclear angular momentum, 
Ai, which are of interest are given. If more than 
one Ai is possible for a certain Q the sum of 
angular momenta (absolute values) of initial 
and final nuclei must be at least as large as the 
largest Ai for that Q. Primes are put on the 
smaller numbers to indicate this restriction. 
Henceforth the interactions will be designated 
by X as shown in Table I. 

In (beta) dipole radiations the energy distribu- 
tion is different for different interactions X. 
Furthermore the tensor and axial vector inter- 
actions each have three possible Q: The decay 
constant which obtains for a particular X will 
be written \(X) and for those interactions which 
contain more than one matrix element A(X) 
represents a sum over the Q. It is found by 
integrating the results of reference 1 that A(X) 
for all dipole transitions may be written 


(X)=Ce GQ, X){aexye(w 


aZ 
+b’ oxy(w) +c’ ox) y-(w) 


aZ 2 
—) To(w) (6) 


(w?—1)} 
Ya(w) — 118w* — 407w? — 16) 
15120 
4w*+w 
In (w+(w?—1)!), 
(w*—1)! 
y,(w) =————(4w — 40w* — 247w? — 32) 
2520 
2w*+w 
In (w+(w*?—1)'), 
(w?—1)! 
y-(w) =————(4w' — 28w* — 81w) 
360 


1 
+ In (w+ (w?—1)}). 
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TABLE II. Dipole. 


TABLE III. Pseudo-dipole. 


x Q Gi/Go~ b’ox ai Q G:2/Go~ a’ex cox Ai 

Ss pst R 6 —1 1 0 S 0 0 0 0 0 0 

V r R? 6 1 1 0’,1 V pilor] 10-5R2w? 6 0 0 ra 

T p3(@, R 2 —1 1 0 pio Xr 10-5 R2w? 3 —1 1 1 
p3(0Xr 3 1 1 0’,1 T p2[or ] 0.1R? 6 0 0 
p;Lor R 6 0 0 p2(G, r) 0.1R? 2 —1 1 0—0 

A (o, r) R? 2 1 1 0 A 0 0 0 0 0 0 
R? 3 —1 1 0’, 1 P pr 0.1R? 6 —1 1 1 

or] 6 0 0 0’, 1’,2 
P 0 0 0 0 — 


I,(w) is the same as in Eq. (2) and the values of 
a’ ox, b’ ox, c’ox are given in Table II. 

It is interesting to note that in most of the 
possibilities for dipole radiation b’ex=—c’ex 
and according to Eq. (6) the same half-life will 
be predicted for electron and positron emission 
for the same w and Z. Terms proportional to 
Z*(c'qx=1) appear in most of the dipole transi- 
tions and for the usual energies, w~5 or 6, the 
Z* terms are by far the largest in Eq. (6). This, 
together with the fact that the strongest pseudo- 
monopole transitions are independent of w 
(except for Jo(w) as a factor), would indicate 
that, whatever the true interaction may be, 
the chances are good that the first-forbidden 
half-lives are simply proportional to w-> the 
same as for allowed spectra. Evidence in the 
experimental material for a fifth power de- 


pendence for the majority of activities is pre- 


sented in a paper by Itoh.'® 
Ill 


Second forbidden transitions will be defined 
as those in which the angular momentum of the 
nucleus changes by not more than three units 
and in which there is no change in parity; it is 
assumed that no matrix elements vanish acci- 
dentally and thus only the changes in angular 
momentum which are not allowed need be 
considered in the second forbidden. By extending 
the classification introduced for first forbidden 
transitions there are found two classes of second 
forbidden transitions: pseudo-dipole, for which 
the matrix elements are proportional to the first 
power of r and to p; or p2, and (beta) quadrupole, 
quadratic in r. 

The decay constant in pseudo-dipole transi- 


0 J. Itoh, Proc. Phys. Math. Soc. Japan 22, 531 (1940). 


tions is given by Eq. (6) with values of a’gx, 
b’ ex, c’ex given in Table III. 

Quadrupole transitions have decay constants 
which are determined by Eq. (7) 


MX) = Ye G2(Q, X) | ox Y.(w) 


aZ 
+b" ox Y,(w) +e ox) Y.(w) 


aZ\? 
+(=) ox Ya(w) (7) 


(w*—1)! 
340200 
— 3417w'—536w?+8) 
Sw? 
1080 


Y,(w) = (50w® — 515w® 
In (w+(w?—1)}), 


113 


(20w* — 260w® 


— 2553wt — 704w?+ 32) 
6w>+ 5w? 
+———— In (w+(w*—1)!), 
w2—1)! 
Y.(w) = 
40320 
—4322w*—1175w) 
32w'+24w?+1 
+ 
384 
(w*—1)! 
Y.,(w) = 
10080 
— 1889w? — 208) 
16w?+7w 


(48w? — 536w® 


In (w+ (w? — 1)}), 


(40w® — 358w* 


In (w+(w?—1)}). 


| 
96 


| 


nts 


(7) 
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The coefficients a’ gx, b’’ ex, c’’ex are found in 

Table IV. 
\\ IV 

Of the above results only those on the pseudo- 
monopole radiation apply strictly to linear 
combinations of interactions as well as to single 
interactions. In general, a linear combination 
will introduce cross products of matrix elements 
which give the same change in angular momen- 
tum and the radiations could not be classified as 
simply as it has been done. On the other hand 
cross products of matrix elements which are of 
different size can usually be neglected in com- 
parison with the square of the larger one. The 
transition probabilities obtained above may thus 
be applied to more general interactions than 
single choices of S, V, T, A, or P. In fact it has 
been assumed throughout that P does not occur 
alone and only under this assumption is it 
logically consistent to imply that P gives rise to 
no allowed transitions. 

The terms of Eqs. (2), (6), and (7) which 
contain w to the highest power afford asymptotic 
expressions for the integrals Io(w), I:(w, Z) and 
I,(w, Z), respectively. The approximate forms 
of J; and J2, however, do not approach the exact 
value as rapidly as for Jp with increasing w. But 
assuming that J» has been calculated exactly 
one finds the ratios of J; and J: to J» are given 
by the asymptotic expression to 10 percent and 
better for w=4 and larger. For dipole transitions, 
therefore 


I(w, Z)/T. (20' ox + 30'ex) 


By using Eq. (5) and A=22Z it is evident that 
the decay constant will depend upon energy 
essentially in the same way as for allowed 
transitions whenever 


w? <40Z*/8c' 9x /(2a’ ex+3b' ex). (9) 


Only those pseudo-monopole radiations which 
contain w® in G,/Gp and dipole radiations for 


which w* is larger than the right-hand side of 
(9) manifest a seventh power dependence of 
decay constant on lifetime as far as first for- 
bidden transitions are concerned. 

A similar expression of the results on second 
forbidden transitions may also be useful. Of 
course the conclusions that have been drawn for 
dipole radiations apply directly to the pseudo- 
dipole. If the inequality (9) holds even second 
forbidden transitions will obey the fifth power 
law although the decay constants are very much 
smaller than for allowed transitions. For quadru- 
pole transitions the relation (10) holds to 15 
percent and better for w=5 and larger. 


Z) quaa/Io(w)= 


(5a”’ +6b” 
ex) 


te” (=): ox. (10) 
—-- c — } 


The relation between w and Z for which a 
seventh power law may be expected for quadru- 
pole transitions is practically the same as (9) 
with double primed quantities in place of the 
single primed ones. If the inequality is reversed 
a ninth power law should hold. 

The Coulomb fields of light nuclei exercise a 
small effect on the transition probability and 
may be taken into account through approximate 
formulae as given, for example, in reference 5. 
As mentioned above, however, the Coulomb 
effect is practically the same for all electron 
energies and thus does not influence the integrals 
appreciably. It is only for very slow electrons 
that a noticeable variation is to be expected. 

It appears within the range of possibility that 
I)(w) governs the dependence of half-lives on 
energy for most of the light radioactive nuclei 


TABLE IV. Quadrupole. 


x G:/Go c"@x ai 
Ss R‘ 3 -1 1 1’,2 
V R‘ 3 1 1 1’,2 
3 0 0 2’,3 
Rs 2 1 1 2 
A fore] 3 0 oO 2,3 
toXr] R‘ 2 -1 1 2 
P 0 0 0 0 0 — 
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both in allowed and in forbidden transitions. If 
this were true it would indicate that either the 
tensor interaction or the pseudoscalar is im- 
portant to the beta-process. It would be desirable, 
however, to find some light nuclei which obey 
the seventh or ninth power laws. According to 
the results of reference 1 it is such nuclei that 


would produce spectra which differ in shape 
significantly from the allowed spectra. 

I am indebted to Professor Eugene Paul 
Wigner of Princeton University and Dr. Henry 
S. Sommers, Jr., of Harvard for many interesting 
discussions related to the subject matter of this 


paper. 
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The method and apparatus are described which were developed for the investigation of 
the multiple scattering of fast electrons. The scattering of electrons with an energy of 2.25 
Mev is studied in the foils of aluminum, copper, iron, molybdenum, silver, tin, tantalum, 
gold, and lead. The results obtained are compared with the theory of multiple scattering. 
For elements from Al (Z = 13) to Sn (Z = 50) the experimental values for the multiple scattering 
coincide with those theoretically predicted. For heavy elements Ta (Z=73), Au (Z=79), 
Pb (Z =82) the experimental values are 10 to 13 percent lower than calculated. 


I. INTRODUCTION 


HE nuclear scattering of fast electrons has 
been investigated in many experimental 
researches. In the majority of cases, the singular 
or elementary nuclear scattering was investi- 
gated. All these investigations showed a close 
agreement between the experimental values and 
those calculated according to Mott’s theory. 
The multiple scattering of electrons was 
studied chiefly by Sheppard and Fowler,' and 
Fowler.2, They investigated the scattering of 
electrons with a mean energy of approximately 
10 Mev. The spectral composition of the energy 
of the electrons was spread between 2 and 
17 Mev. The scattering was investigated in thin 
lead, aluminum, and carbon plates placed in the 
center of a Wilson chamber. The results obtained 
were compared with Williams’ theory. This 
author found that the angular distribution of the 
scattered electrons coincides approximately with 


W. Shep ony and W. A. Fowler, Phys. Rev. 56, 
849 57, 273 (1940). 

Ww. . Fowl ler, Phys. Rev. 54, 773 (1938). 

3E. J. Williams, Proc. Roy. Soc. 169, 531 (1939); Phys. 
Rev, 58, 292 (1940). 


the Gauss curve, while the mean angle for the 
scattering is in close agreement with those 
theoretically predicted for light elements (Al, C). 
For lead, the value of the mean angle of scat- 
tering is approximately twice as small as that 
theoretically calculated. 

M. Slawsky and H. Crane* (Wilson chamber 
method) investigated the multiple scattering of 
electrons with energies near 0.9 Mev. The most 
probable angle of scattering in these experiments 
was so large, that the application of the theory 
of multiple scattering is not warranted as the 
scattering was diffuse. 

For scattering in Al only, Slawsky and Crane 
compare their experimental values with the 
theory of Bethe, Rose, and Smith.® In this case 
the most probable angle coincided with that 
theoretically calculated. 

Oleson, Chao, Halpern, and Crane® investi- 
gated the multiple scattering of electrons with 


a 939) M. Slawsky and H. R. Crane, Phys. Rev. 56, 1203 
5H. A. Bethe, M. E. Rose, and L. P. Smith, Proc. Am. 
Phys. Soc. 78, 573 (1938). 
*N.L. Oleson, K. T. Chao, J. Halpern, and H. R. Crane, 
Phys. Rev. 56, 482, 1171 (1939). 
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Fic. 1. General lay-out of the apparatus. Section in horizontal plane. A, the 
source; M, the target; K the spectrograph chamber; E, magnetic shield. 
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Fic. 2. General lay-out of the apparatus. Vertical section. A, source of electrons; 
M, target; E, magnetic shield; L, the glass-ground joint with leads to the counters 
and a tube to the vacuum pump; 0, circular dial divided in degrees. 


an energy of between 2 and 8 Mev in thin plates 
of lead and carbon, placed in the center of a 
Wilson chamber. In the comparison of experi- 
ments these authors came to the same conclusion 
as Fowler and Sheppard, and Fowler. 

As can be seen, the multiple scattering of 
electrons has been investigated only by the 
Wilson chamber method with small statistical 
accuracy, and with considerable averaging of 
energy of the scattered electrons. 

The purpose of this investigation is a detailed 
study of the multiple scattering of electrons under 
precise and definite experimental conditions. 


II. THE EXPERIMENTAL METHOD 


The source of fast electrons was a thin-walled 
glass tube containing radium emanation, placed 
between the poles of an electromagnet at a 
point A (Fig. 1). By means of a magnetic field, 
and a system of diaphragms shown in Figs. 1 
and 2 a homogeneous, narrow and almost parallel 
pencil of electrons was obtained. As can be seen 
from Figs. 1 and 2, this electronic beam, after 
passing the system of diaphragms, entered a 
large metal chamber. In the center of this 
chamber far from the walls, the investigated 
substance was placed in the form of a thin plate 
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Fic. 3. Variation with distance of the stray magnetic 
field on the edges of the a shoes. The dotted line— 
without magnetic shield; the solid line—with the shield. 
AB, position of the magnetic shield. 
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No of Electrons Entering Counter 


Fic. 4. Part of the natural spectrum of RaC. 


(the target). The electronic beam was focused 
on this target and scattered by it. 

The scattered electrons were registered by two 
G-M counters in coincident arrangement and 
the counters were placed in the same metal 
chamber, evacuated to a pressure of 10-? mm Hg. 
The geometrical arrangement of the counters 
can be seen in Figs. 1 and 2. 

By means of a special arrangement, the two 
counters could be rotated round the axis through 
the scattering target. 

As the scattering plate was in the center of 
the chamber and the counters sufficiently far 
from one another, the electrons which could 
pass both counters could be emitted from a very 
small volume containing the scattering target. 
Electrons scattered by the walls of the chamber, 
and the other parts of the apparatus, could not 
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Fic. 5. Form of the electronic beam in the horizontal plane 
at a distance of 151 mm from the exit diaphragm. 


pass simultaneously both counters, and therefore 
were not registered. 

The scattering plate was mounted on an 
aluminum frame, and by rotating it through 90°, 
the target could be placed near the upper lid of 
the chamber; this was done to measure the 
background of the counters. This measurement 
was very small indeed and contributed only a 
small part of the measured effect ; the correction 
for the background counts had to be made only 
when the scattering at large angles (30—40°) 
was investigated. 

It was impossible to measure the background 
counts with the raised target when investigating 
the scattering at small angles (0-5°); in this 
case the primary beam could pass unhindered 
into the counters, but in scattering at small 
angles, the background was too small in com- 
parison with the measured effect, and _ its 
influence could be ignored. 

In all investigations of the scattering of 
electrons, the geometry of the electronic beam, 
its cross section, divergence homogeneity and 
the influence of the edges of the diaphragms, 
etc., are of primary importance. Because of this, 
a great deal of time was spent in obtaining a 
well-defined electronic beam and for measuring 
its geometry. This part of the work is described 
in Section V. 

The axis around which the counters could be 
rotated was connected with a large circular 
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Fic. 6. Form of the electronic beam in the vertical plane 
at a distance of 151 mm from the exit diaphragm. 


graduated dial, by means of which the angle of 
rotation of the counters could be ascertained. 


Ill. APPARATUS 
1. The Magnet 


The cross section of the pole-shoes of the 
electromagnet was a segment of a circle (see 
Fig. 1). The gap between the pole-shoes was 
23 mm. To diminish the fringing flux, a magnetic 
shield was placed at a distance of 35 mm from 
the pole-shoes, exactly at the point where the 
electronic beam leaves the region of the magnetic 
field. 


o os 1 


Fic. 7. Photogram of the electronic beam spot in the 
plane of the target. 


The distribution of the magnetic field near the 
pole-shoes without the magnetic shield is given 
in Fig. 3 (dashed curve). The solid curve shows 
the distribution of the magnetic field with the 
shield. The current for the electromagnet was 
taken from a storage battery. The strength of 
the magnetic field was determined by the usual 
method, with a search coil and a_ ballistic 
galvanometer. 


2. The Electronic Beam. Diaphragms 


The geometrical shape of the electronic beam 
was determined by several diaphragms placed 
inside the apparatus. The height of all the 
diaphragms was 2.5 mm. In the region of the 
magnetic field the electrons described an arc of 
115°, the radius of this arc being equal to 121 
mm. The holes in the diaphragms arranged on 
the surface perpendicular to the direction of the 
magnetic field, subtended an angle of 2.1° from 
the axial line of the beam. 

After leaving the region of the magnetic field, 
the electronic beam was focused on the scattering 
substance (target) placed at a distance of 225 
mm from the magnet. 

Along the calculated geometrical path of the 
electronic beam, several diaphragms were placed 
(see Figs. 1 and 2). All diaphragms were made of 


a b 


Fic. 8. M ete samrse. ned of the electron beam spot: (a) in 
the horizontal plane, (b) in the vertical plane. 


aluminum to diminish the scattering. All the 
inside walls were lined with aluminum for the 
same purpose. There were three defining dia- 
phragms. The first formed an electronic source, 
the second was placed at the boundary of the 
region of the magnetic field, where the path of 
the electron is transformed from the arc of a 
circle into a straight line. The size of the third 
and last diaphragm was 1.5X2.5 mm’. These 
three diaphragms were made accurately accord- 
ing to the calculated form of the electronic 
beam ; other diaphragms were a little wider. 


3. The Target 


The substance used as a target is in the form 
of a thin plate. It was fastened to an aluminum 
frame by two silk threads, and by rotating at 
90° could be raised to the upper lid of the 
apparatus. The target was 73 mm from the last 
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Fic. 9. Normalized curves of the electron beam in the 
horizontal plane measured by the G-M counter and by 
microphotogram method. The dash-point curve gives 
the extrapolation of the linear parts of the curves. 


diaphragm and 37.5 mm from the entrance 
window of the first counter. The area of the 
targets was 20X20 mm’. The thickness was 
chosen in such a way, that a half-width of the 
Gauss curve for scattering electrons was approxi- 
mately equal to 10° for all elements. 


4. The Counters 


The diameter and the length of the cylindrical 
parts of the G-M counters were, respectively, 
equal to 13 mm and 45 mm. The distance 
between the axes of the counters was 47.5 mm. 
The first counter had two windows, the second 
only one, the size of the windows being 3.6 X4.5, 
5.36.7, and 8.6X10.5 mm consecutively; the 
first figure gives the width, and the second the 
height. 

The first window was covered by a silvered 
celluloid film; the next two by aluminum foil 
10 micron thick. 

The central wires of the counters were made 
of steel wire 0.2 mm in diameter. 

The G-M counters were placed inside a metal 
chamber evacuated to 10-? mm Hg, and could 
be rotated round the target by means of a 
glass-ground joint, the same ground joint being 
used also for evacuation of the counters (13 cm 


Hg). All the wire belts from the counters to the 
amplifier passed through the same ground joint. 
The potential of the counters was 2000 volts. 
A metal dial 458 mm in diameter and divided 
into 360 degrees was fastened to the ground 
joint. 
5. The Amplifier 


The amplifier was built according to the 
scheme developed by M. S. Kosodaev and G. D. 
Latyshev.’ A description is given elsewhere. 


6. The Glass-Ampoules 


The glass tubes filled with radon (the am- 
poules) were 0.5-0.7 mm in diameter and 5-7 
mm in height; the wall-thickness equalled 0.1 
mm and the strength of the radon source was 
between 100-200 mC. 


7. The Apparatus. Focusing the Electric Beam 


A general scheme of the apparatus is given in 
Figs. 1 and 2. The apparatus, as a whole, could 
be shifted by means of micrometrical screws, and 
in this way the path of the electrons between 
the pole-shoes could be changed. 

The source of electrons (a point “‘A”’ in Fig. 1) 
could also be shifted along the path of the 
electrons. By means of these two movements 
the electronic beam could be focused on the 
surface of the target; after the beam was well- 
focused the apparatus was securely fixed and 
lagged from outside with lead for shielding the 
counters from y-rays. 

Experience showed that the focusing was not 
spoiled during the changing of the radon sources. 
By means of a special screw, the distance 
between the pole-shoes could be increased and 
point “A” brought outside. After changing the 
radon sources the pole-shoes could be screwed 


to exactly the same position. 


IV. THE MEASUREMENTS OF THE 
ENERGY OF ELECTRONS 


Under the conditions in our experiments the 
most precise determination of the energy of 
electrons was procured by the investigation of 
the natural 6-spectrum of RaC. A part of the 


7A. I. Alikhanov, G. D. Latyschev, J. Exper. Theor. 
Phys. 10, 9-10 (1940). 
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energy distribution of the electrons of natural 
B-spectrum of RaC is given in Fig. 4. On this 
curve the abscissae represent the deflections of 
the ballistic galvanometer proportional to the 
Hp. The ordinates represent the number of 
electrons entering the counter in the unit-time 
at different values of I7p. The curve in Fig. 4 
is given without the recalculation for equal 
intervals of 

In these investigations of the natural 3,- 
spectrum, the counters were oriented at zero- 
angle in the direction of the electronic beam; 
the target was raised to the lid of the apparatus. 
Because of this, the electronic beam entered the 
windows of both counters. The energy of the 
entering electrons was changed by the variation 
of the magnetic field. The maximum on Fig. 4 
designated by K 1321 kev represents the 
transition of the conversion of electrons of K 
shell of RaC’ from the excited level of the 
nucleus RaC’ equal to 1414 kev; the maximum 
1399 kev represents the transition of the con- 
version of electrons of K shell produced by the 
x-rays of energy 1761 kev. 

It is easy to see that the position of these 
maxima given on Fig. 4 does not coincide 
precisely with the values of the energy (or Hp) 
written near each maximum. The electrons loose 
some energy inside the walls of the glass am- 
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Fic. 10. Normalized curves of the electron beam in the 
vertical plane measured by the G-M counter and by micro- 
photogram method. The dash-point curve gives the ex- 
trapolation of the linear parts of the curves. 


poules in which the radon is encased and because 
of this, all the maxima must be more or less 
displaced to the region of smaller energies. 

The energy of conversion electrons (K 1321 
and L 1399 kev) from the K and L shells of the 
atoms of RaC’, differ only by 78 kev, i.e., only 
by 3 percent, and because of this the energy loss 
must be the same. The maxima are displaced 
by almost the same values. (In the region of the 
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Fic. 11. The divergence of the electron beam. (a) In the 
horizontal plane. (b) In the vertical plane. The length scale 
is thrice diminished in comparison with the breadth. 
Dimensions are given in mm. 


energies of electrons 1.5 Mev the energy loss of 
electrons changes very slowly with the energy.) 

Therefore, knowing the difference 7 between 
the conversion electrons of the K and L shells of 
the RaC’ atom, from the excited energy level 
1414 kev of the same atom, and knowing the 
difference in the deflections of the ballistic 
galvanometer, one can graduate it in // units. 

In our experiments the energy of electrons 
which undergo the multiple scattering equals 
2250 kev. 


V. THE ELECTRONIC BEAM 


We studied the electronic beam at two points: 
(1) at a distance of 151 mm from the point of 
emergence of the electrons from the last dia- 
phragm, and (2) at the point where the target 
was placed at a distance of 73 mm from the last 
diaphragm. 

At the first point, the beam was investigated 
by means of a G-M counter. A special counter 
was constructed which had a long narrow 
entrance slit, the width of which was 0.4 mm 
and its length 25 mm. By a special arrangement 
the counter could be shifted in a horizontal 
direction, the slit of the counter being vertical. 
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- @m is given according to 


Williams’ theory. @= \/ xa» is the half-width of the theoretical Gauss curve. @n is the half-width of the theoretical Gauss 
curve with the correction for the finite width of the beam. @exp is the half-width of the experimental Gauss curve. The last 
column shows the percent deviation of the experimental half-width value from the theoretical value. 


Element Zz A one M am %h %exp % deviation 
I II III IV Vv VI VII VIII IX x XI 
Al 13 26.97 26.6 2.00 60.2 5.36 9.5 9.85 9.50 - 3.7 
Fe 26 55.84 15.4 2.10 41.4 5.39 9.55 9.90 9.60 — 30 
Cu 29 63.57 17.15 2.31 46.8 6.05 10.7 11.05 10.40 - 30 
Mo 42 96.00 12.4 2.31 36.6 5.87 10.4 10.75 10.25 - 44 
Ag 47 107.88 11.55 2.34 35.1 5.90 10.45 10.80 10.20 - 37 
Sn 50 118.7 17.40 2.37 34.2 5.96 10.55 10.90 10.65 — 2.3 
Ta 73 181.4 8.9 2.45 28.7 6.02 10.65 11.00 9.85 — 10.5 
Au 79 197.2 8.9 2.54 29.4 6.72 11.10 11.40 9.20 —13.1 
Pb 82 207.2 7.9 2.42 26.1 5.91 10.5 10.85 9.70 — 10.6 


The experimental results are given in Fig. 5. 
The abscissae represent the distances in mm 
from the middle of the beam, the ordinates, the 
number of electrons entering the counter in the 
unit time. This curve represents the distribution 
of the energy of electrons in the beam in the 
plane normal to the direction of the magnetic 
field. 

By means of another arrangement the counter 
could be moved in a vertical direction, the slit 
of the counter being horizontal. The experimental 
results are given in Fig. 6. This curve gives the 
distribution of electrons in the plane parallel to 
the direction of the magnetic field and normal 
to the direction of the electronic beam. 

At the second point, the electronic beam was 
investigated by the photographic method. In- 
stead of the target a photographic plate was 
placed inside the apparatus. In Fig. 7 is shown a 
photographic tracing left by an electronic beam 
impinging on the photo-plate (target). 

Figure 8 represents the microphotogram of 
this tracing. The abscissae give the distances 
from the center of the spot; the ordinates give 
the blackening of the plate, which in each point 
is proportional to the number of electrons 
impinging on this point. 

Figure 8a gives the distribution of the in- 
tensity of the electronic beam in the horizontal 
plane; the same distribution for the vertical 
plane is given in Fig. 8b. 

The small “‘tails’’ in the curves in Figs. 5, 6, 
8a, and 8b are produced by the electrons scat- 
tered by the last diaphragm. From these curves 
the number of scattered electrons can be evalu- 
ated. Indeed by extrapolation of the linear parts 


of the curves, we can determine the area of the 
“tails.’’ Dividing: the sum of the areas of two 
“tails” (on the right and the left of the curve) 
by the whole area of the curve, we obtain the 
percent number of electrons scattered by the 
edges of the diaphragm. This calculation shows 
that in our experiments only 2-3 percent of all 
the electrons in the beam are scattered by the 
edges of the last diaphragm. 

For the evaluation of the divergence of the 
electronic beam, the curves in Figs. 5 and 8a, 
which give the distribution of electrons in the 
horizontal plane, and Figs. 6 and 8b, which give 
the intensity distribution in the vertical plane, 
were normalized in pairs. These normalized 
pairs are given in Figs. 9 and 10. 

By extrapolating the linear parts of the curves 
in Fig. 9 to the axis of the abscissae, we found 
that the breadth of the beam in the horizontal 
plane, at a distance of 151 mm from the last 
diaphragm, equalled 5.8 mm and 3.6 mm at a 
distance of 73 mm from the same diaphragm. 

The breadth of the beam in the horizontal 
plane was 1.5 mm. The experimentally found 
shape of the beam in the horizontal plane is 
represented in Fig. 11a. 

We can conclude, therefore, that the angle 
between the inclined path of the electrons and 
the horizontal axis of the beam does not exceed 
0.8°. (The same angle was calculated by con- 
sidering all the possible geometrical paths of 
electrons in the apparatus, limited by the given 
locations of the diaphragms, and was found to 
equal 0.9°.) 

The height of the split of the last diaphragm 
in the vertical plane was 2.5 mm. From the data 
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of Fig. 10, the height of the cross section of the 
electronic beam equals 4.8 mm at a distance of 
151 mm from the diaphragm and 3.6 mm from 
the same diaphragm. 

Figure 11b gives the shape of the beam in 
the vertical plane. 

As previously, we can conclude that the 
divergence of the path of electrons from the 
horizontal axis in the vertical plane does not 
exceed 0.4° (the same angle calculated from 
consideration of all the possible paths limited by 
the given arrangement of diaphragms, was 
found equal to 0.32°). 

From the distribution curve of the natural 
B-spectrum of RaC, given in Fig. 4, we can find 
the spectral composition of the beam impinging 
on the scattering foil. Indeed the breadth of the 
conversion maximum K 1321 kev, determined 
from Fig. 4, is equal to AHp=5 scale divisions 
of the deflection of the ballistic galvanometer, 
and is therefore equal to 5/251~2 percent. 

From this we can conclude that our electronic 
beam consists of electrons with an energy of 
2250+ 23 kev. 


VI. THE EXPERIMENTAL RESULTS 


We investigated the angular distribution of 
the scattered electrons with an energy of 2250 
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Fic. 12. a, b, c. Scattering of electrons in various ele- 
ments. Experimental values are indicated by circles. The 
abscissae represent the angle of scattering, the ordinates 
the number of electrons scattered. The “tails’’ of the 
curves are magnified eight times in separate curves, 
Dotted curves represent theoretical values. 
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kev in the foils of Al, Fe, Cu, Mo, Ag, Sn, Ta, 
Au, and Pb. The thickness of the scattering foils 
(Table I) was chosen in such a way, that the 
half-width values of the Gauss curve would be 
equal for all the elements studied. The absolute 
value of the half-width was chosen to be equal 
to ~10°. The calculations show that at this 
value of the half-width, the theory of multiple 
scattering is applicable. 

The experimental results are given in Fig. 12, 
the experimental values being designated by 
circles. The abscissae on these curves represent 
the angles of the scattering in degrees, the 
ordinates, the number of electrons. The experi- 
ments were carried on in a range of angles up 
to 35-40°. For angles larger than 40°, the 
number of electrons was too small. 

The experimental points on the “‘tails’’ of the 
curves are given for clearness in the magnified 
scale (X8). The statistical fluctuations in the 
experimental values are represented in Fig. 12 
by vertical dashes. 

In our experiments the error in the determina- 
tion of the half-width (the angle at which the 
intensity of the scattered electrons is diminished 
by “‘e” times) of the experimental curve does 
not exceed 3—4 percent. 


VII. THE COMPARISON OF EXPERIMENTAL 
RESULTS WITH THE THEORY OF 
MULTIPLE SCATTERING 


1. The Theoretical Formulae 


The experimental results were compared with 
the theory of multiple scattering given by 
Williams.* 

To date all the experiments carried out for the 
investigation of multiple scattering, were per- 
formed by the Wilson chamber method. In this 
method the projection of the path of the electron 
on the plane parallel to the bottom of the 
cloud chamber is usually measured. Because of 
this, all Williams’ formulae are calculated for 
this case. 

Williams’ theory permits the calculation of 
the mean arithmetical value of the projection of 
the angle of deviation, and the angular distribu- 
tion of the projections of the tracks of the 
scattered electrons. 

According to Williams’ theory of the multiple 
scattering in the foils, the angular distribution 


of the electrons scattered at small angles must 
be Gaussian. In the scattering at larger angles, 
the single scattering described by the Rutherford 
formula, predominates. In the intermediate 
region of the angles, these two distributions 
are superimposed. 

The probability that the projection of the 
path of the electron lies between a and a+da is: 


p(a)da=g(a)\da+S(a)da, (1) 


where g(a) is Gaussian, and S(a@) is Rutherford’s 
distribution of the scattered electrons. 

Williams introduces two angles g: and ans. 
When the electrons are scattered at angles less 
than ge, their distribution is purely Gaussian. 
When the scattering angles equal ans, the 
multiple scattering equals Rutherford’s scatter- 
ing. For angles larger than a,,s, the Gauss curve 
for the multiple scattering swiftly diminishes. 

The Gauss distribution is given by: 


g(a) =Const. exp [- ol | (2) 


- 
TAm~ 


where &, is the mean arithmetical value of the 
projection of the angle of deviation, and equals 


). (3) 


Here a@ is the mean arithmetical value for the 
projection of the angle of the deviation from 
the general distribution P(a) (Eq. (1)) 


&=0.80(log. M)'+1.45, (4) 


where M is a value which characterizes the 
average number of collisions of electrons with 
the nuclei and equals 


Nth? 


M= 


o 
= (5) 


in which A is the atomic weight of the substance, 
o is the surface density in g/cm*, and Ze; 
=(Z°+Z)! the value of the effective nuclear 
charge. 

As a condition for the multiple scattering of 
the electrons we have M>>1. 

The angle gs, which enters in (3) and the 
physical meaning of which was considered above, 
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equals: 
y2=5.1(log. M)!—4.0. (6) 


The Rutherford distribution S(@) in Williams’ 
theory has a form: 


S(a)=0 for a<ge (7) 
for a> ge. 


The angle a, at which the value of the Gaussian 
distribution equals Rutherford’s, is 


= 5.1m — 4.00. (8) 


===> = 


Fic. 13. Scheme of the electron beam investigation for 
calculating its finite breadth. AB—electron spot on the 
target. CB—section of the spot from which the electrons 
enter the slit of the counter, when turned at the angle a. 


In all these formulae, the angles are in the 
units of 6. To convert into degrees, it is necessary 
to multiply them by 6. 


o\! Zest 
(9) 
A/ BW 
where W is the whole energy of the electron in 
Mev. 

Contrary to the Wilson chamber experiments, 
where the experimentally found angular distribu- 
tion is a projection of three-dimensional tracks 
on the bottom plane of the chamber, in our 
experiments a proper angular distribution of 
electrons in the space was investigated. 

For the Gauss distribution, the half-widths 
of the distribution curve (the angle at which 
the intensity diminishes in “‘e’’ times) is the 
same for the distribution proper, and for its 
projection. 

Because of this it was possible to compare 
theory with the values of the half-width of the 
experimentally found curves. 

The half-width value for the Gauss curve 
equals 


0= Tm. (10) 


2. Correction for the Finite Dimensions of the 
Electronic Beam 


All these formulae are valid if the beam 
impinging on the target is infinitesimally thin. 
In our experjments the beam was a definite 
thickness. Because of this a correction for the 
finite dimensions of the beam had to be made. 
For this, to the exit window of the counter a 
diaphragm was fastened with a narrow slit 
(0.34.5 mm). The intensity of the electronic 
beam was measured at different angular positions 
of the counter (which was changed by rotating 
the counter); the frame with the scattering 
target was raised. This investigation was done 
with the first counter only. 

In this case a definite angular position of the 
counter is connected with a narrow region BC 
of the whole cross section of the beam AB 
impinging on the plate (see Fig. 13). The 
photograph of the spot left by the electronic 
beam is given in Fig. 7. The full height of the 
beam was caught by the counter. 

It must be mentioned that the results of this 
experiment are given in Fig. 14. The abscissae 
are the angular positions of the counter, the 
ordinates, the number of electrons. 

The whole area of this curve was divided into 
parts of 1° each, as is shown in Fig. 14. For 
each section a theoretical curve was constructed, 
normalized proportionally to the area of the 
section. The middle point of each section was 
shifted several degrees according to the position 
of the section in Fig. 14. 

All the ordinates of this curve were added 
together. As a result a Gauss curve was found 
the half-width value of which was much larger 
than the previous one. 

This correction for the finite dimensions of the 
beam did not exceed 3-4 percent in our experi- 
ments. 


3. The Comparison of the Experimental Results 
with Williams’ * Theory 


The constructed theoretical curves were nor- 
malized with the experimental curves in Fig. 12, 
dashed lines represent the theoretical curves, 
and solid lines those found experimentally. 

The values of half-width (i.e. the values of the 
angles at which the intensity of scattered 
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Fic. 14. Curve of the electron beam taken with the rota- 
tion of the counter round the target axis. On the axis of 
the abscissae the angle through which the counter turns 
are plotted; on the axis of the ordinates the number of 
electrons is plotted. 


electrons is diminished by “‘e’”’ times given in 
Table I columns IX and X) were found from 
the experimental and theoretical curves (Fig. 12). 

The analysis of these results and the curves 
given in Fig. 12, show that the discrepancy 
between the experimental results and Williams’ 
theory is not very great. The experimental value 
of the half-width is smaller than the theoretical 
value by only 3-5 percent. | 

As the atomic number of the scatterer is 
increased, this discrepancy also increases and 
for Ta, Au, and Pb reaches 10-13 percent. 

The discrepancy has a systematical character 
which increases with the increase of the atomic 
number. This can be seen particularly clearly in 
Fig. 15, where the dependence of 0(¢/A)-' on Z 
is given. Such graphical representation is 
possible in our case, because the thickness of the 
scattering foils was chosen so that the half-width 
of the scattering @ varies in all cases only 
between small limits (from 9.8 to 11.4 degrees) 
and the value ‘‘M”’ under the logarithm in Eq. 
(4) changes only slightly. The dashed curve in 
Fig. 15 gives the theoretical dependence of 
63(¢/A)~' from Z, and the circles and the solid 
curve give the experimentally found dependence. 


As can be seen from these curves, there is a 
systematic deviation of the experimental values 
from the theoretical values, which lies outside 
possible experimental error. For light elements 
this deviation is of the order 4 percent, for the 
heavier elements it reaches 10-13 percent. 


4. The Comparison with the Goudsmit and 
Saunderson’ Theory 


We compared our results with the theory of 
multiple scattering given by Goudsmit and 
Saunderson. As can be seen from columns IV 
and VII of Table II, our results are in perfect 
agreement with this theory for elements Al, Fe, 
Cu, Mo, Ag, and Sn. (The deviation does not 
exceed 1 percent; see Fig. 15.) For heavy 
elements the experimentally found scattering is 
smaller than that theoretically calculated by 
10-13 percent. This discrepancy lies outside 
possible experimental errors. 


5. Comparison with the Bethe, Rose, and 
Smith® Theory 


In column VI of Table II are given the 
theoretical values of Gauss half-widths, calcu- 


20 40 60 80 r 4 


Fic. 15. On the axis of abscissae the atomic number Z is 
plotted; on the axis of the ordinates the values 6(¢/A)~ 
are plotted. By the circles and solid line curve the experi- 
mental results are depicted. The dash-dotted curve is 
calculated according to the Goudsmit and Saunderson 
theory. The dot-dot-dashed curve is calculated according 
to Williams’ theory. The dotted curve is calculated ac- 
cording to the theory of Bethe-Rose-Smith. 


8S. Goudsmit and J. L. Saunderson, Phys. Rev. 58, 37 
(1940); 57, 24 (1940). 
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TABLE II. Scattering of electrons whose sone. is 2.25 Mev. The angles are given in exp is the half-width value 
a 


of the experimental Gauss curve. 6g s. is the 


-width value according to the theory o 


Goudsmit-Saunderson. 6% is the 


half-width of the Gauss curve according to Williams’ theory. 6p x.s. is the half-width of the Gauss curve according to the 


theory of Bethe, Rose, and Smith. 


% deviation % deviation % deviation 
exp from of %exp from of %exptrom 
Element %exp GS Ow Ow BRS. 
I II Ill IV V VI Vil Vill 1X 
Al 13 9.50 9.40 9.85 9.95 + 1.1 — 3.7 — 4.5 
Fe 26 9.60 9.60 9.90 10.30 0.0 — 3.0 — 7.2 
Cu 29 10.40 10.50 11.05 11.35 — 0.9 — 3.0 — 84 
Mo 42 10.25 10.35 10.75 11.25 —- 10 — 4.6 — 89 
Ag 47 10.20 10.30 10.80 11.45 — 1.0 — 3.7 —10.9 
Sn 50 10.65 10.65 10.90 11.55 0.0 — 2.3 -—- 7.8 
Ta 73 9.85 10.95 11.00 11.85 —10.1 — 10.5 — 16.9 
Au 79 9.90 11.35 11.40 12.25 —12.8 — 13.1 —19.0 
Pb 82 9.70 10.85 10.85 11.80 — 10.6 — 10.6 —17.8 


lated according to the theory of Bethe, Rose, 
and Smith; in column III the experimental 
values. In column IX of the same table are 
given the percent deviations of the theoretical 
values from the experimental values. It can be 
clearly seen that the experimental values are 
always smaller than those theoretically calcu- 
lated (see Fig. 15). 

For aluminum, the half-width of the experi- 
mental curve of the scattering is 4.5 percent 
smaller than the theoretical value ; as the atomic 
number increases, the deviation smoothly in- 
creases and for lead reaches 18 percent. 


VIII. CONCLUSION 


1. The apparatus and experimental method 
we developed was found exceedingly convenient 
for studying the multiple scattering of electrons 
in foils. 

2. By this method the multiple scattering of 
electrons with an energy of 2.25 Mev, was 
investigated in Al, Fe, Cu, Mo, Ag, Sn, Ta, Au, 
and Pb foils. 

3. From the experimental curves for the 
scattering, the half-width values of the Gauss 
curve were found with an accuracy of 3—4 percent. 

4. The comparison of the experimental values 


of the half-width, with theory, showed that for 
elements from Al (Z=13) to Sn (Z=50) there 
is complete agreement with the Goudsmit- 
Saunderson theory, and the deviation does not 
exceed 1 percent; comparison with Williams’ 
theory for the same elements shows that the 
experimental values are 3-4 percent smaller 
than in theory. 

5. For heavy elements Ta (Z = 73), Au(Z=79), 
Pb (Z=82) the experimental values for the 
half-width are smaller by 10-18 percent than 
those calculated by Williams and from the 
Goudsmit-Saunderson theory. This deviation is 
beyond all possible experimental errors. 

6. The comparison of experimental results 
with the theory of Bethe, Rose, and Smith, 
shows that the experimentally found values for 
the half-width of the scattering curves are 
smaller than those calculated for all investigated 
elements. For aluminum this deviation is 4.5 
percent, as the atomic number increases this 
deviation also increases and reaches 18 percent 
for lead. 

In conclusion we would like to express our 
thanks to Dr. A. I. Alikhanov for consultation 
and to Dr. L. A. Artsimovitch for the discussion 


_of results. 


and 
y of 

and 
fect 
Fe, 

not | 
avy 
ig is 

by | 
side 
and | 

the 
Icu- 
Zis 
peri- 
fe 1s 
rson 
ding 
8, 37 


MARCH 1 AND 15, 1942 


PHYSICAL 


REVIEW VOLUME 61 


Mesotron Studies with Dual Telescope 
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A description of a large area dual telescope for mesotron studies is given. Continual check 
on operation is obtained by constant ratio of counts of upper to lower telescope within the 
natural statistical fluctuations. Correlations have been made between mesotron intensity and 
mass temperature of various fractions up to 0.2 of the daily atmosphere; air data being obtained 
by sounding balloon flights at Lakehurst, New Jersey. Thus, temperature coefficients from 
0.37 to 0.46+0.03 percent per degree Centigrade were obtained. It is shown that the tem- 
perature coefficient varies as dz/dT when increasing fractions are taken, as expected. Corre- 
lations have also been made for the same mesotron intensities with change of height of two 
levels of the daily atmosphere. The assumption that mesotrons are produced throughout the 
atmosphere according to the distribution of the air mass leads to a mean rest lifetime rather 


smaller than that obtained by other methods. 


N a previous article! a preliminary analysis 
was made of mesotron intensity correlations 
with the temperature of various fractions of the 
standard atmosphere. It is the purpose of this 
article to present a description of the cosmic-ray 
telescope used in this investigation, and to 
submit further developments in the analysis of 
the data. 


GENERAL DESCRIPTION OF THE TELESCOPE 
AND RECORDERS. TESTING 


The telescope, devised by Professor W. F. G. 
Swann and one of us (V.F.H.), combines the 
features of large, well-defined sensitive area with 
moderately small solid angle. The complete 
assembly consists of six trays of Geiger counters 
arranged in vertical train; alternate trays are so 
connected for coincidence counting that in reality 
there are two independent but interposed tele- 
scopes of three trays each. The screening for 
vertical rays is provided by lead plates totaling 
ten centimeters between the first and second 
trays, and additional lead plates totaling twelve 
centimeters between the second and third trays 
of the telescopes. It is evident that by this 
arrangement in which both telescopes are subject 
to the same events a self-monitoring system is 
obtained; reliability of operation was guaranteed 
by the fact revealed by the tests that the two 
counters gave a constant ratio within the limits 


* Now at St. Mary’s College, St. Marys, Kansas. 
a - 4) F. Hess and F. A. Benedetto, Phys. Rev. 40, 610 


of statistical fluctuation. In each tray are 16 
counters so disposed as to overlap one another 
and provide a continuous sensitive area. Arrange- 
ment of counters, trays and absorbers is illus- 
trated in Fig. 1. 


1 


7. 
a! 


Fic. 1. Arrangement of counters, counter trays, 
and absorbers. 
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TABLE I. r and @ for temperature variations at indicated km levels and for 86. 


i ts. i vs. 03 ics. 06 i vs. i vs. O12 i os. O16 I os. O16 
0.76+0.04 0.73 +0.05 0.71+0.05 0.70+0.05 0.24+0.10 0.73+0.05 0.79+0.04 
—a 0.40+0.02 0.36+0.02 0.16+0.07 


0.31+0.02 


0.29+0.02 0.59 +0.04 0.70+0.04 


Note: The temperatures of the 0 km level ranged between 27 and —1°C, for 3 km between 13 and —21, for 6 km between —3 and —41, for 
9 km between —24 and —S52, for 12 km between —44 and —69 and the average temperature up to 16 km ranged between —18 and —37°C. 


a is given in percent per degree C. 


TABLE II. r; and ay as functions of 7;- [as/aTy and aver- 
age [02/07], for corresponding fractions. 


Av. 
las/aT ly 
rs as m/°C m/°C 
Tvs. Tys| —0.7140.05 —0.37+0.03 13.342.2 17 
Ivs. Tzs| —0.70+0.05 —0.40+0.03 21.8+41.8 18.5 
Ivs. —0.72+0.05 —0.41+0.03 29.740.5 20.5 
Ivs. Tys| —0.75+0.05 —0.46+0.03 49.340.9 24 


The counters, 19.3 cmX2.0 cm, are of the 


glass envelope, copper cylinder, argon-oxygen 
type, and were constructed under the super- 
vision of Mr. W. E. Ramsey of the Bartol 
Research Foundation. Anti-coincidence tubes are 
used across the ends of the counters of the top 
and bottom trays of each telescope to avoid dif- 
ficulties due to slight changes in longitudinal 
sensitivity of the counters. The sensitive area 
thus defined is 321 cm*. The distance between top 
and bottom trays is 65.7 cm, thus the solid angle 
subtended is 0.297 steradian or 4.7 percent of 
the total hemisphere. All amplifying tubes and 
connections are well shielded against stray 
electrical fields. 

The lowest tray of each telescope is screened 
against side showers by an iron “wall” of four 
inches thickness. This ‘‘wall’’ weighs approxi- 
mately one ton and is built on two L-shaped 
trucks mounted on rollers to facilitate periodic 
inspection of apparatus. Location of apparatus 
is in a basement laboratory beneath three floors 
and roof; with vertical rays screened by this and 
the 22-cm lead absorber of the apparatus the 
average rate of counts is ~ 10 counts/min. 

The recorders are of a new type recently de- 
veloped by Professor W. F. G. Swann. They 
consist essentially of a wheel on whose inside rim 
are milled a series of teeth; a magnetically oper- 
ated plunger records a count by being pulled up 
against the sloping edge of a tooth and returning 
to its initial position against another sloped 


tooth, thereby rotating the wheel one division. 
Though in the special arrangement used by us the 
recorders are not to be considered fast they are 
certainly sufficiently fast for this type of count- 
ing. Their particular advantage is that over- 
shooting is impossible, and reliability is insured 
by their sturdy construction. 

In a device of this sort where many Geiger 
counters are employed, in this application 108 
altogether, it is essential that operation be 
checked periodically since it is possible for 
failure of a single counter to go undetected for 
some time. A special test set was constructed by 
which it is possible to plug into a whole tray of 
16 counters and test them simultaneously for 
paired coincidences. For routine checking how- 
ever it is found that satisfactory results are 
obtained much more rapidly by checking each 
counter visually with an oscilloscope. Only four 
tubes have failed over a period of seven months 
operation. 


CAMERA AND POWER SUPPLIES 


Photos of recorder dials are taken at two-hour 
intervals by means of a small camera. Sufficient 
illumination is afforded by a No. 1 Photoflood 
lamp at about }-sec. exposure to give detailed 
records on Eastman Kodak “Insurance Bromide 
paper.”” A small Syncron motor takes up the 
paper continuously and controls the impulse 
commutator. At two-hour intervals an auxiliary 
motor (1 r.p.m.) is triggered by the impulse 
commutator; a cam device on this auxiliary 
motor operates two spring switches, one serving 
to keep the auxiliary motor running until the end 
of the cycle, the other allowing a momentary cur- 
rent to pass through the series connected photo- 
flood lamp and magnetic device for the camera 


. shutter. 


The high voltage, — 1012.5 v, is furnished by a 
set of B-batteries and is common to both tele- 
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scopes. Likewise all filaments are supplied from 
a storage battery which is on floating charge. 
Two separate power packs are used for the 
thyratron plate supplies and two neon stabilized 
packs furnish all bias potentials and plate current 
for the two telescopes, it being found necessary 
to have separate sources for the two telescopes 
to avoid electrical interaction. 


OBSERVATIONS 
Various Temperature Correlations 


Most of our effort has been directed towards 
correlating ground mesotron intensity with tem- 
perature variations of different fractions of the 
atmosphere.! Data for 12-hr. (6 P.M.—6 A.M.) 
mean values of mesotron intensity observed 
between March 23 and July 31 (1941) are given 
in Table I. Mesotron data for the interval April 3 
to August 21 were later recomputed according 
to 24-hr. means (6 P.M.—6 P.M.) and gave a more 
symmetrical distribution around the times of the 
Lakehurst sounding balloon flights, 4-6 a.m. For 
this latter analysis average mass! temperatures 
of the daily atmosphere were used; these latter 
results are given in Table II. 

The following symbolism is used in Tables I 
and IT: 


#=12-hr. mesotron mean values (6 P.M.—6 A.M.). 

J =24-hr. mesotron mean values. 

@=temperature at levels indicated by subscript (in km). 
spatial average temperature up to 16 km. 

T =mass temperature for fractions indicated by subscript 

VCS 
r = product-moment correlation coefficient. 
a= temperature coefficient. 


Table I indicates that there are increasingly 
good correlations as temperatures at levels ap- 
proaching ground are used. The reason for this is 
principally meteorological: Temperature changes 
of the atmosphere occur primarily and more in- 
tensely near ground, particularly as far as 
changes from day to day are concerned. The 
temperature at the height of 12 km bears very 
little relation to day-to-day changes of the lower 
atmosphere, hence poor correlation with cosmic- 
ray intensity and a low temperature coefficient 
are obtained. From these values no preponder- 
ance of mesotron production at any specific level 
can be deduced. ' 


The correlations in the last two columns of 
Table I are interesting for purposes of com- 
parison with other authors but the spatial aver- 
age temperatures as used there have no impor- 
tance for the expected “‘air mass effect;’’ also 
total changes of temperature are diminished by 
the constancy of the temperature of the upper 
region which in turn makes the value of @ unduly 
high. 

When daily atmosphere values are used, a 
appears to be a slightly increasing function with 
increasing fractions of the atmosphere as in 
Table II. In all cases so far considered the frac- 
tions are taken from ground upward. The cor- 
relation coefficients for all these fractions are 
remarkably high and indicate that the values of 
a are fairly reliable. Increase of a with increasing 
fractions must be expected from the following 
consideration. By definition a= —[1/J][@J/aT], 
and if it is assumed that an increase of intensity 
is linearly proportional to a downward shift of 
air mass, a can be expressed a=[1/L ][02/dT] 
where LZ is a constant, corresponding to the 
average path length of the mesotrons from their 
points of origin until decay (“‘life range’). Thus 
average values of [d//dT ]; over certain fractions 
(f) of the atmosphere should be proportional to 
the corresponding average® [dz/dT ];, as well as 
to a;. Table II shows the values actually ob- 
tained. Some discrepancy from proportionality 
is to be expected as the number of data collected 
so far is rather small for this particular analysis. 


CORRELATIONS WITH HEIGHT VARIATIONS 
OF ATMOSPHERIC CENTER OF GRAVITY 


From the ordinary expression for the tem- 
perature coefficient 


a= = — (1/1) 
=(1/L)(02/0T), 
it follows that 


= —1/8, (1) 


where dz is the average variation in height of the 
region where mesotrons are produced. This 
region would be beneath the top of the atmos- 
phere by some distance of matter traversed. 


2 Average [d2/8T ]y values were obtained by plotting the 
actual values of [02/87], for the upper boundary of f 
against the pressure and graphically integrating over the 
fraction in question. 
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However, since the barometer effect (total mass 
above the apparatus) probably affects both the 
distribution of production as well as that of 
absorption of mesotrons it was thought best to 
associate production levels with definite fractions 
of the prevailing atmosphere. 

As a starting point, therefore, in our studies of 
mesotron variation as a function of changes of 
height of assumed mean production levels, the 
center of gravity of the daily atmosphere was 
first taken as the production level. Mesotron 
readings were the same 24-hour mean values as 
in the temperature correlation series; daily 
height variations of the center of gravity were 
taken from the height vs. pressure curves. It is 
seen from Eq. (1) that temperature does not 
enter into consideration in this correlation. 
Results for the level of the center of gravity gave: 


r= —0.70+0.04 
and 
B= —17.5+0.9 percent/km. 


By taking a higher level, »=400 mb, we obtain 
the following 


r’ = —0.64+0.05 


and 
B’ = —13.3+0.7 percent/km. 


To reduce 6’ to changes of height as they occur 
at the center of gravity, 6’ is multiplied by the 
inverse ratio of the mean heights of the two 
levels, so that 


B’ rea = (7.4/5.7) 8’ = —17.3 percent/km 


quite within the range of 8, as given above. 
The average path length Z of the mesotrons 
can be computed from Eq. (1) 


= —1/8=5.7+0.4 km, 


provided that the average production level is 
not too far from the atmospheric center of 
gravity. For a mesotron spectrum of only 1 Bev 


mean energy, y=12.5; and taking the above 
value for L we have toy=1.9X10-* sec. and 
sec. From 02/0T = —a/B we may 
also obtain an independent determination of the 
change of the height of the atmospheric center of 
gravity with the lower mass temperature. The 
value obtained, 22.5 meters/°C, checks with our 
study of the meteorological data which gave for 
the height variation of the center of gravity, 
heg5.7 km, a value of 02/87 =23 meters/°C. 


CONCLUSION 


Since it is rather probable that the mean 
energy of the mesotrons registered by this ap- 
paratus is considerably greater than 1 Bev, it 
would seem difficult to reconcile the above 
results with the heretofore accepted mean life- 
time, ~2X10~-® sec., of the mesotron at rest, 
unless one is willing to assume that the mesotrons 
are exclusively produced in the uppermost fifth 
of the atmosphere. That the production of 
mesotrons probably extends throughout the 
total atmosphere is indicated by our results as 
well as those of previous workers.*~* 
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The Nuclear Spin and Magnetic Moment of K*° 


J. R. ZACHARIAS 
Columbia University* and Hunter College, New York, New York 


(Received January 9, 1942) 


The molecular beam magnetic resonance method has been employed to observe the nuclear 
spin and the h.f.s. Avy of K®. The apparatus and procedures of this experiment are different 
from those previously employed in the magnetic resonance method because of the small 
natural abundance of K*® and because both the nuclear spin and h.f.s. Avy were previously 
unknown. The spin is shown to be 4 and the h.f.s. Ay=1285.70+0.1 megacycles per second. 
The doublet is inverted. By comparison with the known nuclear moment of K**, the nuclear 
moment of K® is taken to be — 1.290 nuclear magnetons. 


ECAUSE of the abnormally long half-life of 
the beta-activity of potassium, it has long 
been suspected that the nuclear spin of K*° is 
large and integral. Even before Smythe and 
Hemmendinger! had shown that the radioactivity 


of potassium is undoubtedly due to K*, it was. 


indicated by Bethe and Bacher’ that the long 
lifetime is not in contradiction with the Fermi 
beta-ray theory. The success of their argument 
depends on the assumption of a nuclear spin of 3 
or 4, and since nuclear spins up to 9/2 were 
known, there was no particular objection to this. 
However, until the present experiment no suc- 
* cessful attempt to observe the nuclear spin of 
K* has been reported, although at least one 
serious attempt by Millman and Rabif was made 
by the well-known molecular beam method of 
zero moments. All this is doubtless due to the 
small natural abundance of K*° given by Nier® as 
one part in 8600. 

A preliminary report‘ of the results to be given 
in this paper has already been presented before 
the American Physical Society, and it was there 
given that the nuclear spin of K*° is indeed 4, and 
further that the nuclear magnetic moment is 
large (1.29 nuclear magnetons) and negative. The 
experimental method is a modification of the 
molecular beam magnetic resonance method 
which follows in many details the experiments 


* Publication assisted by The Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 
ion ‘ta eo and A. Hemmendinger, Phys. Rev. 51, 

2H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 82 
(1936). See p. 196. 

Tt Never 

3A. O. Nier, Phys. Rev. 48, 283 (1935). 

4J. R. Zacharias, Phys. Rev. 60, 168 (1941). 


described by Kusch, Millman, and Rabi® in a 
paper called ‘‘The Radiofrequency Spectra of 
Atoms,” and hereinafter referred to as KMR. 
They report observations of the hyperfine struc- 
ture for the atoms of Li®, Li’, K**, and K* and its 
Zeeman effect and Paschen-Back effect. In subse- 
quent papers they have also studied Na, Rb, and 
Cs. Their observations are of two types, which 
can easily be understood by referring to Figs. 1 
and 2, which represent the energy levels of an 
alkali atom in a magnetic field; Fig. 1 for a spin of 
3 and Fig. 2 for a spin of 4. These two figures 
should be enough to show the type of behavior for 


any spin. 
2 


-—2L 


Fic. 1. Diagram of the energy levels of an atom with 
electronic angular momentum J=} and nuclear spin 
I=}. The full curves are for the large F=2; the dotted 
curves are for F=1. 


5 P. Kusch, S. Millman, and I. I. Rabi, Phys. Rev. 57, 
765 (1940). 
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In Figs. 1 and 2 each energy state is specified 
by a value of F=(/+}4) or (J—}3) and the 
magnetic quantum number m. Those charac- 
teristic features of these curves which are the 
same for atoms with different nuclear spin or 
magnetic moment are: 

(1) The number of states for either F is 2F+1. 

(2) In a magnetic field stronger than that 
given by x=1, all but one of the states with the 
larger F increase in energy with increasing field, 
and all of the states with the smaller F decrease 
in energy with increasing field. Thus the only 
possible transition between two adjacent states 
with the same F but with opposite sign for the 
atomic moment in high field is that between 
m= —(I+4) and m= —(I—}). 

(3) Ina given weak field the intervals between 
adjacent levels are all equal and equal to 
(gs —g1) moll /(I+4). As will be indicated later the 
small term g; provides a means of finding the sign 
of the nuclear moment. 

(4) The diagrams are drawn for atoms with 
positive nuclear moment. For negative moment 
or inverted h.f.s. doublet the diagrams are in- 
verted in the following respects: in weak field, 
states with the larger F have the smaller energy 
and the spacing about zero is inverted; item 
(2) above should read: in strong field, all states 
with smaller F increase in energy with increasing 
field, and all but one of the states with larger F 
decrease in energy with increasing field ; the signs 
of all m’s are reversed so that the adjacent pair of 
states with different sign of moment in high field 
are m=(J+4) and m=(J—}). All of the argu- 
ments of the present paper will be given with the 
notation for positive nuclear moment and with 
that diagram in mind. 

One of the methods used by KMR® was to 
observe the frequencies associated with transi- 
tions between the two F levels of the h.f.s. 
doublet in very weak magnetic field. This yields a 
set of lines, the center of gravity of which is the 
h.f.s. Av itself and, if the magnetic field in which 
transitions occur is sufficiently weak, the spacing 
between adjacent members of the set of lines is 
(gy —g1)uoll/h(I+4). Their other procedure was 
to observe the frequencies associated with transi- 
tions in strong field of mp(Amp= +1) with con- 
stant F. These lines occur at a frequency 
Av/(2I+1) if the field is sufficiently strong. Both 


of these methods of observation require some 
fore-knowledge of the h.f.s. Av in order to know in 
what part of the electromagnetic spectrum to 
search for transitions. 

The present experiment differs from those of 
KMR on the other alkali atoms in that neither 
the nuclear spin nor the h.f.s. Ay was known at 
all before starting the experiment. And also, since 
the natural abundance of K*® is so small, a gross 
search for radiofrequency spectral lines for K*° 


Fic. 2. Diagram of the energy levels of an atom with 
electronic angular momentum J = } and nuclear spin J=4. 
The full curves are for the larger F=9/2; the dotted curves 
are for F=7/2. 


in the presence of those of K** and K would be 
futile. However, there is little doubt that the 
nuclear spin of K*° with even atomic weight is 
integral and therefore different from the spin of 
K** and K*! which is 3. The following method was 
therefore devised. 

The transition selected for use in this in- 
vestigation is that between the two states 
mp = —(I—4) and mrp= —(I+4) for F=(J+4) 
(see Fig. 1 or 2). The energy required for this 
transition in weak field is (gy —gr)uol7/(I+4) and 
except for the almost negligibly small term g; is 
independent of the nuclear magnetic moment and 
of the h.f.s. Av to which it gives rise. That is, if 
the magnetic field is so weak that the coupling 
between the nucleus and the atomic electrons is 
not broken then the atom behaves as though its 
angular momentum is (J+) and the tightness of 
the coupling makes no difference. Thus in a 
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Fic. 3. Schematic diagram of apparatus. 


sufficiently small magnetic field, transitions of 
the type referred to will occur at different fre- 
quencies for atoms with different nuclear spins, 
and at the same frequency for atoms with the 
same spin regardless of the Av. And since the only 
other alkali nucleus with integral spin is Li®, it is 
possible to isolate K*° in spite of its small natural 
abundance. 


APPARATUS 


Figure 3 is a schematic diagram of an appa- 
ratus constructed especially for experiments of 
this type. As in all molecular beam magnetic 
resonance experiments on alkali atoms, the mo- 
lecular beam originates in an oven with a narrow 
slit covering its aperture. In this case the slit 
height is 1 cm and the width 0.025 mm so as to 
obtain a strong beam. The chamber in which the 
oven sits is pumped at 100 liters/sec., and is 
isolated from the main body of the apparatus by 
two slits which are adjustable for width and posi- 
tion by means of external screws. The beam is 
defined as usual by a collimating slit situated be- 
tween magnets A and C and set at a width of 
0.025 mm. The tungsten detecting filament 
(0.05-mm diameter) is altogether 50 cm from the 
oven. This is the shortest beam so far used for the 
magnetic resonance method and the total beam 
intensities are correspondingly very high (about 
10-* amp. at beam center). 

The iron electromagnets A and B provide 
inhomogeneous fields with a ratio of gradient to 
field of about 1.2 over a beam height of 1 cm. 
This was obtained by suitable choice of circular 
milling cutters used to shape the pole pieces. 


These magnets are similar to those used by 
Millman, Rabi, and Zacharias® except that the 
dimensions were chosen to suit the peculiarities 
of this experiment. Thus, to reach the fields 
required, twenty turns of copper tubing were 
used instead of four. Magnet C has flat pole 
pieces 6 mm apart and provides a very uniform 
field over the beam height and that part of the 
path which is occupied by the radiofrequency 
transition field. The deflecting magnets A and B 
have their gradients in the same direction so that 
a beam of alkali atoms will be so strongly 
deflected that none strikes the detector. Scat- 
tering of the beam by the small amount of 
residual gas in the apparatus prevents reduction 
of the beam intensity below 0.1 percent. Even 
this requires placing a thin obstacle wire in the 
direct line of the beam to cut out any alkali 
molecules which would not be deflected by the 
magnets. If the radiofrequency field is set at a 
value for producing a transition accompanied by 
a change of the sign of the total atomic magnetic 
moment, then those atoms will be refocused by 
the magnet B and will detour around the 
obstacle wire and fall on the detector. Thus in 
this apparatus magnetic transitions appear as 
peaks of beam intensity. 

The reason for this departure from the usual 
procedure of the molecular beam magnetic reso- 
nance method is obviously to be found in the 
small abundance of K*°*. The transition selected 
for study is that between m=—(J+4) and 
m= —(I—}4) for which the net atomic moments 


6S. Millman, I. I. Rabi, and J. R. Zacharias, Phys. Rev. 
53, 384 (1938). 
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have opposite sign in the high magnetic fields 
used for deflecting and refocusing. Thus, it is just 
these states that can be made to detour about the 
obstacle wire and only with the aid of the obstacle 
wire to cut out the beam was it possible to make 
the background intensity sufficiently low so that 
a peak due to K*® would stand out above the 
fluctuations of the background. 

The radiofrequency field is produced in the 
central portion of the homogeneous field magnet 
C by means of a loop of wire similar to that used 
in other magnetic resonance experiments. This 
experiment was conducted with two different 
loops, both of which were capable of producing 
the r-f field over the beam height of 1 cm. The 
first loop used was made of two strips, 3 cm long, 
of half-inch by sixteenth-inch copper spaced 
1 mm apart. By slotting and soldering, these were 
made to be water cooled. The r-f current is fed in 
at one end of one strip and out the same end of 
the other strip. Thus the beam is in the r-f field 
for 3 cm. The other loop was made simply by 
bending a piece of half-inch by sixteenth-inch 
copper into the form of a vertical hairpin without 
water cooling. For this one the r-f field traversed 
by the beam is only one-half inch long. 


PROCEDURE 


A beam of atomic potassium is obtained and 
the slits are set in line having been made vertical 
previously by optical means. This is especially 
important because the obstacle wire cannot be 
very much broader than the beam but must 
block it completely. The obstacle wire was itself 
a plumb line of number 40 copper wire with a 
small amount of soft vacuum wax at the point of 
its support to provide the necessary damping. 
The obstacle wire can be accurately centered in 
the beam by adjusting its position until on 
moving the detector filament to either side of the 
beam center the same intensity is read. It is only 
after this procedure is carefully followed that the 
amount of residual beam at the central position 
is small enough to make the experiment possible. 

The magnets A and B are then turned on and 
the beam intensity reading rises. This can occur 
for several reasons. First, atoms which are 
scattered in the oven chamber and which are not 
in the geometrical line of the beam can be 
deflected onto the detector by the magnets. 


Second, transitions of atomic magnetic moments 
could occur in the space between the magnets A 
and B because of collisions with other molecules 
(improbable), or because of sudden changes in 
value or directions of magnetic fields near the 
entrances to the various magnets. In fact, this 
last effect can be made extraordinarily large by 
reducing the magnetic field in the magnet C to 
some value near zero. With all of these effects, 
except the last, the beam still reads less than 0.1 
percent of the original beam if the vacuum is 
good and the lineup is careful. 

The radiofrequency oscillator is set at a con- 
venient frequency, say, 4 megacycles and the 
current in magnet C is adjusted until a transition 
is observed by a sharp rise in the beam current. 
If this rise of intensity depends on the frequency 
of the r-f oscillator then since the nuclear spins 
are the same, the transition of mp from —2 to —1 
for both K** and K* is probably being observed. 
If the magnetic field were readily determined 
then this fact could be checked immediately. Be- 
cause of hysteresis the magnet calibration against 
ampere turns is of no use at low fields and the 
following indirect method of checking is used. If 
the frequency of the r-f oscillator is raised, then 
the magnetic field must be correspondingly in- 
creased to observe transitions. If this process of 
increasing the field and frequency is continued, 
then the single observed transition becomes 
double, one large peak and one small peak. The 
large one is attributed to K*® and the small one to 
K* since the nuclear spins are the same but the 
h.f.s. Av’s are different. Since the h.f.s. Av’s of 
both of these nuclei are known one of the peaks 
can be used to calculate the value of the field (by 
use of the Breit-Rabi formula) and the frequency 
for the other can be predicted. After this pro- 
cedure' was followed several times it became easy 


TABLE I. Observed frequencies of peaks attributed to 
K* with the corresponding frequencies for transitions of 
K*9, In the limit of small field the ratio »/v39 should ap- 
proach 4/9. These observations were made with r-f field 
wires 4 cm long by 1 cm high. 


Mc vao Mc Mc vio Mc 


3.924 1.72 0.442 11.40 4.87 0.427 
3.88 1.714 0.442 16.18 6.775 0.419 
5.92 2.575 0.441 17.007 7.096 0.418 
7.896 3.405 0.432 32.034 12.87 0.402 
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to tell immediately that the observed peaks were 
due to the transitions mentioned above. 

In searching for K*°, a procedure somewhat 
similar to the above was followed. First a mag- 
netic field was set and determined by observing 
the transition (mr from —2 to —1) for K*® ata 
frequency ry. If the field is weak then H = 2hv39/ uo. 
The field is held constant and the frequency of 
the r-f oscillator is changed to the value appro- 
priate to K*° under the assumption that its spin 
is some integer 0, 1, 2, 3, 4, 5, or 6. These fre- 
quencies bear a simple relation to the frequency, 
V39, used for i.e., = 
We neglect g; compared with g, and the decoup- 
ling which shows itself in the curving of the state 
mrp = —(I—}). Thus assuming that the nuclear 
spin of K*° is 4, then for the same magnetic field 
we have 49 = 1394/9. 


RESULTS 


The procedure outlined above was followed for 
assumed values of the spin of 0, 1, 2, 3, 4, 5, and 6. 
For none of these except 4 was there any sign of 
transition. For spin 4 the data are exhibited in 
Table I. The changes of beam intensity which 
occurred for the values of the frequencies v4 were 
completely consistent with the known natural 
abundance but were not large enough to measure 
precisely nor to show resonance curves. The 
reason for this is as follows. Although the maxi- 
mum possible amount of beam refocused for the 
observed transitions of K*® is 25 percent of 
original beam intensity, only 10 percent is ob- 
served because of the presence of the obstacle 
wire. That is, the gradients of the magnets were 
too small to force all atoms about the obstacle 
wire. For K*° with spin 4 the maximum possible 
amount to be expected is 11 percent of the total 
K*-beam which is only 1/8600 of the beam. 
Thus only 5 parts in 10° of the main beam are 
expected to appear as a peak for K*° against a 
background of about 0.1 percent. This back- 
- ground therefore had to remain constant to 1 
part in 200, just to allow a peak to be observed. 
It is possible to make observations by turning the 
r-f oscillator off and on and noting the galvanome- 
ter deflections. This procedure makes it im- 
portant to have the FP54 detector (sensitivity 
5X10-"’ amp./mm) insensitive to the r-f oscilla- 
tion. Very careful shielding and by-passing of 
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TABLE II. Observed frequencies of peaks attributed to 
K*° with the corresponding frequencies for transitions of 
K**. These observations were made with r-f field 1 cm long 
by 1 cm high. The values of the magnetic field were 
calculated from the frequencies for K** by means of the 
Breit-Rabi formula. The column labeled denominator of 
Eq. (1) is listed to indicate the precision of the calculated 
values of the h.f.s. Av’s. They are all reliable to about 
+0.01. Thus the precision of the calculated Av values is 
inversely proportional to these denominators. 


Magnetic h.f.s. Av of K® 
field 
calc. denom. assumed assumed 
v3x9 Mc vaio Mc gauss. Eq. (1) positive negative 


0.32 1226. 1260. 
0.86 1254. 1276. 


17.040 7.157 22.19 
29.974 12.118 36.52 


31.840 12.805 38.45 0.96 1260. 1280. 
42.608 16.688 48.99 1.57 1269. 1283. 
42.624 16.666 49.00 1.56 1274. 1288. 
42.632 16.677 49.01 1.57 1268. 1282. 
42.660 16.687 49.04 1.57 1269. 1284. 
125.50 42.760 110.21 8.79 1280.0 1285.6 
125.608 42.777 110.27 8.79 1281.9 1287.6 
125.615 42.780 110.27 8.79 1281.7 1287.4 
125.636 42.792 110.28 8.80 1281.0 1286.7 


388.96 124.32 236.33 51.48 1284.6 1286.4 
389.00 124.35 236.34 51.51 1284.2 1285.8 
389.00 124.37 236.34 51.51 1284.2 1285.8 
389.10 124.397 236.39 51.57 1284.0 1285.5 
389.14 124.418 23640 51.57 1283.9 1285.4 
389.48 124.53 236.55 51.63 1284.1 1285.6 
389.50 124.57 236.55 51.67 1283.5 1285.0 
389.96 124.691 236.74 51.72 1284.9 1285.7 
390.86 125.02 237.12 51.95 1283.9 1285.4 


leads made this possible at all but a few fre- 
quencies for which parts of the apparatus reso- 
nate to the r-f. Because of the wide frequency 
range this requirement was difficult to meet. 
Table I shows that the observed ratio v4o/v39 
does not remain quite constant as the field is 
increased. This arises because, for the fields used, 
decoupling of the nuclear spin and the atomic 
electrons is beginning for both K*® and K*°. One 
should be able to calculate the h.f.s. Av of K* 
from this observed departure from constancy, 
but this set of data is not sufficiently good for the 
purpose for two reasons. First the chief cause of 
the departure is the h.f.s. decoupling of K** and 
the second the data are not sufficiently accurate 
because they were taken with a length of r-f field 
for which the magnet was not sufficiently uni- 
form. Consequently a smaller r-f region was used, 
by using smaller wires for the r-f and the data of 
Table II were taken. Table II is a summary of 
data taken to determine the h.f.s. Av of K*° and 
at the same time to demonstrate that the reso- 
nances observed are really consistent with the 
assumption of an atom with a nuclear spin of 4. 
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Table II contains values of the h.f.s. Av of K*° 
obtained when we assume that the nuclear 
moment is positive (tabulated in the fifth column) 
and negative (sixth column). These calculations 
are made with the use of the Breit-Rabi formula, 
which for these purposes can be put in the 
following convenient form :’ 


Av=(v—grk)(gsk—v)/ 
{(v—gsk) —(gs—gr)k/9}. (1) 
In this formula all symbols refer to K*° except 
k which is given by 


k= (27 — £1) 39 


X39 = (gs — Avo. 

Since H is determined by observing the 
(mp = —2)—(mr=—1) transition for Kgs, it is 
more convenient to eliminate it in terms of the 
observed quantity v3y by writing 


X39= 


with 


where 
B= 1 +2(v—grk)39/Avss. 


The actual procedure followed in applying this 
formula is first to use it without the small 
correction terms in g;; then with this preliminary 
value of Avg and the known values of g; and Av39 
for K*® to calculate a preliminary value of the g, 
for K*°. This value of g; is sufficiently accurate 
for the small terms but the sign of the correction 
terms is not known. The final calculations are 
made with both positive and negative sign. Thus 
inspection of columns 5 and 6 of Table II shows 
these results and that they are self-consistent for 
the nuclear moment taken negative (g; positive) 
whereas they are inconsistent if it is taken posi- 
tive (gr negative). The weighted average of the 
values for the case of negative moment [weight 
proportional to the denominator of Eq. (1) ] is 
1285.65 Mc and the nuclear moment is taken to 
be negative. i 

Since the values of the Av obtained when a 
positive nuclear moment is assumed are incon- 
sistent with each other by only a few times the 
possible errors of observation, it was decided to 
try to observe some other transition to obtain an 
independent value of the Av and if possible, a 


— and P. Kusch, Phys. Rev. 58, 438 (1940), 


more precise one. The first obvious transition 
to try is that between the states F=(/+4); 
mp =(I—}) and F=(I—}3); mp=—(J—}) ata 
field for which the jump is smallest for then the 
value of H need not be known well, and the 
determination of Av is as accurate as the observed 
transition frequencies. But this transition is one 
involving no change of my and if the radio- 
frequency field is perpendicular to the steady 
field, this transition would be highly improbable.* 
If K*° were an abundant isotope, this would be no 
great drawback, especially because the transition 
would occur at a not too difficult radiofrequency 
(obtainable with a 316-A oscillator) and with 
abundant isotopes transitions of this type are 
easily observed. In the present case it was 
decided to try the two transitions given by 
mp=—7/2 to for AF=+1. These 
states have maxima or minima for some value of 
the field and for a value of the magnetic field 
halfway between the maximum for one of the 
states and the minimum for the other the 
intervals mentioned above are independent of 
field and furthermore these are allowed transi- 
tions with the present type of r-f field and, in 
fact, were observed. 

Through the kindness of Dr. Fay of the Bell 
Telephone Laboratories a 368-A oscillator tube 
was made available before they were generally 
obtainable and the required frequency near 950 
Mc was obtained. On several occasions a pair of 
very small close peaks were observed. As previ- 
ously described, observation of these peaks was 
made by noting galvanometer deflections as the 
oscillator was turned on and off. One of the chief 
difficulties with this experiment was associated 
with keeping the oscillator frequency sufficiently 
constant during an observation and making it 
come back to any desired frequency when turned 
back on. This is true because the theoretical half- 
width of the expected peaks is about 1/20,000, 
and it was not possible to obtain enough r-f 
current to make the half-width larger than that. 
However, once the reality of the peaks was 
established the precision of the calculated Av was 
then as good as the readings of the heterodyne 
wave meter. The separation between the peaks is 
very small (1 part in 10‘) and could not be 


8H. C. Torrey, Phys. Rev. 59, 293 (1941). See Eq. (19). 
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observed well. However, as was expected it was 
possible to observe that the frequencies of these 
lines were not dependent, in first order, on the 
magnitude of the magnetic field. This fact 
substantiates the remark that the observed lines 
are associated with the transitions to which they 
are attributed. Also if this insensitivity to value 
of field were not true, then the lines would not be 
so sharp because the field is certainly not homo- 
geneous to 0.01 percent. The average of three 
sets of data gives for the center of the pair 949.43 
Mc which yields for the Av 1285.74 Mc. In this 
calculation the Breit-Rabi formula can be used 
directly and without any assumption of the 
magnitude or sign of the nuclear moment of K*°. 
Comparing this with the weighted average of the 
values given formerly 1285.65 Mc, it is easy to see 
that the negative nuclear moment is the proper 
one. 

Averaging these two values, with no reason to 
give either one the greater weight, we write 
Avg = 1285.70+0.1 Mc. To evaluate the nuclear 
moment of K*° from this value of the Av, we 
make use of the experimental proof by Millman 
and Kusch® for the isotopic pairs Li®, Li’, Rb**, 
Rb*’, that the ratios of the nuclear moments as 
observed by “molecular beam method” are equal 
to the h.f.s. Av ratios, due account being taken 
for the effect of nuclear spin. Thus we use 
461.75 Mc and ys3=0.391 nuclear magne- 
ton and obtain — 1.290 nuclear magnetons, 
and 0.323 for the nuclear g. 

Some discussion is necessary to show why it is 
believed that the substance giving rise to the 
peaks in this experiment is indeed K*°. First the 
observed intensity agrees as well as could be 
expected with the known abundance. Second the 
detecting filament will respond when cleaned of 
oxide coat only to elements with a lower ioniza- 


®S. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 
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tion potential than sodium. There was no ap- 
preciable quantity of the known isotopes of Rb 
and Cs which have low enough ionization po- 
tential, but since they have known spins and 
moments they would be directly identifiable. 
Therefore a hitherto unknown isotope of either 
Rb or Cs could not be present in large enough 
quantity to have been observed. Third there was 
no dependence of the observed intensity of the 
small peaks to the temperature of the oven and 
it can be concluded that the substance has a 
vapor pressure of the same order of magnitude as 
that of potassium. 

Although it was not surprising in view of the 
arguments from beta-ray theory that the spin of 
K* is large and integral, some use has been made 
of the fact that the spin is 4 and not 3. Marshak" 
has shown that this spin adds support to the 
Gamow-Teller theory. On the other hand the 
large negative moment, as discussed recently by 
Inglis, does not seem to be readily understandable 
on a simple nuclear model. In view of the excellent 
self-consistency of the data for the assumption of 
negative moment there is little doubt about the 
correctness of this experimental result. It is of 
course natural to desire a determination of the 
sign of the nuclear moment such as was made by 
Kellogg, Rabi, and Zacharias" for H and D or 
that of Millman’ by the magnetic resonance 
method which does not depend on a precise de- 
termination of the h.f.s. Av. With the small 
abundance of K*° these methods do not at the 
moment seem feasible. 

I wish to thank Professor I. I. Rabi, Dr. T. C. 
Hardy and the other members of the molecular 
beam laboratory for their assistance and encour- 
agement during this experiment. 


1 R. E. Marshak, Phys. Rev. 59, 957 (1941). 

uJ. M. B. Kellogg, I. I. Rabi, and J. R. Zacharias, 
Phys. Rev. 50, 472 (1936). 

2S, Millman, Phys. Rev. 55, 628 (1939). 
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Nature of Electronic Levels in Ultraviolet Spectra of Hydrogen and Alkyl Halides 


Ropert S. MULLIKEN 
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(Received December 3, 1941) 


The nature of the excited electronic levels involved in 
the ultraviolet absorption spectra of the alkyl and hydro- 
gen halides, also ICI, IBr, BrCl, is discussed. On the basis 
of band structures in the hydrogen halides, and other facts, 
it is concluded that the excited orbital is of ¢ type (so?) in 
the B, C bands, but of px type in the D, E bands. For 
the upper level of the B and C bands, the coupling changes 
from nearly J,j-like in the iodides to predominantly 
L, S-like in the chlorides. The tendency toward L, S-like 
coupling is greater in the hydrogen than in the alkyl 
halides. For the B, C “‘satellites’’ in HCl, a 4p0 excited 


orbital is indicated. The D, E bands show nearly J, j-like 
coupling for all halides. The natures of the excited orbitals 
in the various observed Rydberg series are also discussed. 
According to Price, two of the most prominent Rydberg 
series start with the A continuum and with the D, E bands, 
and so, according to the present study, should have ¢ and 
px excited orbitals, respectively. It is also concluded that 
the npx “‘non-bonding” orbital in the normal states of the 
hydrogen halides and other diatomic hydrides probably is 
slightly bonding. 


I. INTRODUCTION 


HE hydrogen and alkyl halides show close 

analogies to one another in their ultra- 
violet absorption spectra. At longest wave- 
lengths (somewhat greater than \2000 in most 
of these molecules) comes a continuous absorp- 
tion region sometimes called A. At somewhat 
shorter wave-lengths (varying from near A2000 
in the alkyl iodides to near \1300 in hydrogen 
chloride) are two strong narrow regions of ab- 
sorption, not far apart, called B and C. Each 
of these consists of one or a few strong bands 
accompanied in the methyl halides by weaker 
bands. A further pair of regions, similar to B and 
C but at somewhat shorter wave-lengths, is found 
in the methyl halides and perhaps in other cases. 
The longer wave-length of these two regions is 
generally called D, and its shorter wave-length 
companion may be called E (Price calls both 
regions D in the case of the alkyl chlorides). 
Beginning at and including the D bands, several 
Rydberg series are observed. Additional fainter 
bands also are present. 

The writer has shown! that the A region is 
explained by a transition from the normal elec- 
tronic level N to an excited level Q, with MO 
(molecular orbital) electron configurations as 
follows: 

N: or "Ay 
(1) 


1K. S. Mulliken, J. Chem. Phys. 8, 382 (1940) and 
earlier references. 


The first set of symbols refers to the hydrogen 
halides. The second refers to the methyl halides, 
where the C3, symmetry calls for the new sym- 
bols. However, since actually the effects of the 
changed symmetry on the forms of the orbitals 
in which we are interested are small, it will be 
convenient and will lead to no misunderstanding 
if only diatomic molecule symbols are used, and 
this will be done throughout the subsequent dis- 
cussion (see following paper by E. Teller and the 
writer for critical comments). The orbitals in 
Eq. (1) are approximately of the forms: 


o=a(npox)+b(1sy Or ome); 
o*=c(1sy or ome) —d(npox), (2) 


where npox or nprx refers to a halogen atom AO 
(atomic orbital), ou. to an MO of the methyl 
group. The MO’s oa, z, and o* are, respectively, 
bonding, non-bonding, and anti-bonding. Quanti- 
tative theoretical intensity calculations and com- 
parison with observed intensities' confirmed that 
region A is explained in both hydrogen and 
alkyl halides by the Q, N transition. 


II. NATURE OF EXCITED ORBITAL IN B, C BANDS 


W. C. Price® was the first to study the hydro- 
gen halide absorption spectra in the vacuum 
region, and discovered regions B, C analogous to 
those of the alkyl halides. (Similar regions are 
also found in ICI and similar molecules.) Some 
time ago* the writer concluded that regions B 


2 W. C. Price, Proc. Roy. Soc. A167, 216 (1938). 
3R.S. Mulliken, Phys. Rev. 47, 413 (1935). 
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278 ROBERT S. 
TABLE I. Term values in cm X10* for halogen atom 
orbitals.* 

Orbitalt 
Atom (n+1)s (n+1)p nd 
Cl 32 20 (14) 
Br 31 18 
I 29 ~19 18 


* Estimated from data on atomic spectra [cf. R. F. Bacher and S. 
Goudsmit, Atomic Energy States (McGraw-Hill, 1932); also S. Mura- 
kawa, Zeits. f. Physik 109, 162 (1938) on iodine]. For example, the 
configuration (3p4, 3P)4s of the Cl atom gives five levels (4P and 2P) 
covering a range from 71,934 cm™ to 74,861 cm™! above the 3p5, ?P 
ground state. Subtracting a rough average of these figures from the 
energy of 3p4, 8P of Cl* (105,000 cm~ above the ground level of Cl) 
yields 32,000 cm™', as given above, as an approximate term value for the 
4s orbital of chlorine. In the cases of md of Cl and Br, the data in Bacher 
and Goudsmid give term values which are too small to be believed, and 
the estimate given above for Cl is based on data for argon. 

t n =3 for Cl, 4 for Br, 5 for I. 


and C in methyl iodide both correspond to the 
excitation of a non-bonding z electron of state N 
to a non-bonding excited orbital, and suggested 
that the latter is of the C3, species e, perhaps 
essentially a 5dr AO of iodine.* The upper levels 
of B and C would then correspond to: 


B: *I13,2)ndr; C: (07, (3) 


The observed energy difference between B and C 
in CHsI agrees closely with the energy difference 
between the levels *II3;2 and of the 
CH;,I* ion. The magnitude of this difference was 
predicted by the writer,* and then found by 
Price’ from the limits of Rydberg series in the 
absorption spectrum of CH;I. This agreement 
would be expected for J—j-like coupling between 
the 5dz electron and the CH;I* core. 

In his work on the hydrogen halides Price 
found that in every case the B and C bands 
consist of a P and R branch together with a 
strong Q branch. Price did not draw conclusions 
from this, but according to diatomic band spec- 
trum theory, since state N is '2*+, the presence 
of the Q branch shows that the upper levels of 
B and C must be 'II or “II, levels. This can only 
be explained if the excited orbital in Eq. (3) is 
not a x, but ao or a 6 orbital. Most probably we 
have 


B: *II3;2)b0; C: (4) 
The possibility of a 6 excited orbital is definitely 


excluded by the magnitudes of the orbital term 
values (cf. Table II). These are far too large for 


*R.S. Mulliken, J. Chem. Phys. 3, 513 (1935). 
5 W. C. Price, J. Chem. Phys. 4, 539, 547 (1936). 
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ndé, whose term value should be nearly the same 
in the halide molecules as that of nd in the 
halogen atoms (cf. Table I). 

The identification given by Eq. (4) applies 
directly to the B and C bands of the hydrogen 
halides, but the indications that these are 
analogous to B and C of the alkyl halides are so 
strong’ that it apparently must apply there also. 
This, however, involves a difficulty, namely that 
the main bands in the B region in methyl iodide 
appear to have a parallel-type structure,* which 
would not be possible for a o but only for a x 
excited orbital. It was, in fact, this which led the 
writer to the suggestion of a dz excited orbital 
in CH;I. On the other hand, the writer had 
suggested a o excited orbital for certain bands in 
ICI which appear also to be B, C bands.* The 
new and definite evidence from the hydrogen 
halides now raised the question whether the 
apparent parallel-type bands in methyl iodide 
could really be perpendicular-type bands in dis- 
guise; and it soon appeared that this is really 
very plausible. Further study (see following 
paper by E. Teller and the writer) has confirmed 
this idea. A consistent interpretation of the B 
and C bands of the hydrogen and alkyl halides, 
and of ICI and similar molecules, involving a ¢ 
excited orbital, therefore seems satisfactorily 
established. 


TABLE II. Doublet interval Av;(?M1;2—?I3/2) in mole- 
cule-ions; intensity ratios J¢/Jg; wave-number intervals 
between B and C, and between D and E bands. 


Molecule} Avi=a|  (obs.) (calc.) | (cale.) (obs.) | (obs.) (obs.) 
2345 2260 53 >10 
HCl | 644 { { $10" 
CH;Cl | 680/~1200 990 600 or ~34t 
6507 
C:H;Cl samet 
HBr 2653 | 3457 2220 |4.8 ~2 
CH;Br | 2540| 3070 1720 | 3.7 2660 
CIBr 2238 
HI 5570 
CH;I | 5060; 4915 [1700]}t) 2.1 ~54 
| 4700 |~4650 
Cll 4713 
BrI 4668 


* “Satellites of B and C bands. 
t+ Based on photographs kindly sent the writer by Dr. W. C. Price. 
t Estimated (see text). 


6 A. Henrici and H. Grieneisen, Zeits. f. physik. Chemie 
B30, 1 (1935), and earlier references given there. 


1 
1 
2 
b 
t 
t 
| 
sn 


NATURE OF ELECTRONIC LEVELS 279 


Ill. TYPE OF COUPLING IN UPPER LEVEL OF 
B, C, AND D, E BANDS 


It is now possible to proceed to a consideration 
of further points of interest about the B and C 
and other bands. The wave-number interval 
ve—ve and the intensity ratio I¢/Igz are of 
especial interest. Table II gives experimental 
data on these, and also on the wave-number 
interval Av; between the *II3,2 and *II;,2 levels of 
the molecule-ion (configuration o**) as estab- 
lished from Rydberg series (Price, alkyl iodides) 
or from emission band spectra (HCI*, HBr‘). 
For nearly ideal J, j-like coupling, assuming Eq. 
(4), states B and C should each be a narrow 
doublet. For A,S coupling, states B and C 
should be replaced by a ‘II and a 'II state. For 
intermediate coupling, components *II, (lower) 
and “II, (upper) will correspond to the B doublet, 
and *ITIp (lower) and 'II (upper) to the C doublet. 
Selection rules permit transitions only to the 
the and the ‘Il, with the intensity 
usually going mainly to the *II, and 'II.’ If transi- 
tions to the *IIp+ may be neglected, there should 
then be one B transition and one C transition. 

For ideal J, j-like coupling, ve—vg should be 
practically equal to Av;, which is equal to the 
spin-orbit coupling coefficient a for x* of the 
molecule-ion, and J¢/Ig should be one. Exact 
formulas for ve—vg and for I¢/Ig for inter- 
mediate coupling are known.’ Qualitatively, the 
greater the departure from J, j-like toward A, S 
coupling, the larger vc—vg and I¢/Ig should be. 
Table II thus indicates, for the B, C transitions, 
close approach to J, j-like coupling in the iodides 
and perhaps in CIBr, less close approach in 
CH;Br, still less in HBr and CH;Cl, and fairly 
good A, S coupling in HCl. 

From the observed a and the observed ve— vz 
values it is possible to compute’ the coefficient 
X which measures the strength of coupling 
between the spin of the z* group and that of 
the excited o electron. X is equal to the singlet- 
triplet separation which would be observed if a 
were zero (pure A, S coupling). Values of X 
calculated from the data for the B, C states are 
given for several of the molecules in Table II. 
In the cases of HCI and HBr, the calculated X 


7R. S. Mulliken, Phys. Rev. 57, 500 (1940), Eqs. (9)- 
(10), putting w=1 in Eq. (9) since X here is relatively 
small. 


values are plausible and indicate that X is nearly 
the same for Cl, Br, or I compounds. In the 
methyl halides, the calculated X values are 
erratic; the most reliable value is probably that 
for the bromide. In the chloride, the smaller 
calculated X may be real, although the data on 
Yc—vpz are not very sure; in the iodide, the 
calculated X, which is imaginary, is of course 
impossible. One may perhaps estimate that X is 
about 1700 cm~ in all the methyl halides, and 


TABLE III. Term values in cm™!X 10° for halide molecule 
orbitals.* 


Excited Orbitals of 
B,C 


Molecule A D 
CH;Cl ~34 28.0 19.4 
C2H;Cl 25.7 19.7 
CH;Br ~39 29.0 19.0 
C.H;Br ~37 26.5 19.3 
HI ~40 26.8 17.9? 
CH;I ~42 27.3 18.1 
CoHsl ~40 25.5 18.1 


* Obtained by subtracting wave numbers of observed bands (B, C, D) 
or of maximum of continuum (A) from wave numbers of ionization as 
obtained by Price from Rydberg series limits. 


attribute the discrepancies to disturbing effects 
of the methyl group. 

With a and X known, the intensity ratio 
I¢/Ig can be computed theoretically. The theo- 
retical values are compared with observed values 
in Table II. Considering the extreme difficulties 
involved in estimating the observed absorption 
intensities from inspection of photographs in the 
Schumann region, the qualitative agreement 
found between theory and calculation may be 
considered satisfactory. 

For the D, E transitions the data are scanty, 
but Table II indicates that the coupling is 
closely J—j-like even in the chlorides. The 
approximate equality of the intensities of the D 
and E bands in the chlorides is especially con- 
vincing. The D and E levels might then involve 
a o excited orbital like the B and C levels, or 
might involve a 7 excited orbital ; it can be shown 
that in J—j-like coupling two transitions sepa- 
rated by approximately Av; are to be expected in 
either case. This is definitely observed in CH;Cl, 
C:H;Cl, and CH;Br; in CH,lI there is strong 
absorption where the £ region should be but the 
observation of bands is obscured by strong 
predissociation. The fact that Ig/Ip<1 in the 
chlorides can be shown to indicate a m excited 
orbital (see below for further discussion). 


| 
the 
plies 
ogen 
are 
re so 
also. 
that 
rdide 
thich 
bital 
had 
ds in 
The 
ogen 
the 
ide 
eally 
wing 
‘med 
ne B 
ides, 
rag 
orily 
| 
mole- 
ervals 
E/Ip 
(obs.) 
Price. 


280 ROBERT S. 


IV. RYDBERG SERIES; IDENTIFICATION OF 
EXCITED ORBITALS 


According to Price,** the two strongest Ryd- 
berg series in CH;I, C2H;I, CH;Br, HI (and 
perhaps others) may have their first members in 
the A absorption region, afthough of course the A 
region is continuous, while the higher series 
members become discrete. The fact that in 
methyl iodide the first member, after A, of the 
series is strongly predissociated, and the second 
somewhat so, is cited by Price as evidence for the 
allocation of A to the series. The o* excited MO 
of the Q state (upper level of the A region)—see 
Eq. (1)—could then be the first of a series of 
MO’s whose higher members are definitely Ryd- 
berg MO’s and so become AO-like, of type mdo, 
mso, or mpo. The form of o* does not give much 
clue as to the choice among these possibilities, 
but do seems rather probable, although the 
question must be left open. Some confirmation 
of the conclusion that the excited orbital is of 
type is given by the observed P, Q, R structure 
of the first member (after A) of this series in HI. 

The inclusion of the A continuum in a Rydberg 
series seems not unreasonable. For example, 
among a number of Rydberg series in the He. 
emission spectrum,® there is one level with an 
abnormally large quantum defect; this can be 
understood if the level is the second of the npo 
series, whose first member 2c is represented only 
by an anti-bonding MO (¢,1s) with a large 
quantum defect referred to n=2, and analogous 
to the anti-bonding o* MO [cf. Eq. (2) ] of the 
halides. In Hes, the configuration 20? occurs 
only in a repulsion state (normal state of He), 
while the level mentioned above, identified as 
2pa3po, gives a stable state somewhat above all 
other states of configuration 2p02xd but far 
below all states of configuration 2p03x\. Simi- 
larly, it may be that o* in the halides, giving the 
repulsion state Q of Eq. (1), represents ndo, but 
that when o* is replaced by (n+1)do in the next 
member of the series, a stable state results. 

The states B, C very probably form the first 
members of two Rydberg series of states of con- 
figuration o**mbe [cf. Eq. (4) ]. If ¢ in the main 
Rydberg series just discussed above is mde, then 


W. Weizel, ‘“‘Bandenspektren,” Handbuch der Experi- 
mentalphysik, Erginzungswerk (Leipzig, 1931), Vol. 1. 
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mba is probably msc. This is supported by the 
fact that the term values of B, C agree somewhat 
closely with halogen atom (m+1)s term values 
(see Tables I, III). No higher members of the 
B, C series have been found except probably in 
CH;I and possibly HI, so it appears that the 
intensity of the series fades out unusually rapidly 
with increasing m. While this is rather difficult 
to understand, the factors governing intensities 
in molecular Rydberg series are more complicated 
than in atomic Rydberg series (see next para- 
graph), so that probably no great emphasis 
should be placed on such intensity relations. 
Moreover, the appearance of unresolved bands 
observed in absorption is extremely sensitive to 
the breadths of the band-lines, which can be 
increased by predissociation or auto-ionization so 
as to give great and irregularly located increases 
in apparent intensity. 

For an atom, the only possible Rydberg series 
for excitation of an mpz electron would be those 
going to mso, mde, mdz, or mdé excited orbitals. 
Transitions to mpo, mpm and other orbitals 
would be forbidden. Thus only two series with a 
o« excited orbital would be possible. In the 
present molecular case, the restrictions are no 
longer so rigorous, since the molecular Rydberg 
orbitals are not pure s, p, or d. Deviations from 
pure s, p, and d should be greatest for the lowest 
members of a series; and for the inner or pene- 
trating parts of the orbitals in higher members 
of a series. The outer parts of the MO’s for the 
higher series members should, however, be prac- 
tically pure s, p, or d. But for the intensity of a 
transition npxr—mx, it should usually be the 
inner part of the mxd orbital which is important, 
and it is to be expected from theory that this 
inner part remains fairly constant in form for any 
one series, at least for the higher members. 

From the fact that the term value of the 
excited MO for the B, C bands (cf. Table III) 
changes considerably from methyl to ethyl to 
propyl halide, it may be concluded that the bc 
orbital is not entirely confined to the halogen 
atom but reaches out into the alkyl group.® This 
is also-indicated by the fact that the main B, C 
bands in the methyl! halides are accompanied by 
weaker bands involving excitation of deforma- 
tion vibration in the methyl group, and the fact 
that the frequency of the latter is considerably 
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altered (lowered) as compared with molecules in 
their normal states. 

Some excitation also of the carbon-halogen 
vibration, and a small decrease in the frequency 
of this vibration, occurs in methyl iodide, but 
not in the bromide or chloride. In the hydrogen 
halides too, some vibration, with a decrease in 
frequency, is excited, but only in the C bands— 
slightly in hydrogen iodide, more in the bromide, 
and considerably in the chloride. It is not at all 
clear why the effect should appear in the C and 
not in the B bands. On the whole, it appears 
that the change from npr to be in the B, C bands 
weakens the carbon-halogen or hydrogen-halogen 
bond slightly. 

The data for HC] indicate that in the hydrogen 
halides this is due to the removal of the npr 
rather than to the addition of the be, since the 
vibration frequency is considerably lower (2608 
cm~') for o?*, of HCI* than for of 
neutral HCI (2989 cm~'). For the upper level C, 
the frequency is 2670 cm—"'.? These relations may 
be understood if z is not quite pure mpzy as in 
Eq. (2), but is of the form 

(5) 
with a>b yet with b not negligible—as seems 
entirely possible. In this way 7 would be slightly 
bonding in the hydrogen halides. Evidence from 
the spectra of several other molecules than HCI 
(CH, NH, OH, HBr and HBr*) tends to support 
this conclusion. In the methyl halides, 7 is 
probably very nearly non-bonding.® 

The states D and E, according to Price, form 
the lowest members of two of the weaker Ryd- 
berg series in CH;I and CH;Br, and of the only 
observed Rydberg series in CH;Cl. For the D, E 


*In the methyl halides, the “‘x’’ orbital must be of the 
general form where 
refers to a quasi-x orbital which is a linear combination o 
ls AO’s of the three H atoms [cf. R. S. Mulliken, C. A. 
Rieke, and W. G. Brown, J. Am. Chem. Soc. 63, 41, 1770 
(1941) ]. Recent unpublished computations by C. A. Rieke 
and R. S. Mulliken for methyl iodide indicate that 6 is 
practically zero, but that a may be as large as 0.2 (then 
c=0.98) or perhaps even 0.4 (then c=0.92). The coef- 
ficients are probably similar for the other methyl halides. 
The relation 60 means that the orbital is nearly non- 
bonding (both for C—I and C—H bonding) even if a is 
large. The only direct effect of a on bonding behavior 
should be to give a slight anti-bonding action among the 
three H atoms. It is evident that removal of an electron 
from the “x” orbital produces a positive charge of c* on 
the iodine atom, and of a? on the H; group. Another effect 
of ¢<1 is to reduce A»; in proportion to ¢; this is pertinent 
to interpret the empirical Ay; values of 

able IT. 


states, the closely J—j-like coupling deduced 
from Table II indicates a relatively non-pene- 
trating orbit. The constancy of the term value 
in the methyl, ethyl, and propyl halides indicates 
that the excited orbital does not overlap the alkyl 
group. The fact® that the methyl group de- 
formation frequency suffers almost no change 
from state N to the upper state of the D bands 
in the methyl halides points to the same con- 
clusion. Observed slight excitation of the C—I 
frequency in the D bands of CH;I may be 
attributed to a slight change in the strength of 
the C—I bond in excitation of the 5px electron. 
In the absence of any facts requiring the assump- 
tion of a o excited MO for the D, E bands, the 
foregoing facts can reasonably be explained if the 
excited orbital is of m type: 


D: E: “11 (6) 


since m orbitals are relatively non-bonding and 
non-penetrating. 

If (6) is correct, the D, E bands of the methyl 
halides should be parallel bands (see the further 
discussion below). Since the moment of inertia is 
nearly unchanged in the transition, the bands 
under low resolution should appear as doublets 
plus a central Q branch like infra-red parallel 
bands. Judging from infra-red data,'’® the Q 
branch might be scarcely noticeable under very 
low resolution. For absorption at room tempera- 
ture, the doublet width should be about 28, 24, 
or 20 cm~ for the chloride, bromide, and iodide, 
respectively. Actually, Price reports that the D 
and E bands (vibrationless transitions) in CH;Br, 
and likewise all members of the Rydberg series 
in CH3I which begins with the D bands, are 
barely resolved doublets with Av about 40 cm~'. 
According to an unpublished photograph kindly 
sent to the writer by Price, the D and E bands in 
CH;CI (also the following pair of bands forming 
the next member of the Rydberg series) are 
likewise barely resolved doublets. While the re- 
ported Av’s are larger than they should be, they 
are very rough and it is probably safe to say that 
the observed doublets provide confirmation of (6). 

In the hydrogen halides, D and E bands have 
not been identified by Price. If the excited 
orbital is of x type, they should be parallel bands 
and have P,R structure only (no Q branch). 


1° W. H. Bennett and C. F. Meyer, Phys. Rev. 32, 888 
(1935). 
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A weak band of this type given by Price at 
1515 in HI may reasonably be identified as a 
D band, since it gives almost exactly the same 
term value as one obtains from the main D band 
of CHslI (cf. Table III). Identification of 41515 
in HI as a D band would exclude a possibility 
not yet mentioned, namely that the excited 
orbital of the D, E bands is ndé, which would be 
non-bonding and non-penetrating like cm of Eq. 
(6) but would give PQR bands in HI. 

The orbital cr has not yet been identified. The 
most obvious identification would be ndz, since 
npx—ndr is expected (as in atoms) to give good 
intensity and npxr—-mdz a good Rydberg series. 
There is one very serious difficulty, however, 
which also argues equally against mdé. Namely, 
the term value of the excited orbital of the D, E 
states in the alkyl chlorides (whose only observed 
Rydberg series start with the D, E bands) is 
more than 19,000, as compared with an estimated 
13,000—-14,000 for 3d in the chlorine atom. In 
view of the evidence as to its non-bonding and 
non-penetrating character, it is difficult to see 
how the term value of cz in the alkyl chlorides, 
if it is 3dx, could be so much greater than that of 
3d in chlorine. In the bromides, the difficulty is 
less serious, and in the iodides it disappears, since 
the term value of cz there is equal to that of 5d 
of iodine; but the difficulty with the chlorides 
seems insuperable. 

The only possible remaining interpretation for 
cr is that it is (n+1)pz. In favor of this is the 
close agreement of the cr term values with the 
(n+1)px term values of the halogen atoms (cf. 
Tables I and III). A pz orbital might be even 
more nearly non-bonding than a dz. The only 
objection to px is that npxr—mpzr would pre- 
sumably be weak, being forbidden in the atom. 
However, appreciable departures of mpz in the 
hydrogen halides [cf. Eq. (5) ], and especially in 
the methyl halides,’ from simple nprx may well 
account for the observed intensities of the Ryd- 
berg series. The fact that the D band in HI is 
much weaker than the B and C bands, while in 
CHI it is about as strong as the latter, may 
also be understood, since npz is probably much 
purer mprx in HI than in CHsl. 

It is worth while to examine for a moment the 
energy levels to be expected for the configuration 
(npr)*(n+1)px in pure J —j-like coupling, corre- 
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sponding to (6). It is to be noted that the 
(n+1)pzx electron, like the npz, should have 
strong coupling between its orbital and spin 
angular momentum. From atomic theory and 
observations on atomic structure, it would be 
reasonable in the halides to expect a coupling 
coefficient 4,4; for (n+1)pz of perhaps one-fifth 
as large a value as a, of npr. In this event 
(neglecting disturbing influences of the methyl 
group in the case of the methyl halides), the core 
npr* and the excited electron (n+1)px would 
each have a quantum number w with two possible 
values 1/2 and 3/2. The resulting states and their 
energies (neglecting the energy of the weak J —j- 
like coupling between and (n+1)pzr) 
would be: D(3/2, 1/2)21, energy —3(@n+dn41); 
D(3/2, 3/2)s,o+.0-, energy E(1/2, ° 
1/2)1,0%,0-, energy +2(@n—@ny1); E(1/2, 3/2)o1, 
energy +3(d@,+@n41). The numbers in paren- 
theses refer to w of npx* and of (n+1)pz, respec- 
tively, and the subscripts refer to the total Q. 
The various 2 states are the analogues in case ¢ 
(J —j-like) coupling of the components of the 
states *A, 'A, E+, which would 
yield in A, S coupling. Transitions should occur 
in first approximation only to the two 0* states 
(in higher approximation also to the 2=1 states). 
These two 0* states correspond to mixtures of 
the *2- (0+ component only) and '* states of 
A, S coupling; in the latter, transitions only to 
the '5+ would occur. The two 0* states (one D 
and one £) should be separated by an interval 
@n—Gns1 (see above). Thus the D and E bands in 
pure J—j-like coupling should be separated by 
somewhat less than Av;. There are indications 
that this is true in CH;Cl (cf. Table II), but for 
CH;Br the separation is slightly larger than Ay,, 
which is rather unsatisfactory. On the other 
hand, the interesting fact (cf. Table II) that the 
D bands are somewhat stronger than the E 
bands in the alkyl chlorides is evidence in sup- 
port of (6). For as Recknagel has shown," in A, S 
coupling the '=*+ is expected to be /ower than the 
state for the configuration and if there 
is a slight tendency toward A, S coupling in 
CH;Cl, the 0+ D state would then be the one 
which tends to become 'Z* and gives the more 
intense transition. This agrees with the observa- 
tions. This behavior is characteristic for *x. In 
1 A. Recknagel, Zeits. f. Physik 87, 397 (1934). 
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the B, C bands, with configuration z°e, it is the 
higher frequency member C which gets stronger 
as one goes toward A, S coupling. Incidentally, 
this gives an additional argument against the 
configuration x*z for the B, C bands. 

All but one or two of the weakest of the 
Rydberg series observed by Price have now been 
accounted for, but expected series ending in mdz 
and mdé have not yet been identified. 

In HCl, no Rydberg series have yet been 
identified, but only the B, C bands. However, the 
latter are accompanied’ by “‘satellites’”’ B’, C’ 
which repeat all the characteristics of the B, C 
bands at very slightly higher frequencies and 
with much lower intensities. The frequency in- 
terval — vg and the intensity ratio are 
nearly the same (cf. Table II) as the correspond- 
ing quantities for B and C. The C’ level, like the 
C level, is accompanied by a considerable amount 


of vibrational excitation, with the C’ state 
showing a somewhat lower vibration frequency 
than the C state (2564 instead of 2670). Band B’, 
like B, is accompanied by no vibrational excita- 
tion. The B’, C’ bands have P, Q, R structure, 
indicating a o or a 6 excited orbital. The term 
value is too large for 3d6. The B’, C’ bands 
cannot be explained by an isotope effect (neither 
by DCI nor by HCI** #7), There seems to be no 
possibility but the following: 


B’: C’: (7) 


with co identified as 4p0, which might perhaps 
help to account for the weakness of the bands. 
Since the bonding MO oa of Eqs. (1) and (2) may 
probably be considered for HCI as 3po, co may 
then be 4p0; this would explain why the 4po 
term value is larger (cf. Table I) than the 4p 
term value of the Cl atom. 
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The theory of the types and structures of bands in an 
electronic transition in an axially symmetrical molecule 
of symmetry C3, is discussed. This is applied to the methyl 
iodide B band system near 2000, and it is shown that the 
two types of bands observed (strong and weak bands of 
pseudo-parallel type, and weak bands looking like per- 
pendicular bands but of abnormally wide spacing) can 
both be explained. The pseudo-parallel bands are really 
electronic-allowed perpendicular bands, the narrowness of 
their structure resulting from an electronic angular mo- 
mentum ¢, in the upper state which we find from the data 
to be equal to 1.0. This ¢, is explained by the electronic 
structure of the upper state, which behaves nearly like a Il 
state of a linear molecule. The weak widely-spaced bands 
are another kind of perpendicular bands made allowed by 
an interaction of the degenerate electronic state with a 
degenerate (e-type) vibration; they are 10 and 0-1 


1. INTRODUCTION 


HE ultraviolet absorption spectra of the 
methyl halides begin at long wave-lengths 


* E. T. on leave of absence from The George Washington 
University. The work was begun while E. T. was Visiting 


bands of such a vibration, and of a second similar vibra- 
tion. Their spacing is approximately 1+f.+» (f» is the 
magnitude of the angular momentum of the degenerate 
vibration which is excited), as contrasted with a spacing 
1—¢,. for the pseudoparallel bands (which correspond to 
the excitation, at most, only of totally-symmetrical vibra- 
tional states). Several molecular constants for the ground 
and excited electronic states are determined from the 
observational data (cf. Table 1). The moment of inertia 
for rotations around the symmetry axis is found to be 
about 6 percent greater in the excited state than in the 
ground state. The theory of the coupling of spin, orbital 
angular momentum, and molecular vibration for various 
strengths of spin-orbit coupling is discussed. The actual 
nearly J, j-like coupling causes the 0-1 band of the e 
vibration to appear with a relatively low intensity com- 
pared with the 10 band of the same vibration. 


with a continuum (A), followed by two adjacent 
and similar regions (B, C) of more or less dis- 
crete bands. Apparently the proximity of the A 


Professor at the University of Chicago. Publication as- 
sisted by the Ernest Kempton Adams Fund for Physical 
Research of Columbia University. 
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continuum causes predissociation in B and C, 
since these show the most details in methyl 
iodide, where A is farthest away. 

In methyl iodide, two types of B bands 
have been found.' In one type the bands are 
unresolved and fairly narrow and look like 
parallel bands. These include the strongest B 
bands (B,, Be, B;, Bs), involving excitation of 
0, 1, 2, and 3 quanta of the totally symmetrical 
CH; deformation frequency.' There are also 
several weaker narrow bands involving totally 
symmetrical C —I vibrations. Some of the strong 
B bands are accompanied by one or two com- 
panions which may be transitions involving an 
extra quantum of one or another vibration in 
both upper and lower states. There are also 
some groups of bands, for example at 49,970— 
50,045 cm, whose intensity decreases very 
rapidly with increasing temperature.? For this 
reason and because they cannot be explained by 
CH;lI vibrations, these bands may be ascribed 
to other molecules—perhaps to double CHI 
molecules, as mentioned by Henrici and Grien- 
eisen and by Price. 

The second type of B bands, including only 
broad weak bands, shows a series of roughly 
equidistant “lines” (mostly of about 20 cm 
spacing), which may be interpreted as Q branches 
(AJ=0) of perpendicular bands (AK = +1, with 
a different K for each observed line). Every third 
line is stronger, as expected for rotation of the 
three hydrogen atoms of the methyl group around 
the symmetry axis with quantum number K. 
But a consistent interpretation of the whole B 
system presents difficulties.' 

A comparative study of the hydrogen ‘and 
alkyl halide spectra, however, points to rather 
definite conclusions as to the electron configura- 
tions involved.* It appears that the methyl 
halide B and C bands have normal (N) and 
excited (B, C) states which probably may best 
be described as follows (methyl group and 
halogen atom ifiner electrons are omitted) : 


N: B: }(o*a1) $1; (1) 
C: 2111/2 }(o*a) } 1- 


1 For a review and references see H. Sponer and E. Teller, 
Rev. Mod. Phys. 13, 76 (1941). This includes a tentative 
interpretation of the B bands as perpendicular bands. | 

2 A. Henrici and H. Grieneisen, Zeits. f. physik. Chemie 
B30, 1 (1935). 

3R.S. Mulliken, Phys. Rev. 61, 277 (1942). 
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The meaning of the symbols in (1) is as follows: 
ga; is a C—I bonding MO (molecular orbital) 
which is approximately of the axially sym- 
metrical type o characteristic of diatomic 
molecules, but more rigorously must be classi- 
fied under the species a; of the symmetry C3, 
characteristic of methy] iodide in its normal state. 
The symbol 7 refers to a nearly non-bonding 
orbital which probably differs little from a 5px 
iodine AO; strictly speaking this should be 
called re corresponding to classification under 
the species e of C3,. In states B and C one 
electron has been excited to the large Rydberg 
orbital o*a;. This orbital is perhaps predomi- 
nantly 6s of iodine, but must extend into and 
considerably affect the CH; group, since only 
in that way* can we account for the consider- 
able excitation of the CH; deformation and the 
decided lowering in the latter’s frequency in the 
upper electronic state. 

Because of the very strong spin-orbit coupling 
within the group z°, the coupling between z* and 
o*a; is nearly J, j-like, so that there are essen- 
tially two states and of CHsI*, 
to either of which the o*a; electron is rather 
loosely coupled. The spin of the o*a; electron 
gives two levels with either of the core states 
*II3/2 (levels with Q=2 and 1) and ?IIj/2 (levels 
Q=0# and 1), but only the two levels with Q=1, 
one being the observed B and the other the ob- 
served C level, combine strongly with the ground 
state.? 2 here has the usual diatomic meaning; 
in the diatomic case one would speak of case c 
coupling. The wave functions of the two levels 
with Q=1 have the properties of mixtures of 
311, and 'II functions. Combination of the B and 
C levels with N is due to the 'Il part of the wave 
functions. From here on, we shall for the sake 
of simplicity think of both B and C upper levels 
as 'I1; this will lead to no error in the conclusions 
we shall reach in the earlier sections of the 
present paper. The effects of the mixed *IIj, 
‘II character of the B and C upper levels will be 
studied in the last section of this paper. 

Strictly speaking, 'II is not a correct species 
label in the presence of C3, symmetry, but 'E 
should be used instead. Now Jahn and Teller 


4 See reference 2, footnote 9, in regard to the form of the 
x orbital of Eq. (1) 
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have shown’ that orbitally degenerate electronic 
states (namely E states) of molecules of sym- 
metry C3, are not stable, but that, accompanied 
by distortion of the equilibrium configuration of 
the molecule, destroying the C3, symmetry, 
such a state must split into two nondegenerate 
states. However, in CH;I the H; group which is 
responsible for the C3, symmetry and the 'E 
classification is sufficiently remote from the 
iodine atom so that we may regard our °o* 
state as a 'II perturbed by a weak C;, external 
field. This perturbation and therefore also the 
Jahn-Teller splitting and accompanying distor- 
tion of the molecular configuration may then 
be minor effects. 

If (1) is correct, the transitions from N to B 
and C are electronic-allowed transitions of 
perpendicular type, i.e., the electric moment of 
the electronic jump vibrates along a direction 
perpendicular to the C—I axis. The strongest of 
the observed bands, looking like parallel bands, 
must then be perpendicular bands. It will now 
be shown that the apparent parallel structure 
can be satisfactorily explained if the B and C 
electronic states behave like little-perturbed 'II 
states. 


2. STRUCTURE OF THE PSEUDO-PARALLEL BANDS 


We have to consider a prolate-symmetrical- 
top molecule, with the usual features plus an 
electronic angular momentum along the axis. 
It is easily seen that the rotational term (en- 
ergy/hc) is given by 


F(K, J)=B[J(J+1) —K?]+AK?+::: 
(2) 


where K, is the magnitude of the nuclear top 
angular momentum in units of h, ¢, is that of the 
electronic angular momentum in the same units, 
and A and B are the usual rotational constants 
inversely proportional, respectively, to the 
small (unique) and to the large moment of 
inertia. The — and + signs in Eq. (2) respec- 
tively correspond to ¢, parallel (II* state) or 
opposed (II- state) to the vector k of total 


5H. A. Jahn and E. Teller, Proc. Roy. Soc. A161, 220 
(1937); including spin, H. A. Jahn, Proc. Roy. Soc. Al64, 
117 (1938). 


angular momentum around the symmetry axis; 
k can take on all positive and negative integral 
values including zero. (Throughout the discussion, 
we shall use small & as a quantity having sign 
as well as magnitude, but large K as |k!. In 
some but not all places in the discussion one 
can write equally well K or k.) For a pure 'Il 
(or *II,) state, £.=1, but by using the symbol ¢, 
we can include the possibility that the magni- 
tude of the electronic angular momentum has 
been somewhat reduced as a result of the C;, 
symmetry. In the normal state of CHsI, Eq. (2) 
holds with ¢,=0. 

In a perpendicular transition, the selection 
rules are AJ=0, +1 and Ak (or AK) =+1. But 
if the transition is, as here, primarily an electron 
jump in which the quantum number &, of the 
electronic angular momentum goes from zero to 
+1, the change in k is completely accounted for 
by the change in k, and, if ¢,=K,=1 for the 
upper state, there is no change in k;. That is, 
Ak=Ak.=+1, Ak,=0. Defining Ak as k’—k”, 
we have only Ak=+1 for the II* upper state 
and Ak=—1 for the II~ state. Transitions 
Ak = —Ak,.= +1, giving Ak; = #2, are forbidden. 


That the above rule is rigorous can be seen in the follow- 
ing way. A cyclic permutation of the three hydrogen 
nuclei must affect the wave functions of two combining 
states in the same way. Such a permutation may be car- 
ried out by rotating the molecule through the angle 2x/3 
around the figure axis, and then carrying out an opposite 
rotation (i.e., by —22/3) on the electron wave function in 
the field of the fixed nuclei. The first operation multiplies 
the wave function by e***/8; the second operation leaves a 
14, electronic wave function unchanged, multiplies a 'E* 
function by e~**'/3 and a 'E~ function by e**/*, If the upper 
state is 'E* the permutation of the three protons will intro- 
duce the factor e**’~!)?*/3 while in the 1A; lower state the 
factor e**’’?*/3 appears. Equating the two exponentials and 
remembering that |k’—k’’|=1, we find that for a 'E* 
(or a 'II*) upper state k’=k’’+1. But since Ak is k’—k” we 
have Ak = +1 for a'E* upper state. By a similar considera- 
tion one finds Ak= —1 for a 'E~ upper state. For Ak, ~ +1 
we find Ak; = AR— Ak, ~0. 


Since the K part of the band structure de- 
pends mainly on AK,, as is seen from Eq. (2) 
neglecting —BK? (which is small since B/A is 
about 1/8 for CH3I), the bands here should have 
the appearance which parallel bands (AK =0) 
have in the ordinary case where {,=0 and 
AK,=AK. The frequencies of the lines should be 
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given by: 


Ak=+1: 
+Ao'[(R+1) 2+ Bk? 


Ak=—1: 
P+ —Aok?, 


where vy represents the usual functions of J 
corresponding to P, Q, and R branches (AJ = —1, 
0, +1), & refers always (in accordance with the 
usual convention) to the lower state in the transi- 
tion, the primes and double primes refer in the 
usual way to upper and lower states, and the 
subscripts zero in A denote zero vibrational 
quantum numbers. The » equations for both 
Ak=-+1 and Ak= —1 can be reduced to the form 


(3) 


The + and — signs, respectively, correspond to 
an r branch (K’—K’’=+1) and a p branch 
(K’—K"” =—1).* If ¢.’=1, and B’ is neglected 
compared with A ’, Eq. (3) becomes identical 
with the formula for ordinary parallel bands. 
So long as B’ and 1—¢,’ are small, the appear- 
ance under incomplete resolution of bands corre- 
sponding to Eq. (3) should be similar to that of 
parallel bands. The methyl iodide B and C bands 
of the first type seem to be in harmony with this 
description. 

3. THEORY AND STRUCTURE OF THE WIDELY 

SPACED BANDS 


We turn now to the second type of B bands 
which look like widely-spaced but otherwise 
normal perpendicular bands. Assuming the 
strongest pseudo-parallel band (B,) to be a 
vibrationless transition, we can interpret the 
weak, strongly temperature-dependent band at 
about 880 cm~! toward the red as a 0-1 transi- 
tion of an e-type (x-like) vibration superimposed 
upon the electronic transition. In fact, a per- 
pendicular band has been observed at 885 cm! 
in the infra-red spectrum.® One can visualize the 


*In the r branch, each K corresponds to a pair of k 
transitions of equal frequency, one a Ak= +1 transition 
with & positive, the other a Ak=—1 transition with k 
negative; and similarly for the p branch except that the 
signs of k are reversed. Added in proof: In Eqs. (3), (5), (6), 
and (9), (Ao’— Ao” — B’+B”) should appear instead of 
(Ao’— Ao”); the B terms were omitted through an oversight. 
(1928) H. Bennett and C. F. Meyer, Phys. Rev. 32, 888 
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Fic. 1. Left of diagram: Allowed transitions for a CHI 
molecule with a 'A; lower and 'E upper electronic state, 
with no vibration in the lower state and either no vibration 
or one quantum of e-type vibration in the upper state, 
assuming symmetry C3, with z axis as symmetry axis. 
Right of diagram: Corresponding energy levels and transi- 
tions assuming symmetry C, (one plane of symmetry 
passing through the C and I atoms and one hydrogen atom) 
for the upper electronic state, with yz plane as symmetry 
plane. Middle of diagram: Shows correlations between 
symmetry C, and C3,; at left of middle, distortion of C3, 
symmetry only slight. Throughout the diagram, the 
symbols with left-hand superscript refer to electronic 
states, small-letter symbols refer to the vibration mode 
excited (if any), and the capital-letter symbols without 
left-hand superscript refer to vibronic states. Electronic- 
allowed transitions are shown by full vertical lines, vibronic- 
allowed transitions by dashed vertical lines; directions of 
polarization are indicated by letters x, y, 2 (p stands for 
x and y). 


vibration of this frequency roughly as a bending 
vibration of the C—I bond with respect to the 
figure axis of the CH; group. Another ultraviolet 
band of perpendicular appearance shifted from 
B, toward higher frequencies by 780 cm~' may 
be interpreted as the 1—0 transition of the same 
bending vibration superimposed upon the elec- 
tronic transition. 

According to the simplest application of the 
Franck-Condon principle for polyatomic mole- 
cules, both bands described in the previous 
paragraph should be forbidden. For a degenerate 
upper electronic state of the E type in a mole- 
cule of the symmetry C;,, however, the transi- 
tions become allowed. As we shall see, they can 
even become quite strong. 

We consider first the 1—0 vibrational transi- 
tion. In the lower electronic state the electronic 
wave function is of the 'A; type and the vibra- 
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tional wave function (in the assumed absence 
of vibrational excitation) is likewise A. In the 
upper electronic state we may distinguish two 
sub-states E* and E~ both belonging to the 
degenerate approximately-'II state. The E* 
and E- states transform, respectively, like e** and 
like e~** under rotations of the molecule through 
the angles 422 or 342. The vibrational wave func- 
tion in the excited state is similarly of the 
species E, and again we may distinguish two 
sub-states E+ and E-. 

On combining the 'E electronic with the E 
vibrational state, there must result,' according 
to group theory for symmetry C3,, a 'A), a ‘Ao, 
and a 'E vibronic state (cf. Fig. 1). These three 
states are, respectively, analogous to the !5*, 
1y-, and 'A states which in a linear molecule would 
result from the interaction of a 'II electronic 
state and a II vibrational state, for example a 
state with one quantum of a bending vibration. 
Combination with the vibrationless ground state 
(vibronic species 'A,) is allowed, according 
to the vibronic selection rules, for both the 1A, 
and the 'E upper vibronic states. The transition 
to the upper 'A; should give a weak parallel 
band. Such a vibronic-allowed electronic-for- 
bidden transition draws its intensity from other 
electronic-allowed transitions of the same vi- 
bronic type.! In the present instance, this 
intensity should probably be taken mainly from 
the D bands, which lie at slightly higher fre- 
quencies than the B and C bands, are comparable 
to the latter in intensity, and are probably an 
electronic-allowed transition of the 'A,;'A, 
type.’ 

In detail, the ‘A, and ‘As upper vibronic 
state wave functions are 50, 50 mixtures of wave 
functions E+e~ and E-e+. (Here and elsewhere in 
this paper we shall use large E for electronic and 
small e for vibrational E wave functions.) On the 
other hand, the 'E upper vibronic state is a 
degenerate state with components E*e+ and 
E-e~ having transformation properties _re- 
spectively like those of E- and-E+ electronic 
states. This means that our initial pure Etet 
state becomes somewhat mixed with, among 
others, various vibrationless E- electronic 
states (analogous to both 'II and 'A states of a 
linear molecule) ; simultaneously, E-e~ is mixed 
with E+. This permits a very weak vibronic- 


allowed combination with the ground level, in 
the form of a perpendicular band which should 
be approximately superimposed on the parallel 
band discussed in the preceding paragraph. 

Actually the perpendicular band can be much 
stronger than the parallel band because of an 
effect similar but additional to the simple vi- 
bronic mixing just discussed. The effect consists 
in a mixing of the E*e* state with the vibration- 
less electronic B state E~, and similarly of 
E-e~ with E*. This is a result of the same 
mechanism which leads to the splitting of 
orbitally degenerate electronic states under the 
influence of non-totally-symmetrical deforma- 
tions (in the present case e-type deformations) 
of the nuclear configuration. Such deformations 
cause changes in the electronic wave functions, 
and for small displacements one can calculate 
these with the help of perturbation theory. For 
an E electronic state the perturbing potential 
has non-diagonal matrix elements between the 
E* and E~ wave functions. These matrix ele- 
ments give rise to a splitting of the degenerate 
electronic state, and as a general rule this _ 
splitting increases linearly with the nuclear 
displacement. Thus the symmetrical configura- 
tion no longer corresponds to a minimum of the 
energy. One finds, instead, new equilibrium 
positions. But if the e-type displacement gives 
rise only to small non-diagonal matrix elements, 
the distances of the new equilibrium positions 
from the symmetrical configuration may be 
smaller than the zero-point amplitudes of the 
e-type vibrations. In that case it is justifiable 
to consider non-diagonal matrix elements be- 
tween vibronic states rather than non-diagonal 
matrix elements between electronic states. Then 
the E*e+ wave function will be mixed with the 
vibrationless E~ wave function of the same 
electronic state (i.e., the B state). Because of the 
close proximity of this particular E~ state to the 
E*e* state, its effect is great. The selection rule 
forbidding transitions from the ground state to 
the e vibrational state of an upper electronic state 
would be completely removed if the distance of 
the actual equilibrium configuration from the 
symmetrical configuration should become equal 
to or should exceed the zero-point amplitude of 
the e vibration. 

The way in which the Ee—A, transition 
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becomes allowed as the influence of the e de- 
formations on the E electronic state is increased 
is illustrated in Fig. 1. The right half of Fig. 1 
indicates schematically how the energy levels 
corresponding to the vibrationless E and to the 
Ee states might be arranged if the influence of 
such deformations is so strong that the equi- 
librium configuration differs from the original 
C3, configuration more strongly than would 
correspond to zero-point vibrational displace- 
ments. Both the electronic and the vibrational 
state are split; Fig. 1 shows a possible arrange- 
ment of the levels, and the allowed transitions, 
if the new equilibrium configurations have sym- 
metry C,. Transitions to both the vibrationless 
electronic states 'A’ and 'A” resulting from the 
splitting of 'E are about equally allowed, and 
further, for each of these a band corresponding 
to (half of) our 1—0 band is now strongly elec- 
tronic-allowed, since one component of the split 
e vibrational state is now of the totally symmet- 
rical species a’ of the new symmetry. (In addi- 
tion, two weak bands going to the other com- 
ponent a” of the split e state are vibronic- 


allowed.) 


If, on the other hand, the influence of the 
e-type deformations is much smaller, the arrange- 
ment of energy levels may be nearly the same 
as in the unperturbed C3, case (cf. Fig. 1, left 
side of middle). This would correspond to a 
much smaller mixing between the Etet+ and E- 
states and a much lower intensity of the 1—0 
band. A relatively small amount of mixing is 
sufficient to account for the actually observed 
intensity in the methyl iodide 1—0 band. 

The 01 transition can be explained by the 
same kind of mixing. Since the vibrationless E* 
electronic state is mixed to some extent with 
E-e~, a combination with the vibrating ground 
state A,e~ becomes permitted. Similarly, the E~- 
upper state, through mixing with Etet, is able 
to combine with A et. 

To obtain the rotational structure of the 1—0 
vibrational band of the B system, we consider 
the rotational energies of the and 
states. These are 


B’LJ(J+1) —k?]+A TRF (Ee +50) P+ (4) 


This is essentially the same as Eq. (2) for the 
vibrationless electronic state with the sole 


difference that here the quantity ¢,’ has been 
included.* This ¢,’ measures the magnitude of 
the average angular momentum of the one- 
quantum vibrational state e in the excited 
electronic state, in units of hk. In Eq. (4), the 
upper (—) sign belongs to Etet, the lower 
(+) to E-e-. 

In discussing the rotational structure of the 
(O0—O0) band we have seen that, in the E~—A, 
and E*+—A, transitions, respectively, k de- 
creases or increases by one unit. The same must 
be true for the Ete* A, and E-e~<A, transi- 
tions, since these are made allowed only by the 
mixing of Et+e+ with E-, and of E-e~ with E>. 
Thus we have Ete* giving only Ak= —1 here, 
and E-e~ giving only Ak=+1. Hence the fre- 
quencies of the lines in the 1—0 band should be 


Ak=—1: 
P+ 


Ak= +1: 
AE. +50’ —A oh’. 


Both equations can be reduced (cf. Eq. (3)) to 
the form 


+6,’ 


The + and — signs correspond to an r¢ and a p 
branch, respectively. 

The form of Eq. (5), i.e., x=a+vy+20K+cKR?, 
is exactly the same as for ordinary perpendicular 
bands. If B’—B” is negligible, as seems to be 
true for the B system of CH;lI, the term vy 
represents for each K value an intense line-like Q 
branch (AJ=0, vy=0), together with spread- 
out P and R branches which with ordinary 
dispersion should appear merely as weak un- 
resolved background. All this is the same as for 
an infra-red perpendicular band,’ where for a 
1—0 transition 


+2[A,"(1—¢,"") (6) 


The only novel feature in Eq. (5) is the very large 
spacing of approximately 2[A’(1+¢.’+¢.’) —B’] 


* The identity in symbols between the coefficient A, and 
the species A, is purely accidental. 

7See M. Johnston and D. M. Dennison, Phys. Rev. 48, 
868 (1935) for discussion of theory of ¢, and determination 
of moments of inertia in the methyl halides. 
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between successive lines of the p or r branch. 
This is exactly what we need to explain the 
hitherto puzzling! fact that the observed 1—0 
ultraviolet band has larger spacings than occur 
in any of the infra-red perpendicular bands of 
CH3lI, larger even than when ¢, in Eq. (6) is 
negative (¢, in the methyl halides has values 
between the limits +1 and —1).? A quantitative 
study of the data on the 1—0 and 01 ultra- 
violet bands will be given below. 

To obtain the predicted structure of the 0—1 
band we consider the E+—A ,e~ and the E~—A ,e* 
transitions. The rotational energy of the upper 
state is given by Eq. (2), that of the lower state 
by 

BY’ TI (J +1) P+: (7) 


Since the transition draws its intensity from 
Etet—A and E~e~—A Ak must be —1 for 
Et+—Ay,e~ just as for E~e~—Aje~, and similarly, 
+1 for E~—A,e*. Hence 


Ak=—1: 
+Ao'[(k-1) — A" 


Ak= +1: 
+Ao'L(R+1) +6.’ P+ 


which can both be reduced to 


v=[vo—B’+Ao' J +05 
—B’ JK 
+(Ao’—A1")K’, (8) 


with the + and — signs for the 7 and p branches, 
respectively. Here again, in agreement with the 
observed 01 band, the structure is the same as 
that of infra-red perpendicular bands except for 
the very large spacing, which is predicted to be 
approximately —B’]. 

In connection with the study of the experi- 
mental data on the 0-9, 10, and 0<1 bands, 
it will be useful to know what is expected for 
the location and structure of the 11 band 
and Using Eqs. (4) 
and (7) for the upper and lower states, respec- 
tively, one obtains 


v= +60’) 
JK 
(9) 
with the + and — signs for the r and p branches, 
respectively. If and ¢,’=¢,"’, the coeffi- 


cient of K is nearly zero, so that the band should 
be of pseudo-parallel type like the 0, 0 band. 


4. ANALYSIS OF EXPERIMENTAL DATA ON 0-1 
AND 1-0 BANDS 


In this and the next section we seek to in- 
terpret the available data with particular refer- 
ence to the 0-0, 1<—0, and 0-1 B bands, and 
to obtain empirical values of various molecular 
constants and coefficients (¢’s and A’s). In order 
better to understand the observed band struc- 
tures, Fig. 2 has been constructed. This shows 
the K structures of the vibrationless and the 
1-quantum e levels for the normal and the ex- 
cited electronic state, together with the low-K 
lines of the p and r branches of the various 
bands which are possible (1<—0 infra-red, 1—0, 
0 —0, and 01 ultraviolet) for transitions 
among these levels. The J structure of the levels 
and bands is omitted. The positions of the 
various K levels in Fig. 2 have been drawn 
according to Eqs. (2), (4), (7), with the schematic 
simplication that all coefficients A have been 
assumed equal. Values of B/A, and 
obtained from the analysis given below have 
been used. 

Because of the presence of three equivalent 
hydrogen nuclei in CHI, every third K level 
has a doubled statistical weight corresponding 
to resultant nuclear spin 3/2 (weight 4) as com- 
pared with spin 1/2 with weight 2 for the re- 
maining levels. The levels with doubled spin 
weight, and the corresponding transitions, which 
all have doubled intensity, have been deter- 
mined® and are shown in Fig. 2 by heavy lines. 
The vertical lines representing the transitions in 
each band are arranged horizontally with spac- 


8 Cf. E. Bright Wilson, Jr., J. Chem. Phys. 3, 283 (1935). 
Wilson’s Table XII gives the total weight (nuclear spin 
weight, times number of levels of given K, times weight 
due to K-doubling) for each K value. Figure 2 here shows 
the distribution more in detail. For the ground state A, 
there is a single K =0 level with spin weight 4, and a set 
of levels K >0 with double weight because of k= +K and 
in addition a spin weight two, or four in the case of levels 
where K is a multiple of three. For the states A,e and E, 
the K=0 level is double (i.e. two K=0 levels probably 
very close together) and has a spin weight of two, or a 
total weight of four, as given by Wilson. Then there are 
two K = 1 levels rather far apart, with a spin weight of four 
for one and two for the other, and each having a further 
double weight because of k= +X; thus the total weight of 
both K = 1 levels together is 12, in agreement with Wilson. 
The Ee state is similar to A,e and E, but the strongly 
weighted levels are differently distributed. 
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Fic. 2. Energy levels of the K rotation for the ground (A;) and B excited (£) electronic states of CH3I, with and 
without vibration of the type e; and allowed transitions among these levels. The changes in vibrational quantum number 


for the five possible ban 


s are given at the bottom of the 


gure. Levels with double spin weight, and corresponding 


transitions, are shown by heavy lines. See second paragraph of Section 4 for further explanation. 


ings proportional to those given by the ap- 
propriate equation for the band (cf. Section 3). 
Thus from the figure, keeping in mind that for 
thermal equilibrium the absorption intensities 
(aside from the effect of spin weight) should 
fall off with increasing K from a maximum at 
K=0, one can readily visualize the appearance 
of each band. 

Referring now to the data of Henrici and 
Grieneisen? on the 01 ultraviolet band, and 
especially to their Fig. 1, one can immediately 
identify their strongest observed line at v= 48,878 
cm with r(1) of the 01 band of Fig. 2. With 
this identification, one can proceed to fit the 
set of ten observed lines in this band to an 
equation of the form of Eq. (8). Since the ob- 
served “‘lines’”’ are Q branches (AJ =0), and if we 
assume B’ = B”, the term vy in Eq. (8) drops out. 
[That B’=B” is nearly true is indicated by the 
narrow symmetrical appearance? of the ob- 
served Q branches; also by the fact that the 
frequency of the totally-symmetrical C —I vibra- 


tion does not differ much in the upper and lower 
electronic states.?] The following equation re- 
produces the data within an average deviation 
of less than +1 cm™: 


v= 48,858 + 20.5K (10) 


According to Eq. (8), the coefficient of K in 
Eq. (10) should be equal to 2[Ao’(1+¢.’) 
+A,f,""—B’], and the coefficient of K? to 
(A —A 

With the help of infra-red data, we can now 
evaluate ¢,.’. Assuming B’=B’’, B’ can be ob- 
tained approximately from unresolved infra-red 
parallel bands; the value is 0.28+0.02 cm .® 
Then from the three infra-red perpendicular 
fundamental bands, Ao’ =5.08 (+ about 0.3) 
cm~' is obtained; unfortunately this is not very 
accurate.? Next we make use of the empirical 


® The values of Bo’ and Ao” are obtained from the mo- 
ments of inertia Jpg =99 and J4=5.44X given 


in reference 7. 
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equation® 
v=885.15+7.70K +0.032K? (11) 


for the infra-red 1—0O perpendicular band of 
Fig. 2. The constants of Eq. (11) enable use to 
determine A,’=5.11 (+ about 0.3), then 
¢,"’=0.19, and finally »p=882.09, for Eqs. (6), 
(11). Unfortunately the uncertainty in ¢,”’ is 
rather large (perhaps +0.05). 

Using the coefficient of K? in Eq. (10), we 
now obtain Ao’ =4.78 (+ about 0.3). We can 
then evaluate ¢.’ and find the value 0.998, in 
excellent agreement with our original expecta- 
tion that ¢.’ should be nearly 1. Unfortunately, 
however, there is an empirical probable un- 
certainty of about +0.1 in our value; this goes 
back to the uncertainty in Ao’. 

The value of vo in Eqs. (8), (10) can now be 
determined as 48,839.3. Adding this to = 882.1 
for the 1—0 infra-red band, we obtain 49,721.4 
as a predicted vo for the 0—O ultraviolet transi- 
tion. As we shall see below, this is in good agree- 
ment with what is obtained by a direct inter- 
pretation of the structure of that band. This 
agreement gives support to our interpretation of 
the 01 ultraviolet band, and also indicates 
that by good luck, the error in the value of Ao”’ 
we have used, and so in the values of ¢,”’ and ¢,’, 
is well inside our estimates. 

For the 1<—0 ultraviolet band,” assuming that 
the strongest of the sixteen observed p and r 
transitions, with »=50,492 cm-', has K=0 as 
would be expected according to Fig. 2, we find 


v=50,4923+212K —1K?. (12) 


By comparison with the corresponding the- 
oretical Eq. (5), and making use of the 
values of A,’’, B’, and ¢,’ already determined, 
we find A,’=4.75 and ¢,’=0.34, the latter a 


10 We have used the data of reference 2. It is possible 
that K=0 is 50,554, which is nearly as strong as 50,492: 
cf. Figs. 1 and 2 of reference 2, also Table I and Fig. 3 of 
the paper of Scheibe, Povenz, and Linstrém [Zeits. f. 
physik. Chemie B20, 288 at But most probably 
50,492 has K =0 and the relatively high apparent strength 
of 50,554 and the other rQ transitions as compared with 
corresponding pQ transitions can be explained by the 
effects of closer packing in the background of P and R 
branches in the r than in the p range. Some slight doubts 
as to the empirical correctness of our Eq. (12) are also 
raised by the fact that Scheibe, Povenz, and Linstrém, 
although generally agreeing fairly well with Henrici and 
Grieneisen, give v values lower than those of the latter 
authors by amounts ranging from 25 to 38 cm™ in the case 
of the 1—0 band. 


not unreasonable value. We further determine 
vo = 50,466.6. 

The constants and coefficients so far deter- 
mined are summarized in Table I. Two results 
of some interest are obvious. From the vo 
values, the perpendicular frequency we have 
been discussing is seen to have the magnitude 
882 cm in the lower and 745 cm~ in the upper 
state. The latter figure is considerably lower 
than the value 780 cm obtained by Henrici 
and Grieneisen by subtracting v of the 0—0 
band from v for K=0 of the 10 band. The 
change is due to the large correction to vo in the 
constant term in Eq. (5). 

The second interesting result is the 6 percent 
decrease in A during excitation to the upper 
level of the ultraviolet bands. (Note that the 
change in A is accurately known.) This means a 6 
percent increase in the moment of inertia 
around the symmetry axis and probably corre- 
sponds to a spreading out of the CH; umbrella. 
This is in harmony with the rather strong ex- 
citation of the CH; totally-symmetrical de- 
formation vibration in the main series of bands 
B, to By, and with the 12 percent decrease in 
the frequency of this vibration in going to the 
upper state. 


5. INTERPRETATION OF DATA ON 
AND OTHER BANDS 


Putting the constants listed in Table I into 
Eqs. (3) and (9), it is possible to predict the 
exact structures of the 00 (E+A,) and the 
1<—1 (Ee—A ye) bands. If one assumes B’ = B” 
and AJ=0, the equations are: 


0 —0 band : y= (13) 
1—1 band : y= 49584.6+ (—1.84)K —0.36K?. (14) 
The constant terms equal vp—0.28 and 
in Eqs. (13) and (14), respectively. The -+ and — 


TABLE I. Constants of CHs;lI levels. A; refers to the 
ground electronic state, E to the excited state B; e refers 
to the degenerate vibration whose frequency is 885 cm™ 
in the ground state. 


State v A B fe fe 

A, 0.0 5.08 0.28 0.00 0.00 
Ase 882.1 5.11 0.28 0.00 0.19 
E 49721.4 4.78 1.00 0.00 
Ee 50466.6 4.75 1.00 0.34 
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signs correspond as usual to r and p branches, 
but the initial directions of these branches are 
reversed by the extra — sign. A plot of Eq. (13) 
shows a head at the p line K = 1 with y= 49721.3, 
all the other K lines being at lower frequencies. 
All strong lines are crowded near this head, 
while weaker lines, with increasing spacing, 
tail off toward longer wave-lengths. These lines 
are of course all Q branches; for each Q branch 
there should be a P and an R branch covering at 
room temperature a range of perhaps +20 cm~ 
on each side.> These P and R branches should 
form a weak penumbra extending (at room tem- 
perature) perhaps 15-20 cm to higher fre- 
quencies outside the p, r head, and also a prac- 
tically continuous background inside this head. 

Henrici and Grieneisen describe the observed 
B, band at very low pressures as about 10 cm~ 
wide with center at 49,715 cm. Scheibe, 
Povenz, and Linstrém™ speak of the band as 
having a head. In the case of some of the other 
pseudo-parallel bands, Henrici and Grieneisen 
also speak of a head. This is true of the 01 
band of the CH; deformation frequency and of 
the 1—0 band of the C—I frequency, with 
heads at 48,478 cm and 50,223 cm™, respec- 
tively. For the 1—0 (B:) band of the CH; 
deformation frequency (at 50,805 cm according 
to Henrici and Grieneisen), Scheibe, Povenz, 
and Linstrém record a head at 50,810 cm. 
In all these cases, the head is on the ultraviolet 
side of the band. While the evidence is not wholly 
clear, it seems to agree within its own uncer- 
tainty with the predictions of Eq. (13). Further, 
Henrici and Grieneisen’s observations to the 
effect that the B,; band spreads toward both low 


TABLE II. Bands satellite to B; and Bs. 


Identification 


Bz: 50805 10 of CH; || deformation vibration 
772* same plus 11 of C—I || vibration 
741* plus of C—I || vibration 
700 no success in identifying this 


B,: 49721 
687 11 of C-I | vibration 
652* 2<2 of C—I || vibration 
623 no success in identification 
581-556 { 3 fits 1—1 of Eq. (14) 
(double?) | 560 or 568 fits 1—1 of CH; || deformation 
vibration 


* Appears only at high temperature, when also further bands appear 
at longer wave-lengths than those listed. 
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and high (but especially toward low) frequencies 
with increase in pressure or temperature seem 
to be in harmony with expectation. The broaden- 
ing toward high frequencies beyond the head 
may be attributed to the penumbra of R branches 
discussed above. 

Accompanying the B,; and Bs bands are 
weaker bands on the long wave-length side. 
These become relatively stronger and more 
numerous at increased temperatures. Table II 
lists several such bands and our suggested identi- 
fications. There are two relatively strong bands 
(50,700 and 50,623) which we do not see how to 
explain. 

On the high frequency side of B, there is a 
band of wide spacing with every third line strong, 
similar to those already discussed. This has 
already been identified’? as a 1—0O band of a 
degenerate frequency of about 1250 cm~ mag- 
nitude corresponding to the infra-red frequency 
of 1445 cm. The seven observed Q frequencies 
in this band may be expressed by 


v=50,942+ 18K —}K°, (15) 


but this equation is less reliable than Eqs. (10) 
and (12). Proceeding as we did above in the 
case of Eq. (12), we find ¢,’= —0.04. 

On the high frequency side of the band just 
mentioned, only low dispersion data are avail- 
able. We shall not discuss these data here, 
since there is little we could add to existing 
interpretation. In the region of the lower fre- 
quency B bands, although we have discussed 
all the prominent features, there are some fur- 
ther weak bands, particularly at high tempera- 
tures. We shall not attempt to account for 
these here, since we believe that the nature of the 
B system is now in general satisfactorily es- 
tablished. The additional weak bands should be 
explainable by further vibrational transitions, 
or perhaps in part by vibronic-allowed true 
parallel transitions (cf. Section 3). 

Some of them may arise from transitions to 
the Jo, i-e., level, which should lie 
slightly below the [(?II3;2)o*]; level of Eq. (1). 
Such transitions, although forbidden in first 
approximation, could occur weakly as a result 
of spin-orbit coupling together with effects of the 
C3, symmetry. Possibly the two unidentified 
bands of Table II belong to this category. 
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Naso 


Fic. 3. Energy levels of the methyl iodide B and C states plotted against the displacement » of 
an e-type vibration. Figure 3a represents the energy levels for J—j-like coupling, Fig. 3c for L—S- 
like coupling and Fig. 3b for an intermediate case which corresponds approximately to the actual 


behavior of methyl iodide. 


6. THE INFLUENCE OF SPIN 


It has been mentioned in Section 3 that the 
upper electronic state of the B and C band 
systems, which is of E type, should be split by 
e type nuclear displacements, and that the 
equilibrium configuration should not have C3, 
symmetry. The conclusions in Section 3 were 
based on the assumption that the splitting of the 
E level is sufficiently small to justify a perturba- 
tion treatment in which vibronic states of a 
model with C3, symmetry serve as unperturbed 
functions. One important reason for the small- 
ness of the splitting is that the degeneracy of the 
E electronic state is due to a x’ configuration on 
the iodine atom and that this part of the mole- 
cule is not strongly affected by any e vibration. 
A second reason tending to make the splitting 
of the E level small is the J—j-like coupling 
between spins and orbits in the B and C states. 

In the limiting case of pure J—j-like coupling 
an e vibration does not give rise to any linear 
splitting ; i.e., the first-order perturbation energy 
for the electronic levels in question vanishes. 
This can be seen in the following way. For 
pure J—j-like coupling the electronic wave 


function can be written according to (1) as a 
product of a function characterizing the core 
(7II3/2 for the B state and *II;/2 for the C state) 
and a wave function of the outermost electron 
o*a,. The core wave function contains the orbital © 
degeneracy. But the number of electrons in the 
core is odd and the wave function of the core is 
only twofold degenerate ; under these conditions 
no nuclear displacement can split the wave 
function of the core.’ The same holds for the 
twofold degeneracy of the outermost electron. 
But for a product wave function the first-order 
perturbation vanishes if the perturbation is zero 
for the separate factors. 

In Fig. 3a the electronic levels are plotted for 
J—j-like coupling as a function of an e-type 
displacement whose magnitude is measured by 
the abscissa ». For »=0 one obtains, as stated 
in Section 1, two twofold degenerate lower levels 
belonging to the II3;2 core; the 2 values of these 
levels are 2 and 1. In addition there appear two 
higher levels belonging to the II12 core, with 


"For the proof, see H. A. Kramers, Proc. Acad. Sci. 
Amst. 33, 595 (1930); E. Wigner, Nachr. Ges. Wiss. 
Géttingen (1932), p. 546; H. A. Jahn, Proc. Roy. Soc, 
164, 117 (1938). 
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2=0 and Q=1; for 2=0 one actually finds two 
levels with a very small energy difference. The 
angular momentum {2 is composed of the orbital 
momentum* A, the component along the sym- 
metry axis of the spin of the core, =., and that of 
the spin of the outer electron, ¥,. In Table III 
all these momenta are shown for the various 
electronic states. The first column specifies the 
core wave function. The last column contains 
symbols to be used for the wave functions in the 
subsequent discussion. The splitting of the two 
2=0 levels for »=0 is not taken into account in 
the table. If »#0 the nuclear displacement 
gives rise to non-diagonal matrix elements be- 
tween states which differ in the sign of A but 
which agree in the signs of =. and 2,. Thus there 
are matrix elements between and y_3, 
and and y_, and finally between y_2 and 
¥4. In first approximation these matrix elements 
are proportional to 7. It is seen that no matrix 
elements connect wave functions belonging to 
the same unperturbed energy. Therefore no 
splitting occurs which is proportional to the 
first power of the perturbing potential and 
therefore to the first power of ». The same result 
was obtained above by different reasoning. The 
non-diagonal matrix elements connecting states 
of different energies, however, give rise to second- 


- order perturbations in the energy and it can 


be shown that all degenerate levels suffer a 
splitting proportional to 7?. This splitting is 
illustrated in Fig. 3a. 

For extreme L, S-like coupling the influence of 
an e-type nuclear displacement is much more 
important. In Fig. 3c the behavior of the energy 
levels is illustrated for this case. At 7=0 one 
finds a *II, with Q2 values equal to +2, +1 and 0. 
Two levels with slightly different energies belong 
to the last value. In addition a 'II(Q=A= +1) 
is found at a higher energy. If 7 is different from 
zero and is not very small, the main effect of the 
e-type displacement is a splitting of the A= +1 

* On account of the C3, symmetry, 2 and A do not have 
exactly integral values. In the following we shall consider 
the limiting case in which A=1 and A=—1 for the elec- 
tronic functions E+ and E~. The argument would not lose 
its validity for non-integral values of A and Q but in that 
case a somewhat more cumbersome notation would be nec- 
essary. Here and in the following discussion we shall attach 
_ toAand Q, although as ordinarily defined these symbols 
refer 


to absolute values; we shall likewise use = with signs 
defined relative to the positive direction along the sym- 


metry axis. 


degeneracy. One finds in the energy region of the 
original triplet three closely spaced levels whose 
energies increase linearly with and three 
further levels whose energies decrease at the 
same rate with 7. In the energy region of the 
original singlet one finds two energy levels, one 
increasing and the other decreasing linearly with 
n. The energy levels for small » values may be 
obtained by applying the method of perturba- 
tions. In the notation of Table III the triplet 
wave functions at »=0 may be written as 
follows: yi and y_; for Q=+2, (1/v2)(Wo+y,) 
and (1/v2)(¥_2+y_4) for +1, and for 
Q=0. The singlet levels are (1/V2)(W2—wWs) and 
(1/v2)(w_2—w_.). The nuclear displacement gives 
rise to matrix elements between the degenerate 
pair of wave functions (1/V2)(Ye+yW.) and 
(1/v2)(~_2+y_.) and also between the degener- 
ate pair (1/v2)(Y2—ys) and 
Therefore the first-order perturbation energy 
does not vanish for these pairs of levels, and 
these levels suffer a splitting which increases 
linearly with y. Further matrix elements occur 
between y; and y_3; and between y_; and ys. 
In this case the first-order perturbation vanishes 
but the small energy difference of the interacting 
levels brings about a large perturbation energy 
of the second order. For this reason the highest 
and lowest pair of potential energy curves of the 
triplet are sharply bent near »=0. 

With increasing » the non-diagonal matrix 
elements between y; and and between y_; 
and y3, become large compared with the splitting 
of the triplet at 7»=0. Then the highest and lowest 
potential curves of the triplet approach the 
middle curve. Figure 3c shows furthermore that 
the potential curves do not intersect anywhere 
except at »=0. 

In Fig. 3b an intermediate case between. pure 


TABLE III. Angular momenta and symbols of wave func- 
tions for perfect J—j-like coupling. 


2 A 
1 1 7 
TI_1/2 0 —1 
Tliy2 0 1 —$ vs 
II3;2 1 1 
II 3/2 2 1 v1 


METHYL IODIDE ABSORPTION BANDS 295 


L—S-like and pure J—j-like coupling is repre- 
sented. Corresponding to the actual properties 
of CH;I the coupling shown in Fig. 3b is closer 
to the J—j-like than to the L—S-like coupling. 
For »=0 two pairs of levels occur with Q= +2, 
+1 in the lower pair, and Q2=0, +1 in the upper 
pair. The wave functions belonging to Q2= +2 
and 2=0 for »=0 are the same for pure L—S- 
like coupling, pure J—j-like coupling, and for 
all intermediate couplings. In the wave functions 
of the lower 2= +1 levels in Fig. 3b Y2 and y_2 
predominate, but a small admixture of ~, and 
y_s is present. The wave functions may be 
written in the form pote, and p_2.te_«. 
Here € is a number smaller than unity; the 
normalization factor has been omitted. In the 
upper levels with Q=+1 the main parts of the 
wave functions are ¥, and y_4; the functions 
and appear with small negative coefficients. 
The wave functions are and e_2. 
For 70 matrix elements exist between the 
Q=+2 and the 2=0 levels. This gives rise to 
quadratic perturbations in the energy. The 
perturbations are not very large, because of the 
relatively great distance between the levels 
concerned. At the same time, matrix elements 
appear between the lower Q=1 and the upper 
Q=—-—1 levels, and also between the lower 
Q=—1 and the upper 2Q=1 levels. These matrix 
elements cause quadratic perturbations similar 
to those affecting the Q=+2 and Q=0 levels. 
But because of the admixture of ys and y_« 
functions in the lower Q=+1 level, smaller 
matrix elements appear between the lower Q=1 
state and the Q2= —1 belonging to the same en- 
ergy. For small ¢ values, these matrix elements 
differ from the matrix elements mentioned above 
by a factor e. As a consequence, a small first- 
order perturbation in the energy is obtained, 
and the splitting of the Q=+1 level varies 
linearly with » for small » values. The same holds 
for the upper 2= +1 level. Here the splitting is 
caused by the admixture of the y. and y_2 
functions, which gives rise to small matrix 
elements between the upper Q2=1 state and the 
Q=—1 state of the same energy. In Section 3 
we had assumed a small linear splitting of the 
Q=+1 degenerate levels. Our present results 
justify that assumption. 

The above discussion has a direct bearing on 


the intensity of the 1—0 and 01 transitions 
of an e-type vibration in the B band system. 
The 1—0 transition is made possible by ad- 
mixture between the vibrationless electronic 
state E- and the vibronic state Ete*+ (and 
similarly by the admixture of E+ with E-e-). 
Now the Ete* state of the B system interacts 
with the vibrationless E~ state of the C system. 
This is due to the matrix element appearing for 
n#0, between the Q=1 state of the B system 
and the Q= —1 state of the C system. As a result 
the wave function is admixed with the 
original function ~2+e/s,. The amount of this 
mixing is proportional to the matrix element and 
inversely proportional to the energy difference 
between the Ete* level of the B system and the 
E- level of the C system. 

The Ete* vibronic state of the B system also 
interacts with the E~ state of the same system. 
This interaction is due to the smaller matrix 
elements arising for 7#0 between the Q=1 and 
Q=—1 states of the B system. As a result the 
wave function ~_2.+e/_, is admixed with the 
original function ~2+e/s4. The amount of the 
mixing is proportional to the matrix element 
between the Q=1 and Q=-—1 states of the B 
system: this matrix element is smaller than the 
one mentioned in the previous paragraph by 
roughly the factor «. But the mixing is also 
inversely proportional to the energy difference 
between the E*e+ level and the E~ level of the 
B system. This energy difference is about five 
times smaller than the energy difference referred 
to in the last paragraph. Thus it is possible that 
the E~ states of the B system and the C system 
are admixed with the E*e* state of the B system 
with coefficients of a similar magnitude. 

The matrix element of the electric dipole 
causing the 1<—0 transition of the B system is a 
sum of the dipole matrix elements due to the 
admixture of the E~ states of the B and C 
systems. The interference of these two dipole 
matrix elements must therefore be taken into 
account. The energy difference between Etet of 
the B system and E~ of the same system is 
positive. The energy difference between E*te* 
of the B system and E~ of the C system is nega- 
tive. This causes a difference in sign in the 
admixtures of the E~ function of the B system 
and the E~ function of the C system. On the other 
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hand, the dipole matrix elements leading from 
the ground state to the E~ states of the B and 
the C system differ in sign. Indeed the largest 
term in the E~ wave function of the B system is 
y_4 while that in the E~ wave function of the C 
system is Now + is the wave func- 
tion of a pure triplet state which does not com- 
bine with the ground state. Therefore the dipole 
matrix elements leading to ~_4 and to ~_2 must 
differ by a factor —1. Since the matrix elements 
leading to the E~ states of the B and C system 
differ in sign and since these E~ states are ad- 
mixed with opposite signs into the E*et state, 
it follows that a constructive interference exists 
between the contributions of the two E~ states 
to the intensity of the 1—0 transition. 

The 01 transition of the 880 cm~ vibration 
is made possible by the admixture of Et+e*+ states 
of the B and the C system with the vibrationless 
E~ state of the B system. Arguments similar to 
those given above can be used to find out whether 
the contributions of the two Ete+ states to the 
dipole matrix element tend to reinforce or to 
cancel each other. A difference from the previous 
reasoning arises in one point: while in the above 
discussion the E*e+ state lay between the two 
E- states, in the present case the E~ state of the 
B system lies lower than either of the two Etet 
states. Consequently the two Ete* states are 
admixed into the E~ state with the same sign. 
The dipole matrix elements leading from the 
vibrating electronic ground state to the two 
Ete* states are of opposite signs. This is true 
for the same reason for which the matrix ele- 


AND E. TELLER 


ments leading from the ground state of the 
molecule to the E~ states differ in sign. The 
result is that the interference between the two 
E*e* states contributing to the dipole matrix 
element of the 01 transition is destructive. 

The data published by Henrici and Grieneisen? 
contain indications that the 01 transition 
probability of the 880 cm~ vibration is smaller 
than the 10 transition of the corresponding 
vibration. If one assumes that the intensities 
are roughly proportional to the vapor pressures 
at which the 0<—1 and 10 bands appear, one 
finds that at 300°K the 01 band is 300 or 
400 times less intense than the 10 band. If the 
intensity ratio were due to the Boltzmann 
factor arising from the thermal excitation of an 
880 quantum in the transition, the 
ratio would be 65. The larger intensity ratio of 
300 or 400 indicates that the 01 transition 
is weakened by the destructive interference dis- 
cussed above. The same conclusion is reached 
from intensity measurements at 600°K. Here 
the 1—0O and 01 bands have the apparent 
intensity ratio of 60, which is to be compared 
with a Boltzmann factor of 8. But the existing 
intensity measurements in the B system of 
methyl iodide are not sufficiently accurate to 
justify a comparison between experiment and 
the quantitative consequences of the previous 
paragraphs. If accurate measurements were 
available, such a comparison could be utilized 
to obtain information about the quantity e 
which measures the deviation from pure J—j- 
like coupling. 
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It is well known that the inversion of the helium triplets and their deviation from interval 
rule are due to the spin-other-orbit and to the magnetic spin-spin interactions (respectively), 
which may be neglected in comparison with the spin-orbit interaction in treating the spectra of 
heavy elements. The preliminary calculation of Heisenberg is compared with the correct 
calculation of Breit for the lowest triplet. The extension to higher triplets, by Araki, is simplified 
and generalized, and the comparison with experiment is discussed. 


I. THE LOW TRIPLET 


HE part of the Hamiltonian of a _ two- 

electron atom which is attributed to the 
spins and spin magnetic moments of the elec- 
trons may be written! 


H" =a { 3Z[ (Si 
— (tfe—11) X (t2— fi) (1) 
+4381°(f2—11) Xfi — $82: X 
+ ]/r12°}, 


where a=(eh/mc)*. The first line is the part of 
the familiar ‘‘spin-orbit interaction’’ due to the 
field of the nucleus (including the ‘“Thomas 
factor’’ 3). The second line is the Larmor mag- 
netic contribution to the screening part of the 
spin-orbit interaction and the spin-with-other- 
orbit interaction, and the third line contains the 
corresponding Thomas relativistic terms, which 
may be said to depend on the acceleration of 
each electron in the nuclear coordinate system 
caused by the Coulomb interaction with the other 
electron.? The fourth line is the magnetic spin- 
spin interaction. 

Two prominent papers have treated the low 
triplet 1s2p*P of helium in sufficient detail to 
include all terms of the interaction (1), and their 
results stand in some disagreement. Heisenberg’s 
result for the relative energies of the states of the 
Sp triplet, *P2, *P:, and *Po, respectively, is 


a{(1/r*) »)w{3(Z—3)(1, —1, —2) 


where the terms in (Z—3) arise from the first 


!W. Heisenberg, Zeits. f. Physik 39, 499 (1926). 

?L. H. Thomas, Phil. Mag. 3, 1 (1926); J. Frenkel, Zeits. 
{. Physik 37, 243 (1936) ; S. Dancoff and D. R. Inglis, Phys. 
Rev. 50, 784 (1936). 


three lines of (1) and the others from the last 
line. This result is based on neglect of exchange 
and on the approximation which considers the 
domain of the s electron as small, 7,0. The 
later and more pretentious paper of Breit,* whose 
primary purpose was essentially a derivation of 
(1) and its consequences from relativistic reason- 
ing analogous to that underlying the Dirac 
equation for one electron, leads to a triplet 
splitting given by the relative energies 


C(0, —2, — 3) —3d(0, —2, 3), (3) 


where C= ja 
X (p2— pi) and 


d=-— la { (riz? — 3212”) ujdr. 


Here | is the operator rXp/h, p being linear 
momentum, and um, is a two-electron wave 
function of the configuration sp. A refined varia- 
tional determination of these wave functions and 
the integrals containing them was carried out in 
Breit’s paper, with quite satisfactory agreement 
with the observed triplet splitting in He, and 
presumably also in Li*. For the sake of com- 
parison of (2) with (3), we may specialize (3) to 
the simple case 7,0, with neglect of exchange. 
In this case r;2—r2 and C reduces to }a(Z—3) 
X((1/r*) pw, so that the part of (3) involving it 
agrees with the corresponding part of the triplet 
splitting given by (2). The angular integration of 
d introduces a factor 


JS cos? 6) sin® 6d6/ sin* 6d@=2/5, 
making d= —(1/10)a((1/r*),)w. We thus have 


3G. Breit, Phys. Rev. 36, 383 (1939) ; 39, 616 (1932). His 
integral Do is here denoted by 3d. His integral D, arising 
from terms in e*, need no longer concern us. 
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+(1/16)(1, —5, 10)}, (2) 
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TABLE I. Diagonal elements of (4) and (5) by 
trace invariance. 


m m4 Mn (4) (5) J (4) (5) 
1+ + 1/10 1/16 2 1/10 1/16 
Oo+ + -—1/5 | -—1/8 1 —5/10|} —5/16 
1+ —1/10| —1/16 

1—- + —1/10} —1/16 

1- —- 1/10 1/16 0 10/10} 10/16 
-1 + + 1/10 1/16 

0+ - 1/5 1/8 

+ 1/5 1/8 


the triplet energies 


a((1/r*) p)w{4(Z—3)(0, —2, —3) 


and a separation ratio (*P.—*P,)/(?P,;—*Po) 
= —2/35. The spin-spin terms of (2) are thus too 
small by a factor 3. Since (2) has been rather 
widely quoted in the literature, it has some 
interest to point out the cause of the discrepancy. 
This lies in Heisenberg’s assumption (reference 1, 
page 551) that the average value of 


(4) 


obtained by a classical treatment of the vector 
model, namely‘ 


(5) 


is valid also in quantum mechanics. His deriva- 
tion from this point is somewhat indirect because 
of an appeal to Kronig’s work on intensities, 
but his results may be derived very simply from 
(5) by use of trace invariance, and of the fact 
that the diagonal element of (5) for the singlet 
is zero, in the manner carried out in Table I. 
The corresponding correct calculation direct from 
(4), by use of the expression ms,ms2(1—3 cos? @) 
with cos? @=1/5 for m,=1 and 3/5 for m,=0, is 
also carried out in the columns headed (4) in 


‘Here I is the unit vector along 1. A diagonal — 
element of e, 1)(s2-1) may be obtained by multiplying b 
the operator ?, so as to ft rid of the unit vectors, ta 
the diagonal element, and then dividing by the proper es 
of P, which in our case is 2. In the mz, m,,, m,,-represen- 
tation of Table I, this leads to the evaluation of (5) as 
we 3m;?/2). The mean value (5) may be derived 
from (4) by a classical treatment of the vector model in that 
representation thus: 
1 — 3(2?/r?) py} 

= $2,52,{1— (3/2) sin? } 
= $252, — 4+(3/2) cos? (/z)}—>(S). 
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Table I, and the resulting contributions to the 
triplet splitting of course agree with (3’). 

The calculation of Breit shows that the relative 
importance of the spin-spin term (the ratio d/C) 
is decreased by a factor (0.21/0.2)/(0.91/0.5) 
=0.57 when exchange and the s electron distri- 
bution in He are taken into account. This is so 
nearly equal to the factor 3 which erroneously 
appeared in Heisenberg’s calculation by neglect- 
ing these refinements that the error and neglect 
nearly annul one another and the results of the 
two calculations are very similar. 

For the sake of a qualitative understanding of 
the distorted triplets it should be pointed out 
that the spin-orbit and spin-other-orbit couplings 
together would in helium make an inverted 
triplet obeying interval rule. This is manifest in 
the factor (Z—3), which is negative for helium 
in the approximate formula (3’). It comes about 
because the magnitude of the spin-orbit coupling 
is determined by an effective nuclear charge 
Zett=(Z—1)e=e and is further reduced by the 
“Thomas factor’’ } because of the acceleration of 
the electron concerned, while the spin-other-orbit 
term arises primarily from the orbital motion of 
the p electron about the “spinning” s electron 
and its magnitude is determined by a charge —e, 
without any Thomas factor because the s electron 
is bound to the nucleus and not accelerated. 
The spin-spin interaction elevates the *P») more 
than the *P:, while lowering the *P;, and in the 
approximation leading to (3’) it is responsible for 
the entire triplet splitting in Lit, since there the 
spin-orbit and spin-other-orbit terms just annul 
one another. 

Breit’s evaluation of C and d takes into account 
both exchange and the finite domain of the s 
electron. The positive part of C, arising from the 
field of the bare nucleus, is thereby increased 
from to 1.33Co, where Co=(Ruy/a’)/24 
=m/(e*/hc)?/48. (The value is obtained 
by putting (1/r*),,=(me?/h?)*/[n3l(1+3)(J+1) ] 
above.) The negative part of C, arising from the 
interaction of the electrons, is altered somewhat 
less, from —1.5Cp to —2.24Co. The increase in 
magnitude is in each case presumably caused 
mainly by a contraction of the scale of the p 
wave function, and a corresponding increase in 
density within and near the “‘s shell,’’ due to the 
lowered potential within it. In the inter-electronic 
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term, this increase is only partly compensated by 
the “incomplete screening,” that is, by the fact 
that circulation of the p electron with an “‘s shell”’ 
is ineffective in the spin-other-orbit coupling. 
The net effect on C is an increase of 82 percent 
from —3Cy to —0.91Cpo, only about half of the 
change in (1/r*),. The effect on the spin-spin 
integral d is smaller, being a change from —0.2Co 
to —0.21C . The increased density near the s shell 
would alone make d considerably larger, but the 
finite spherical domain of the s electron has also 
a tendency to make d small because it distributes 
the s electron much more nearly isotropically 
about important positions of the p electron near 
the s shell, where 1/712 may become very large— 
the integral is a maximum if both electrons are 
confined to the xy-plane, and is zero if they are 
isotropically distributed. 


Il. THE HIGHER TRIPLETS 


The calculation of Breit for the low triplet has 
been repeated by Araki,® using slightly different 
wave functions which allow more polarization of 
the s distribution, and has also been extended by 
him to the higher triplets 1s3p°P and 1snd*D. 
His results for the low triplet slightly improve 
the agreement with experiment but are not very 
significantly different from Breit’s: the separa- 
tion ratio (*P2—*P)/(*Pi1—*P») equal to 1/14 
rather than 1/7 implies an increase of the ratio 
d/C of only about 12 percent. With the approxi- 
mations in the wave functions, probably neither 
calculation can claim an accuracy much greater 
than that. Among the higher triplets, Araki 
found both agreement and disagreement with the 
partially conflicting experimental data. In at- 
tempting to adjudge the seriousness of the 
disagreement, it is convenient to have at hand 
also a shorter calculation which is simplified in 
such a way as to present only those points which 
seem to be physically most important. 

We neglect the interaction with the singlet, as 
did Breit, since it is small even in the high con- 
figurations where the singlet is nearby, and can 
only depress the central triplet level, decreasing 
the smaller separation slightly. There is so much 
less overlapping of the two single-electron wave 
functions in the configuration 1snd that we may 


5G. Araki, Proc. Phys. Math. Soc. Japan 19, 128 (1937). 


treat the *D fairly well, and at the same time 
very simply, by neglecting exchange and the 
spatial extension of the s electron. So r,—0, as 
above, and we have only one position vector. 
We construct Table II for 1smd*D, by use of (4) 
and the results of the angular integrations 
(1—3 cos? =4/7, —2/7, —4/7 ford states with 
m,=2, 1, 0, respectively. The sixth column is ob- 
tained from the fourth by trace invariance as 
before. The spin-orbit and spin-other-orbit contri- 
butions are together listed in the seventh column. 
They alone form an inverted triplet obeying 
interval rule. The intervals are much distorted, 
but the inversion remains, when the spin-spin 
contributions are added (last column). It will be 
shown below that the ratios of the spin-spin con- 
tributions among themselves remain unaltered 
when one takes into account exchange and the 
extent of the s wave function. The only change 
is again a change of the scale of the spin-spin 
contributions, relative to the scale of the orbital 
contributions. The reasons for the change are 
essentially the same as in the *P case discussed 
above, and considerably less change is expected 
in 1s3d than in 1s2p because of the smaller over- 
lapping of the single-electron wave functions. 
This leaves the *Dz very much nearer to the *D; 
than to the *D,. 

The agreement between the two sets of experi- 
mental data,®*’ and their agreement with the 
theory, in the low triplet 1s2p*P is gratifying. 
In the next triplet, 1s3p°P, the calculations of 


TABLE II. Splitting of a *D in helium. Multiply by (a/r*),y 
to obtain energies. 


May Mey —3 cos*)|| J | spin-spin| }(Z—3)8 | Sum 
2+ + 1/7 3 1/7 | —1/2 |-—10/28 
2+ - -1/7 2); —1/2 1/4 |— 7/28 
+ -1/7 
1+ + —1/14 
2- - 1/7 1 1/2 3/4 35/28 
1+ - 1/14 
1 + 1/14 
+ -1/7 


®*W. V. Houston, Proc. Nat. Acad. Sci. 13, 91 (1927). 
Professor Houston has kindly pointed out the following 
misprints: In Fig. 1, the subscripts of *D2 and *D; should be 
interchanged, as is obvious from the transitions drawn and 
from selection rules, and in the fifth line of Table 1 *P» 
should read *P,, which combines with *Dj.. 

7G. Hansen, Verh. d. deutsch phys. Ges. 10, 5 (1929). 
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TABLE III. Triplet energies in strong and weak fields. 


ML Ms /(upH) H” My J H’"/(upH) 

L 1 L+2 Ci+dz L+1 L+1 L+2 

L 0 L L+1 | Cr+dz (L+2)L/(L+1) 
L-1 1 L+1 L L (L?+L+1)/(L+1) 
L -1 L-2 L-1 L+1 Cr+dz (L+2)(L—1)/(L+1) 
L-1 0 L-1 L-1 L Cr (L?—1)/(L?+L) 
L-2 1 L || L—1 | (L—1)?/L 


Araki yield a result intermediate between (3’) 
and the 1s2p*P result, as one would expect by 
comparing the overlapping in the two con- 
figurations, and this disagrees sharply with the 
observed® separations *P,—*P,;=0.165 
Such a separation ratio, 
with one level almost midway between the other 
two, would require a ratio d/C=1/12, rather 
than over } as calculated, and it is extremely 
unlikely that any of the approximations of the 
theory could introduce so large an error in this 
ratio. Configuration interaction seems to be 
excluded as a possible cause of the discrepancy, 
the nearest odd configuration being more than 
5000 cm distant. This seems to be the only 
measurement of this triplet available. Araki® and 
others? have quoted a supposedly experimental 
value of its separation ratio by Houston, al- 
though he measured only the over-all triplet 
width and stated what the separations would be 
if the ratio should be the same as in the lower 
triplet, a surmise based on Heisenberg’s theo- 
retical treatment. A repetition of the measure- 
ment would be of interest. In the 1s3d*D, the 
earlier analysis of Houston,® while apparently 
painstaking and legitimate, was made in spite of 
the difficulty that his experiments did not resolve 
this triplet, and his results may perhaps be said 
to have been superseded by the later measure- 
ments of Hansen,’ who did succeed in resolving 
it into two lines, by use of liquid helium. The 
earlier results placed the *D; nearer the *D,; than 
the *Dz, a distortion which no plausible modifica- 
tion of the theory could give, while Hansen’s 
separations are *D,;—*D2<0.01 cm~, *D,—*D, 
=0.04 cm-', in accord with theory. In the high 


( at} C. Gibbs and P. G. Kruger, Phys. Rev. 37, 1559 
1931). 

® Bacher and Goudsmit, Atomic Energy States (McGraw- 
Hill, 1934). 


triplet 1s4d*D no measurement of the separation 
ratio is available, although here again a surmise 
from reference 6 has been quoted as experi- 
mental.® ° The over-all separations of both the D 
triplets measured by Hansen agree with results 
of Araki. 


III. DERIVATION FOR A GENERAL TRIPLET 


We shall now derive an expression for the 
triplet splitting in terms of parameters C and d 
which is valid for any triplet. Other calculations 
have involved good, but still special, assumptions 
concerning the wave functions. In order to avoid 
specialization of the form of the wave function 
(beyond the properties of a triplet) and in order 
at the same time to avoid use of the theorems of 
group theory, we employ the method of com- 
paring coefficients in the secular equations deter- 
mined in two extreme representations.'!® This 
requires the calculation of only diagonal matrix 
elements. Because of the simplicity of the proper 
functions of the atom in a strong magnetic field 
(strong enough to make energies much larger 
than the triplet splitting, but much smaller than 
the singlet-triplet separation) we consider the 
secular equations of this Paschen-Back transition. 

The wave functions of the triplet are 


vu LM Yo, a2) =Umi(n, r2)Sug(o1, 
with 


S41 = ; 
So= /V2, 


where the 6’s are the Pauli single-electron spin 
functions. In this representation we first wish to 
reduce the diagonal elements of H’” to as few 
undetermined parameters as possible. The form 


1S. Goudsmit, Phys. Rev. 35, 1925 (1930). 
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of the usual spin operations, 


(srtisy)6(+3/0)=0, 
=6(+3/c), 
5:6(+3/0) = +36(+3/0), 


is such that only the zcomponent of s; contributes 
to a diagonal element of the first three lines of (1), 
which are linear in the s; and may of course be 
factored in the familiar form A-s=}(A,+7A,) 
X Since the 
matrix element (VW s|siz| Ms)=3Ms5 for i=1 or 2, 
we may write the part of the matrix element 
(MiMs|H"|M1Ms) which arises from the first 
three lines of (1) in the form 


5(M_| — (m/h) 
X 3L(re—11) X (t2—f1) | M1) 
(6) 


In the spin-spin terms, the proper value } of 


$1:S: may be inserted directly, and the spin 
operations just listed may be used in the last 
term, to give the part of (M@,Ms|H"|M,Ms) 
arising from the last line of (1) in the form 


1a(M _| {1/7128 — | M1) =dm, 

for Ms=+1 and (7) 

4a(M 1| {1/1128 — } | M7) 
=-—2dm, for Ms=0. 


These energies are listed in the fourth column of 
Table III for the states of the M5 representa- 
tion (strong field). The values calculated from 
them for the /M, representation, by use of trace 
invariance and the fact that these “‘internal”’ 
energies depend on J but not on My, are listed 
in the seventh column. In treating the Paschen- 
Back transition, we also introduce the perturbing 
energy of an external magnetic field //, 


= —pe(L+2S)-H, 


and list its diagonal elements in Table III. 
Here yz is the Bohr magneton. (The fact, familiar 
from the vector model, that the Zeeman energies 
in the weak-field case are proportional to M, for 
a given J, may be used together with trace 
invariance to obtain the last column of Table III 
from the strong-field case.) Table III gives the 
energies as one departs from either extreme of the 
Paschen-Back transition: in the strong-field case 
we have an expansion to the first order in the 


small quantity a/// and in the weak field case an 
expansion to the first order in the small quantity 
H/a. The intermediate transition of the two 
levels with M = L is described by the roots E of a 
quadratic secular equation of the form 


(8) 


The sum of the last three terms, which do not 
contain E, is the product of the two roots. The 
central term 6H is determined by the first-order 
expansion of the roots in either extreme case: 
using the strong-field energies listed in Table III, 
we find 


—2(L+1)dz 
and using the weak-field energies we find 


Since the C’s are physically independent of the 
d’s, this double determination of 6 yields the two 
relations 


dx. (9) 


Similarly, the cubic equation for the three levels 
with 4=L—1 contains a coefficient of E which 
is equal to the sum of the products of the roots 
taken two at a time, and the double determina- 
tion of the term which is linear in H furnishes 
two additional relations which, by use of (9), 
reduce to 


Ci--= [(L 
(10) 


By use of these relations the triplet energies in 
the seventh column of Table III may be written 
in terms of the two integrals C, and d,, which we 
now call simply C and d:" 


Erai=Ct+d 
E,=—(1/L)C—[(2L+3)/L¥ (11) 
+[(2L+3)(L+1)/L(2L—1) Md. 


For L=1, the separations of these levels are of 
course the same as Breit’s result (3). For L=2 
they are compatible with Table II, and the 
ratios of the spin-spin terms are not affected by 
the greater generality. For any value of L, the 


302 OTTO LAPORTE 


terms in C, which contain the spin-orbit and the 
spin-other-orbit contributions, imply the interval 
rule. 

The Paschen-Back effect of a distorted *P has 
been treated by Green and Loring," and their 
simple method may be extended to other triplets. 
They introduce the empirical zero-field energy 
differences. In order to obtain an entirely theo- 


B. Green and R. A. Loring, Phys. Rev. 49, 632 
(1936). Their introductory neglect o the spin-spin term has 
no effect on their treatment of the Paschen-Back effect. 


retical expression for the Paschen-Back energies, 
one may substitute the theoretical values of the 
energies relative to E,41, in their case P}= E,—E, 
and Po>=Eo—E2, from (11). In practice, how- 
ever, one would ordinarily evaluate the integrals 
C and d from these empirical separations, and 
the form of the equations in which the empirical 
values appear directly is the more convenient one. 

Thanks are extended to Professors S. Goudsmit, 
W. V. Houston, and J. B. Green for helpful 
discussions. 
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Term formulae for a configuration of five equivalent d electrons have hitherto not been 
published. They are given below for the case of Russell-Saunders coupling. A surprising result 
is that although several terms appear more than once (two °G, two ?F, three *D) and are 
therefore expected to depend irrationally upon the radial integrals, this is only so for two out 
of the three *D terms. For the other of the above terms the secular equation possesses roots 
linear in the radial integrals. The formulae obtained are able to represent satisfactorily the d® 


terms of Cr II. 


RMULAE representing the distances of the 

terms arising from a configuration of equiv- 
alent d electrons as a function of radial integrals 
are readily derived by diagonal sum methods as 
long as each term occurs only once. For d? such 
formulae were given by Slater! and for d* by 
Condon and Shortley? in which latter case only 
the sum of the energies of the two *D terms 
was obtained. The separate energies of these 
terms result without difficulty from a considera- 
tion of non-diagonal elements of the energy 
matrix ; they were given by Ufford and Shortley*® 
and by Serber,* using Van Vleck’s® method. In 
the configuration d‘ the doubly occurring terms 
are more numerous than the others; the complete 
formulae were given by Ostrofsky.*® 


. C. Slater, Phys. Rev. 34, 1293 (1929). 
(193 EU, Condon and G. H. Shortley, Phys. Rev. 37, 1025 
a > 3) W. Ufford and G. H. Shortley, Phys. Rev. 42, 167 
«+R. Serber, Phys. Rev. 45, 461 (1934). 
A Van Vleck, Phys. Rev. 45, 405 (1934). 
Ostrofsky, Phys. Rev. 46, 604 (1934). For correc- 
tions see paper ollowing this. 


The energies of the configuration d* have 
hitherto never been published although they are 
of great importance to the experimental spectro- 
scopist when investigating Cr II and its higher 
isoelectronic relatives. Also in Mg I and similar 
spectra can they be expected to be useful since 
they account for the d's? configuration as well. 
In spite of the greater number of magnetic levels 
(252 compared to 210 for d‘) the computations 
for d° are simpler because of the smaller number 
of multiply occurring terms (there are two °G, 
two ?F, and three*D). 

For these latter the method employed was 
that described by Condon and Shortley in Section 
58 of their book.’ Consider that space of eigen- 
functions characterized by the maximum MsM_z 
values for which the term pair in question occurs. 
In this space a complete set of orthonormal unit 
vectors is given, the unstabilized eigenfunctions 
&(m,.'m'mem?---). The proper linear com- 


7E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra. 
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binations which represent the eigenfunctions V 
of a term *S*'Z in that space are known by the 
angular momentum operator method. It now 
becomes necessary to find two (or three) more 
linear combinations of the ® perpendicular to the 
v. This can immediately be done provided the 
MsMxz space does not have too many dimen- 
sions. However, the configurations d‘ and d° 
present cases where the space in question may 
have such high dimensionality that it may be 
quite difficult to find additional unit vectors by 
straightforward methods. In such cases the fol- 
lowing procedure has been found useful. 

Let the MsM, space have n dimensions. In it 
n unstabilized eigenfunctions ®, are available 
which are orthonormal : 

= i,j= 1---n. 

By the method of angular momentum operators 
m stabilized eigenfunctions V, have been ob- 
tained as linear combinations 


v=1---m,m<n, 


i=1 


where 
= Oy. 


The problem is to find »—m further ¥ functions 


* completing the set. We now write: 


= 


Orthogonality with all previous Y, fixes b,: 


and ¢; is determined by the normalization con- 
dition. To get the next unit vector V4. a dif- 
ferent ®, say #2 will have to be preferred by 
writing 

m+1 


The determination of 6,’ and of ¢2 is as before. 

This method makes the construction of 
further unit vectors easy and straightforward. 
It was used on the 12-dimensional space M5 =}, 
M,=2 of d5, in which 9 stabilized VY were known 
by the angular momentum operator method and 
three more had to be found. The secular deter- 
minant is only of order 3. 

The final formulae are given below; they 
represent the energies of 16 terms as functions 


of three radial integrals Fo, F2, Fy. These latter 
are, if we denote by f(r) the radial part of the 
eigenfunctions 

F,= F*/D, (1) 
with 


F* = f rdrf?r-* f (2) 
0 0 
and 
Do=1, D,.=49, D,=441. 


®S=10 Fo—35 F.—315 Fi, 
4G=10 Fo—25 F.—190 F,, 
4F=10 Fo—13 F2—180 Fy, 
4‘D=10 Fy—18 F2—225 Fy, 
‘P=10 F,—28 F.—105 F,, 
*J=10 Fo—24 90 Fy, 
*71=10 Fo—22 30 Fy, 
(1)°G=10 Fo—13 F.—145 F,, 
(2)°G=10 Fot+ 3 F,—155 F,, 
(1)?*F= 10 Fy-—25 15 F,, 
(2)? F= 10 Fo- 9 F,—165 F,, 
(1)? D=10 Fo— 4 F.,—120 Fy, 
(2, 3)}D=10 3 90 F, 
+(513 F,?—4500 F,F,+ 20700 

2P= 10 Fo+20 F,—240 F,, 
10 Fo- 3 F,—195 F,. 


100 
ol d 
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70} 2 
60 a 63+ 
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P. 56}2 
GI) 
49 IPF) 
40, 42+ 
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4 
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Ss 
0 05 10 16 20-7 
Fic. 1. Terms of configuration d° referred to ®S as functions 
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The number in parenthesis in front of a term 
symbol distinguishes the various terms of equal 
LZ and S values that occur. We should like to 
mention at this time that a standard notation 
should be provided for such multiply occurring 
terms, especially since they are so much more 
numerous in configurations of type f*. It is 
evidently inadmissible to use letters a, b, c --- 
here since they serve to label any sequence of 


S 
8 
5 
| y 
Fic. 2. Compari- 
| son with 
@ terms _in_ the 
va | spectrum Cr IT. 
o- —sS— 


*S+1Z, terms of equal parity regardless of whether 
they belong to the same configuration or not. 
Since each element of the energy matrix is 
linear in the F;, it is to be expected that the energy 
of a singly occurring term is also linear in the F; 
and that the energy of a term pair will contain 
the square root of a quadratic form in F;F,. 
Similarly a triple of terms is expected to contain 
the cube root of a form homogeneous of degree 3 
in the F. It is therefore remarkable that the two 


term pairs (1 and 2)°G and (1 and 2)*F turn out 
to be rational in the F, and that the cubic equa- 
tion for the three °D turns out to have one root, 
here denoted by (1)?D, which is also rational. 
Since the same phenomenon does not occur for 
any pair of terms in the configuration d* or d‘ one 
is justified in regarding it as a unique feature of 
d°. In this connection one is reminded of another 
fact which simplifies d° in comparison with other 
d* configurations, namely the vanishing of the 
spin-orbit interaction constant ¢ for all terms. 
To be sure both results are true only in first 
approximation. 

Comparison of the formulae with experimental 
values is best carried out by means of the follow- 
ing nomograph scheme. On transparent paper the 
experimental term distances are marked off 
along a vertical line. These points are then con- 
nected by means of straight lines to a fixed point. 
Thus on any line parallel to the original ver- 
tical line the convergent rays will mark off 
proportional distances. This transparent graph 
is then laid on top of Fig. 1 and so adjusted 
that the straight convergent lines and the curves 
of Fig. 1 intersect along a vertical line. The two 
parameters can then be read off. Figure 2 con- 
tains a comparison of the formulae with nine 


terms of d° in the spectrum of Cr II. The data | 


were kindly supplied by Dr. C. C. Kiess. A pre- 
liminary fit was obtained within a very short 
time by the graphical method just described. 
The figure contains a plot of the formulae calcu- 
lated by setting F2=1050 and F,/F2=0.0681. 


The author wishes to thank Mr. B. Vinograde 


for assistance in the numerical calculations. A 
grant from the Faculty Research Fund of the 
University of Michigan is gratefully acknowl- 
edged. 
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If the radial integrals occurring in the term formulae for a configuration /* assume certain 
integer ratios given in Table III all elements of the energy matrix become low multiples of a 
common value. As a consequence high degeneracies are seen to occur. The reason for this be- 
havior is proved to be the existence of an identity [Eq. (6) ] concerning sums of products of 
three integrals of spherical harmonics. The regularity mentioned may serve in the approximate 
allocation of energy levels or as a check for exact energy formulae. Ostrofsky's formulae for 
d‘ were found to be incorrect in this way. The correct formulae are given in §2. 


ITH the assumption of Russell-Saunders 
coupling the term energies due to elec- 
trostatic interaction for configuration /* of z 
equivalent electrons may be written in the form: 


E= (1) 


Ao=}2(z—1) 
F,,= F*/D,()). (2) 


For values of D, see Table I, and for the defi- 
nition of F* see the preceding paper, formulae (1) 
and (2). As is seen from the upper limit of the 
sum, the relative term values depend on / 
parameters, 1.e., one for p*, two d’, etc. The single 
parameter for p* simply defines the scale of the 
configuration, the distances between terms 
having a fixed interval ratio. This is different for 
d?, where after one parameter, say F2, has been 
used to fix the scale, the ratios of distances be- 
tween terms yet depend on the values of F;/ F.. 
As a consequence not even the order of the 
terms within a configuration is fixed. 

In order to gain a clear picture of the term 
energies within a d* configuration it therefore 
seems reasonable to plot reduced term values 
defined by 


Trea= [E—E(Lmax, Smax) |/ 


as functions of the variable F,/F». A similar graph- 
ical representation for f* would be three-dimen- 
sional, for g* four-dimensional. In Fig. 1 such plots 
are given for the configurations d*. For the 


abscissa value 0.2, i.e., for 
: Fy=5 :1, (3) 


high degeneracies are seen to occur to which the 
following lines are devoted. 


‘ 


1, DEGENERACIES FOR CONFIGURATIONS d: 


The arrangement of terms at the point of 
degeneracy is best described by Table II which 
is reminiscent of early tables of Hund.' It 
contains all terms due to the configurations d’, 
z=0 --- 5. The arrangement is such that terms 
of a d* which have occurred before, i.e., for 
smaller z, are put into the same column as be- 
fore while new terms are separated according 
to S values and put into new columns. 

The order of the columns is determined by the 
numbers in the last row. These numbers indicate 
the term values at the point of degeneracy as 
taken from the right-hand side of each graph of 
Fig. 1. Since according to the definition of T yea 
the scale is arbitrary, the factor 7 has been 


TABLE I. Table of numerical coefficients [D,(/)]}* defined 
by and by F*= F,D,(/). 


k=0 2 4 6 8 
l=1 1 5 
2 1 7 3-7 
7-11-13 11-13-17 
2 
4 1 7-11 9 11-13 : 


' Instead of this value Condon and Shortley gave 7361-64. This is 


an error. 
? This row of values is due to Shortley and Fried, reference 4. 


'F. Hund, Zeits. f. Physik 33, 345 (1925). 
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3 


60 
d° 
2 
40 L 42+ 
35- 
28+ 
‘p 
74 
4 


49 [PF] 


LZ 
ti 
‘1 14+ 


F 
6 1 6 
16 


Fic. 1. Relative term values due to d? for z=2, 3, 4, 5 referred to the term of maximum S and maximum L 
value as zero, considered as functions of F,/F2. The place of degeneracy is at the extreme right of each of the four 
diagrams. Since all observed data can be fitted to these curves with abscissa values between zero and 0.2 the above 


diagrams were not continued Pa 
able assumption for the radia 


suppressed and only the multiple is given. By 
referring the relative term values to the highest 
term instead of the lowest, it is possible to 
assign to each term group a number which will 
give its distance from the highest term in the 
configuration (2D or 'S) regardless of the value 
of z. Thus the term groups 4S, 1(DG), *(PF) have 
distance 5:2 not only in d* but also in d‘. 
Similarly the term groups of d* reoccur with the 
same distances in d°, 


st the point of degeneracy. It may also be of interest to note that with any reason- 
eigenfunctions (like p%e~*) the ratio F,/F: turned out to be <0.2. 


There is still a further regularity contained in 
Table II. The occurring term groups are, for 
even configurations: 


2D *(PDFGH) *(SDFGI) *(PF) *(DG) 


for odd configurations, written in the opposite 
directions ; 


5D §(PDFGH) '\(SDFGI) *(PF) (DG) 'S. 


Since the numbers in the last row of Table II 


Sp 


| 
| 
“4. 
| 
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TABLE II. Grouping of terms at the point of degeneracy. 


Configuration 


Term Groups 


1S 
ad >(PDFGH) 
d‘ 1S (DG) 


*(PDFGH) °(SDFG1) 


*(PF) SD 


(PF) 
3(PDFGH) | *D 
(DG) 6S 


relative 
term value 0 4 5 6 


7 8 9 10 14 


are symmetrical with respect to their middle, 
it is possible to associate d® with the inverted d‘ 
if one only changes S values according to the 
above juxtaposition. 


2. CORRECTED FORMULAE FOR d‘ 


The term formulae for d‘, as published by 
Ostrofsky? do not all conform to the degeneracy 


Fo-17 F.- 69 F,, 
5G =6 Fy—12 F,- 94 F,, 


at F:/F,=5. The entire configuration was 
therefore recomputed adopting a method essen- 
tially identical with that described in the pre- 
vious paper and errors were found for the two 
term pairs (1, 2)4S and (1, 2)'G. The correct 
formulae showing the expected degeneracy are 
given below. 


(1, Fo— 5 F2—76.5 Fy+}( 612 4860 20025 F?)!, 


‘D=6 Fo- 5 F.- 129 F,, 


(1, Fo— 5 F2—76.5 Fyt}( 912 9960 38025 F,)', 


1J=6 Fy-15 F,- 9 F,, 


(1, 2)'G=6 Fo— 5 6.5 Fyt}( 708 7500 F2Fy+ 30825 F,*)', 


°F=6 Fy 48 F,, 


(1, 2)'D=6 Fot+ 9 F.—76.5 Fy+}(1296 10440 F2Fi+ 30825 F2)}, 
(1, 2)'S=6 Fo+10 6 Fy+}(3088 26400 y+ 133200 Fe)!. 


3. CONNECTION OF DEGENERACIES WITH AN 
IDENTITY CONTAINING THE CONDON- 
SHORTLEY c*(lmim’) 


In order to understand the degeneracy just 
discussed it is necessary to retrace somewhat 
the steps which lead to formula (1). The electro- 
static energies are roots of the energy matrix 
whose elements are of the form; 

e 


(a 


= mie+m,*) 


2 


> F*(n, 1). (4) 


k=0, 2--- 


2M. Ostrofsky, Phys. Rev. 46, 604 (1934). 
*E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra, Eq. (869), p. 175. 


a, b, c, d are four sets of quantum numbers 
sharing however m and |. The c* are defined as 
coefficients in the expansion of a product of 
spherical harmonics into a series of spherical 
harmonics : 


2k+1\3 
) enim’ 


X0(k, m—m’) (5) 


and the F* by Eq. (2) of the preceding paper. 
The book of Condon and Shortley contains com- 


‘plete tables of the c* coefficients for 1=3, while 


for /=4 they are given by Shortley and Fried.‘ 
The theorem from which the degeneracies 
discussed above and similar ones for /=3 and 4 


*G. H. Shortley and B. Fried, Phys. Rev. 54, 739 (1938). 
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TABLE III. Values of f,(/) occurring in Eq. (7). 


k =(0) 4 8 Ni 
l=2 (14) 5 1 35 
3 (132) 11 6 1 462 
4 (20020) 65 90 91 14 | 90090 


arises is the following: 
2k+1 
k 2 c*(1010) 
= 6(mm,)6(m’m,’) 
21+ 
-(1+6(m, —m’)6(m, (6) 


where 


m=m', m=m', m—m'=m,—my. 


The combination of Kronecker 6 symbols on 
the right causes the sum over k to be 0, 1 or 2 
times (2/+1)/4. For certain m and arbitrary / 
values this theorem has been proved by using 
Gaunt’s formulae for c*, transforming the k 
sum into a contour integral and deforming the 
path suitably. After inserting the values of 
c*(1010) from the tables and changing over to ¢; 
by means of Table I we may write (6) in the 
following form: 


Dd = (0, 1 or 2)-Ni. (7) 
k 


The f,(/) and N;, are given in Table III. Com- 
parison with (4) shows that for radial integrals 
whose ratio is that of Table III the matrix 
elements become small multiples of a common 
integer factor. 

But if this is so for the matrix elements it 
must also be so for the eigenvalues. This is 
trivial for singly occurring terms for they can 
always be obtained by Slater’s method solely 
from diagonal elements. But even for multiply 
occurring terms the eigenvalues will be integers 


because the energy matrix can always be reduced 
to one obtained when determining the distribu- 
tion of a number of identical systems over two 
eigenvalues. Since such matrices have always 
rational roots they will in our case be integers. 


4. DEGENERACIES FOR CONFIGURATIONS 
f? AND 


According to Table III similar degeneracies 
are expected for configurations of f electrons 
when the radial integrals F;, are in the ratio 


F, : Fy : Fe=11:6:1 (8) 
and for g configurations, if 
F, : Fy: Fe : Fgs=65 : 90 : 91 : 14. (9) 


These points of degeneracy should serve simi- 
larly in the higher shells for the approximate 
allocation of levels or as check on energy cal- 
culations as did the point F,:F,;=5 for d 
configurations. 

As a case in point we mention that the term 
formulae given by Condon and Shortley® for ff 
were in this way discovered to be incorrect by 
error in sign; the formula for '*F should be 


F,—10 F,—33 F,—286 F; 
+(Go—10 Gz—33 286 Ge). 


If we assume in f? the F, to have the ratios (8), 
all triplet terms, namely *(PFH) coincide and 
the singlet terms '(DGJ) coincide while 'S lies 
alone above the latter group at a distance whose 
ratio to that between the other groups is as 
7 34. 

A similar result is obtained from Shortley and 
Fried’s formulae for g? when assuming the 
parameter ratio (9) only that the 'S term lies 
at a nine times greater distance above the other 
singlet terms than they themselves lie above the 


triplet terms. 


5 On page 207 of their book. 


| 


uced 
ribu- 
two 
ways 
TS. 


iS 


acies 
trons 
] 


(8) 


(9) 
simi- 
mate 

cal- 
or d 


term 


or ff 
t by 


) Ge). 
(8), 


and 
lies 
‘hose 
is as 


and 

the 
lies 
»ther 
e the 


MARCH 1 AND 15, 1942 PHYSICAL REVIEW VOLUME 61 


Electron Diffraction Studies on Thin Films 


III. Powder Patterns Containing Anomalies Produced by Secondary Scattering' 


L. H. GERMER 
Bell Telephone Laboratories, New York, New York 


(Received December 8, 1941) 


As a consequence of considerable tolerance in glancing angle in the production of diffracted 
electron beams, each first-order beam can itself be diffracted a second time by the same set of 
planes, thus producing by this double process an apparent second-order beam. In patterns 
from polycrystalline substances this results in strengthening all second-order diffraction rings. 
The effect is appreciable only when the individual crystals are of considerable size, and it can 
be observed only when a true second-order diffraction ring is very weak. The phenomenon has 
been observed in diffraction patterns from CuCl, CuBr and CaF». One calculates that the true 
(222) ring is unobservably weak in these patterns; yet it is observed to be rather strong in 
many cases, varying in relative intensity with crystal size and being undetectable in patterns 


from small crystals. 


ECONDARY scattering in polycrystalline 
films can account for certain sharp diffraction 
| rings, the existence of which was, until recently, 
very puzzling. It is, of course, well known that 
multiple scattering in single crystals gives rise to 
interesting diffraction effects. The secondary 
scattering reported here to account for an 
anomalous ring in some Debye-Scherrer patterns 
is actually also a single crystal phenomenon; the 
individual crystals in the films, or at least many 
of the crystals, are so thick that some electrons 
are diffracted twice in the same crystal.” 
It has been reported* that cuprous chloride 
(CuCl) produces electron diffraction patterns 


Fic. 1. Reflection pattern of CuCl. The smallest rings 
(or arcs) in order of increasing radii are (111), (220), (311), 
and the anomalous (222). 


' The first two papers in this series, “I. Structure of very 
thin films” and “II. Anomalous powder patterns produced 
by small crystals," appeared in Phys. Rev. 56, 58-71 
(1939) and 60, 447-454 (1941). 

? Double diffraction in a single crystal has been reported, 
for example by H. Raether, Zeits. f. Physik 78, 527 (1932). 
Figs. 11 and 13. 

*L. H. Germer, Phys. Rev. 56, 58-71 (1939). Table V 
and Fig. 10. 


which correspond to the structure as determined 
by x-rays, except for the fact that the (222) ring 
is many times stronger than predicted. Examples 
of such anomalous patterns are reproduced as 
Figs. 1 and 2A. The former was obtained by 
scattering 47-kv electrons from a block of copper 
which had been exposed to chlorine, and the 
latter by passing 47-kv electrons through a 
Formvar foil upon which CuCl had been de- 
posited by vaporization from a tungsten ribbon.* 


In each of these patterns the three smallest sharp 


rings are due to reflection from (111), (220) and 
(311) planes of CuCl crystals; the fourth and 


| 


Fic. 2. Transmission patterns from films of CuCl on 
Formvar, arranged in order of decreasing film thickness 
which is also the order of decreasing mean crystal size and 
decreasing relative intensity of the (222) ring. 
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relatively weak ring is the (222) reflection with 
which this paper is concerned. The crystals which 
produced the pattern of Fig. 1 exhibit con- 
siderable preference for orientation with (111) 
planes parallel to the surface of the block, but a 
similarly anomalously strong (222) ring occurs in 
other reflection patterns in which there is no 
indication of preferential orientation. 

The structure of cuprous chloride, designated 
in Strukturbericht as B3, can be described as a 
face-centered cubic arrangement of copper atoms 
and an identical arrangement of chlorine atoms, 
with atoms of the two sets located at (000) and 
at (1/4, 1/4, 1/4); the edge of the unit cube is 
ao=5.407A.4 If the atoms were all alike the 
structure would be similar to that of diamond. 
One expects the relative intensities of electron 
diffraction rings from CuCl crystals per unit 
length of ring to be proportional to S*p/H* where 
H=h?+k?+l*, p is the number of cooperating 
planes, and S?=(Z— F)cu?+(Z— for (111) 
and (311) rings, [(Z — F)cu—(Z— }? for (200) 
and (222) rings, and [(Z— F)cut+(Z—F)ci }? for 
(220) and (400) rings; here (Z—F)cu is the 
difference between the atomic number of copper 
and the x-ray structure factor, and (Z— F)c; the 
corresponding difference for chlorine. Calculated 
intensities of Debye-Scherrer rings relative to 
that of the (111) ring taken as unity are written 
down in Table I, the quantities of the second 
column being obtained from the values of F given 
by Pauling and Sherman and those of the third 
column from the values given by James and 


Brindley.’ 


TABLE I. Comparison of calculated and experimental 
relative intensities. 


Calc. intensities (S*p/H') 


Pauling and James and Experimental 
hki Sherman Brindley intensities* 
111 
200 0.0027 0.014 — 
220 0.56 0.41 0.42 
311 0.30 0.21 0.30 
222 0.0013 0.0039 0.10 
400 0.069 0.043 0.07 


* These are relative intensities from microphotometer trace of 


the diffraction pattern of Fig. 2A. 


4T. Barth and G. Lunde, Norsk Geol. Tidsskr. 8, 281 
(1924-1925). 

5 L. Pauling and J. Sherman, Zeits. f. Krist. 81, 1 (1932); 
R. W. James and G, W. Brindley, Phil. Mag. 12, 81 (1932). 


It is clear from inspection that, except for the 
(222) ring which is much too strong, the rings of 
Figs. 1 and 2A have relative intensities agreeing 
approximately with the values of Table I, and 
this conclusion has been confirmed quantitatively 
by intensities obtained from a microphotometer 
curve of a pattern similar to that of Fig. 2A. 
That the unexpected intensity of the (222) ring is 
a real anomaly is indicated by the fact that the 
(200) ring can be barely detected on the original 
plates and is very much too weak to appear on 
the reproductions, but the (222) ring is very 
clear on the reproductions although calculations 
indicate that it should be considerably weaker 
than the (200) ring. Furthermore, the (222) and 
(400) rings of Fig. 2A have about the same 
intensities. For points on the former the copper 
and chlorine atoms of the contributing crystals 
scatter exactly out of phase whereas on the 
latter all the atoms scatter in phase; it seems 
certain that the equal intensities of the adjacent 
(222) and (400) rings cannot be attributed to 
deviations of the atomic structure factors from 
the published values. 

Electron diffraction patterns of single crystals 
consist in general of more than one spot, being 
unlike x-ray patterns in this particular. Corre- 
sponding to this effect, electron patterns from 
polycrystalline films are, in many cases at least, 
made up of pairs of spots giving a twofold axis of 
symmetry through the primary beam position. 
This characteristic is recognized when electrons 
are diffracted by polycrystalline films made up of 
so few crystals that the resulting rings are clearly 
resolved into spots.* The two spots of a pair are 
interpreted as (hkl) and (hkl) reflections from 
the same set of crystallographic planes, the 
indicated tolerance in glancing angle upon the 
reflecting planes being attributed in some cases to 
crystal imperfection. 

As an immediate consequence of this con- 
siderable tolerance in glancing angle it is clear 
that an (hkl) diffraction beam can itself produce 
another pair of (hkl) (h kl) reflections within the 
same crystal; and these new beams will have 
directions coinciding respectively with the singly 
diffracted beam (2h, 2k, 2/) from the crystal and 
with the primary beam (000). In the case of 


® See, for example, H. Boersch, Zeits. f. Physik 116, 469 
(1940) Fig. 2e. 
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Fic. 3. Microphotometer curves through the (311) and 
(222) rings of the patterns of Fig. 2. 


Debye-Scherrer patterns made up of continuous 
rings there will be strengthening of all second 
order rings due to this effect, the amount of the 
strengthening being determined chiefly by the 
dimensions of the individual crystals in the 
direction of the primary beam. Considerable 
strengthening can occur only when the crystals 
are so thick that an appreciable fraction of an 
(hkl) diffraction beam is diffracted a second time 
before leaving the crystal in which it was pro- 
duced, and the effect can be noticeable only in 
patterns from crystals for which for single diffrac- 
tion a ring would be strong in the first order and 
very weak in the second order. This latter con- 
dition is satisfied for CuCl; the data of the second 
and third columns of Table I indicate that the 
(111) ring is expected to be several hundred 
times as strong in the first order as in the second. 
It remains then to consider whether or not each of 
the spots which make up the (222) ring from 
CuCl is actually due to two successive first-order 
(111) reflections within the same crystal. 

If this interpretation of the (222) ring from 
CuCl is correct, then we should find that the 
relative intensity of the ring varies in some 
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simple way with the mean crystal size, and some 
estimate of the nature of this variation can be 
made. We assume crystals of cylindrical shape of 
length 7 with ends normal to the primary beam 
direction. Designate by ip the primary beam 
incident upon a crystal which is oriented to pro- 
duce (111) reflections, and by x a variable loca- 
tion in the crystal measured from the plane at 
which the beam enters. The intensity ti(x) of 
the two (111) diffraction beams at the plane x 
will then be given by diy(x) /dx = Ki exp (— Cx) 
—Ciy(x) which, with the condition i;(0)=0, 
has the solution i;(x) = Kiox exp (— Cx) ; here C 
is the fractional decrease in intensity of a beam 
per unit length of path in the crystal, and K the 
fraction of the primary beam at any plane x 
which is diffracted into the (111) and (111) 
beams per unit length of path. Similarly, for each 
of the apparent (222) beams produced by second- 
ary diffraction of the (111) beam, diz2(x)/dx 
= (K — which has the solution 
doo0(x) = (K*/4)igx® exp (— Cx); the constant K in 
the differential equation is divided by 2 because 
in the case of the secondary diffraction only one 
of the beams appears as an apparent (222) 
reflection, the other returning to the primary 
beam. The relative intensities of these two 
diffraction rings per unit length of ring, which is 
the way we measure with the microphotometer, is 


= / 2iin(T) = KT /8. (1) 


An attempt has been made to test Eq. (1) by 
obtaining diffraction patterns from films of CuCl 
of various thicknesses, and by correlating the 
ratio of intensities of the (222) and (111) rings 
with estimates of crystal size obtained from 
breadths of rings. In these tests patterns were 
obtained from 9 different films, each prepared by 
vaporizing highly purified CuCl in vacuum upon 
a Formvar supporting foil. (See reference 3 for 


TABLE II. Intensity ratios and breadths at half maximum 
from microphotometer curves of Fig. 3. 


Mean 
crystal 
size, 
AR* Cc Cc 
Film T222/311 (mm) (A) (A~) 

A 0.22 0.066 0.36 150 0.0035 
B 0.08 0.024 0.46 90 0.0021 
[ 0.00 0.00 0.60 60 0.000 


* From (311) peaks of Fig. 3. 
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the method.) Diffraction patterns from three 
typical films are reproduced in Fig. 2, and 
corresponding microphotometer curves through 
the (311) and (222) rings in Fig. 3. The patterns 
and curves, designated as A, B and C, are in the 
order of decreasing film thickness. In the second 
column of Table II are given values of the ratio 
To00/31, Of intensities of the (222) and (311) rings 
obtained from Fig. 3, and in the third column 
values of I22/1:, calculated from these by multi- 
plying by 0.3 which is the ratio Zs: given in the 
last column of Table I. In Table IT are also given 
the breadths at half maximum AR of the (311) 
peaks on Fig. 3 and mean crystal dimensions C 
estimated from these breadths by means of the 
Scherrer formula in the form C=LX/AR, each 
value of AR being first corrected for the primary 
beam size by subtracting 0.2 mm. 

These patterns and data are typical of those 
from all of the films. They indicate that the (222) 
ring is very weak or unobservable in the thinnest 
films, and increases in intensity with increasing 
thickness reaching a maximum of about 7 percent 
of the intensity of the (111) ring. The crystal size 
C, as estimated from breadths of rings, varies in 
the same way with thickness, but much less 
rapidly, so that there is not a linear relation be- 
tween J2/;;; and C. There is, furthermore, con- 
siderable scattering of the data, and they have 
not been plotted for this reason. It seems alto- 
gether probable that the failure of Eq. (1) to be 
satisfied if we substitute C for T is due to the fact 
that the crystals are not strictly equi-axed and 
that, as film thickness is increased, the mean 
dimension of crystals measured normal to the 
film, 7, is increased more rapidly than the 
dimension in the plane of the film, C, which we 
are able to estimate. It seems clear that at some 


film thickness T and C will be approximately 
equal and for this thickness the constant K will 
be given by Eq. (1) after replacing T by C. Thus 
one estimates that for 47-kv electrons in a CuC] 
crystal, K is of the order of 0.002A~-'. (See the 
last column of Table II.) This seems a reasonable 
value. 

From 5 of the 9 films of CuCl diffraction 
patterns were obtained with electrons of 27 kv, as 
well as with electrons of 47 kv. In each case the 
relative intensity of the apparent (222) ring was 
greater in the pattern produced by the slower 
electrons, the average estimate of the difference 
being about 30 percent. Thus, we conclude that 
for 27-kv electrons K is of the order of magnitude 
of 0.003A~!. 

Observation of the occurrence of second-order 
rings which are due to secondary diffraction must 
be fairly rare, because in diffraction patterns 
from most materials the effect is masked by the 
considerable strength of the true second-order 
diffraction. The phenomenon has, however, been 
observed in patterns from cuprous bromide and 
calcium fluoride. The former has the same type of 
structure as cuprous chloride and, although 
copper and bromine have scattering powers 
which are more nearly the same than copper and 
chlorine and must therefore produce a true (222) 
ring of even lower relative intensity, it has been 
observed that the apparent (222) ring is clear and 
fairly strong in a number of patterns from CuBr. 
It has been reported (reference 3, Fig. 11 and 
Table V) that films of CaF, also produce patterns 
in which the apparent (222) ring is many times 
stronger than was expected. There are other 
types of structure in which this phenomenon 
could be detected and one could undoubtedly find 
a great many examples if the appropriate com- 
pounds were studied. 
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The Structure of Evaporated Films of Chromium and Aluminum on Glass 


ANNE REBEcCA OLIVER* 
Cornell University, Ithaca, New York 


(Received December 29, 1941) 


The structure of evaporated films of aluminum on glass, and of aluminum on chromium 
deposited on glass, was investigated by electron diffraction. No evidence was found that would 
indicate the nature of the hardening produced in aluminum films by using a chromium base or 
by washing with water. The oxide film on aluminum, if present, is very thin and amorphous. 


IRRORS made by evaporating films of 

aluminum on glass are widely used in 
physics and astronomy. It has been claimed 
that such aluminum films are more resistant to 
scratching if deposited on an evaporated chro- 
mium film on glass than if deposited on glass 
directly, and also that the films are hardened if 
washed with water after preparation.' An 
electron diffraction study of these films was 
undertaken in order to determine their structure, 
with particular reference to the hardening effect 
of the chromium base and the treatment with 
water. 

The electron diffraction camera was a modified 
form of the Thomson-Fraser camera,” with a hot 
filament electron source. The accelerating volt- 
ages were 25 to 30 kv. A plate magazine made 
it possible to take five photographs in succession 
without opening the camera. Thus the films, 
which were prepared in the camera, could be 
examined during preparation without exposing 
them to air. 

The technique used in evaporating the films 
followed as closely as possible the methods used 
in the manufacture of aluminum mirrors. A 
piece of glass about 1 cm square was cleaned by 
washing with potassium hydroxide, hydrochloric 
acid, and rinsing with distilled water. When dry 
it was placed in the camera, care being taken to 
avoid contaminating it in handling. Opposite 
the specimen holder were electrical leads to 
which were fastened spirals of 15-mil tungsten 
wire, one containing chromium, the other 
containing aluminum. The camera was evacuated 
and after the pressure had been reduced to 

*Now at Connecticut College, New London, Con- 
necticut. 

1G. B. Sabine, Phys. Rev. 55, 1064 (1939). 


2G. P. Thomson and C. G. Fraser, Proc. Roy. Soc. 
A128, 641 (1930). 


5X10-° mm of Hg or less, the filaments were 
heated by a small current to drive off impurities. 
The filament containing chromium was then 
heated by a current of 15 amperes and the 
chromium evaporated. The progress of the 
evaporation could be watched through a window 
in the apparatus. After the chromium was 
deposited a photograph of the diffraction pattern 
produced by the film was obtained. Aluminum 
was then evaporated on the chromium. Two 
photographs of the diffraction pattern were 
taken, one after a small quantity of aluminum 
had been evaporated, the other after a thick 
film was deposited. The camera was then 
opened and the specimen exposed to air, after 
which another photograph was taken to deter- 
mine whether any change in the diffraction 
pattern could be detected after such exposure. 
Still another record of the diffraction pattern 
produced by the film was made after the film 
had been rinsed with water. 

The diffraction pattern produced by the 
chromium film could be explained completely in 
terms of the body-centered cubic structure of 
chromium as determined by x-rays (a=2.88A). 
In most of the films there was preferred orienta- 
tion, with the (111) plane parallel to the surface 
of the glass. None of the films showed any 
trace of the presence of an oxide of chromium. 
Beeching,* who has also investigated the prop- 
erties of chromium films on glass, found that 
with thin films he obtained a pattern containing 
oxide rings. This may have been because the 
films he studied had been produced by evapora- 
tion at a higher pressure (10-* mm of Hg) than 
in the present case. 

The thick films of aluminum on chromium 


3 R. Beeching, Phil. Mag. 22, 938 (1936). 
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gave the pattern to be expected from the face- 
centered structure of aluminum. No rings were 
present which could be attributed to aluminum 
oxide. The aluminum showed preferred orienta- 
tion on the chromium, with the cube face parallel 
to the surface of the glass. It was noted that 
the distance between adjacent atoms in the (111) 
plane of chromium (v2X2.88=4.07A) was 
almost the same as the distance between alter- 
nate atoms in the cube face of aluminum 
(a=4.04A). It was thought that the orientation 
of the aluminum might be determined by that 
of the chromium. To test this the orientation 
was determined for aluminum evaporated di- 
rectly on glass, and was found to be the same as 
for aluminum on chromium. Apparently the 
relation between the distances is an accidental 
one. 

The orientation of aluminum on _ various 
substrates has been investigated by Dixit‘ and 
Bruck.* They found that the temperature of the 
base seemed to be the most important factor in 
determining which plane was oriented parallel 
to it. Beeching’ found that the direction of 
evaporation was also a factor influencing 
orientation. 

The patterns from the thin layers of aluminum 
were not significantly different from those 
produced by the thick layers. The rings were 
possibly somewhat more diffuse in the case of 
the thinner layers, a fact which might indicate 
smaller crystals. 

The pattern obtained from the aluminum 
films was unchanged after exposure to air and 


after washing with water. Beeching’ has reported 


that he investigated the effect of washing with 
methyl alcohol, which he was told had a harden- 
ing action on a film of aluminum on chromium. 
He found no change in the diffraction pattern 
produced by the film after this treatment. 

Since aluminum at room temperature is 


4K. R. Dixit, Phil. Mag. 16, 1049 (1933). 
§ L. Bruck, Ann. d. Physik 26, 233 (1936). 
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believed to be covered with a protective oxide 
film, the fact that no evidence of the presence of 
any oxide was found in any of the patterns, 
even after exposure to air, is of some interest. 
There have been many attempts to detect this 
oxide film and to study its properties by electron 
diffraction. However, there seems to be little 
agreement as to the structure or thickness of the 
film. Although Dixit,‘ Preston and Bircumshaw,*® 
Belwe,’ Steinheil,? Bound and Richards,’ and 
Yamaguchi!’ have studied reflection specimens 
of aluminum, only Beeching and Yamaguchi 
have obtained patterns which could be at- 
tributed to a form of aluminum oxide. The 
nature of the evidence Beeching found led him 
to the conclusion that the oxide he detected was 
formed when the specimens were evaporated, 
probably because of an oxygen layer on the 
surface of the glass. Yamaguchi, using an 
aluminum block, has found two faint rings which 
he attributed to aluminum oxide. In general the 
evidence would seem to show that the oxide 
film on aluminum is very thin and probably is 
amorphous, since only thus can the general 
absence of oxide rings in the diffraction patterns 
be explained. This conclusion is, however, not 
in agreement with the work of Tronstad and 
Héverstad."' They investigated the thickness oi 
the oxide film on aluminum by an optical 
method and found that the film was 100 to 
150A thick. 

In conclusion, the author wishes to express 
her appreciation to Professor C. C. Murdock 
and Professor R. C. Gibbs for the helpful 
suggestions and criticism received during the 
course of the work. 


6G. D. Preston and L. L. Bircumshaw, Phil. Mag. 20, 
706 (1935). 

7E. Belwe, Zeits. f. Physik 100, 192 (1936). 

8 A. Steinheil, Ann. d. Physik 19, 465 (1934). 
( 939) Bound and D. A. Richards, Proc. Phys. Soc. 51, 256 

1 

1S. Yamaguchi, Inst. Phys. Chem. Res., Tokyo, Sci. 
Papers No. 942, pp. 463-470. 

LL. Tronstad and T. Héverstad, Trans. Faraday Soc. 
30, 362 (1934). 
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The problem of the mechanism of diffusion in metallic copper is discussed from the stand- 
point of the modern theory of metals. Three competing processes are considered in detail, 
namely the mechanism of direct interchange of atoms, the mechanism of interstitial diffusion, 
and the mechanism of vacancy diffusion. The energies of the equilibrium and saddle-point 
configurations for the processes are determined first in an approximation in which the electronic 
charge distribution is assumed to be uniform throughout the lattice, and second in a further 
approximation in which polarization is taken into account by a simple variational method 
based on the one-electron scheme. The results indicate that the vacancy mechanism is strongly 
preferred and yield a value of the activation energy for diffusion in reasonable agreement 
with the observed one. The vacancy process is considered in greater accuracy in a paper by 


Huntington following this. 


I. INTRODUCTION 


HERE are three reasonable mechanisms of 
atomic diffusion in the interior of solids, 
namely diffusion by direct interchange of neigh- 
boring atoms in a perfect lattice, diffusion by 
means of interstitial atoms, and diffusion by 
means of vacancies. The likelihood of each of 
these processes has been examined! most com- 
pletely for ionic crystals since the computational 
techniques for this type of solid are most widely 
known and easiest to apply. As a result of this 
work, it seems to be generally agreed that diffu- 
sion by means of holes is the most probable in 
all ionic crystals in which the ions have rare gas 
configurations and the coordination number is 
high. This includes, for example, the alkali 
halides possessing sodium chloride and cesium 
chloride structures and such divalent salts as 
magnesium oxide. On the other hand, it seems 
likely that interstitial atoms play an important 
role both in crystals of low coordination number, 
such as oxides and sulfides having zincblende 
and wurtzite lattices, and in highly coordinated 
crystals, such as the silver halides, in which the 
metal ion contains a newly closed d shell. A 
large amount of supporting evidence concerning 
the crystals of low coordination number has been 


* Now at Washington University, Saint Louis, Missouri. 
1W. jon and C. Nehlep, Zeits. f. physik. Chemie B32, 
1 (1936). See also the book by W. Jost, Diffusion und 
Chemische Reaktiones in festen Stoffen (J. Steinkopf, 1937). 
N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 
485 (1938). 


obtained by Wagner? and his associates on 
experimental grounds, whereas the evidence for 
salts such as the silver halides is still mainly 
theoretical. 

The purpose of this paper is to examine the 
diffusion mechanism in metals more closely than 
has been done hitherto. Naturally, it would be 
most convenient from the purely theoretical side 
to carry out computations for the alkali metals, 
since their cohesive properties are most fully 
understood. Unfortunately there is not available 
at the present time experimental information on 
diffusion in these metals and it seems unlikely 
that such information will become available in 
the immediate future. For this reason, we have 
decided as a compromise to work with copper, 
in which self-diffusion has been measured by 
radioactive tracer methods.* The theory of 
copper has been investigated extensively by 
Fuchs‘ and the results of his work, which will 
now be described briefly, are summarized in 


TABLE I. Copper data. 


Fuchs Observed 
Cube edge distance 4.2A 3.609A 
Sphere radius re 2.644 
Atomic ionization energy 7.7 ev 
Cohesive energy 33 kg cal./mole 81 kg cal./mole 
Compressibility 0.69 cm?/kg 0.70 X10~* cm*/kg 
cu—ciz 5.10 X10" dy/cm? 5.1 X10" dy/cm* 
cu 8.9 X10" dy/cm? 8.2 X10" dy/cm? 


?C. Wagner, Zeits. f. physik. Chemie B22, 181 ff. (1933). 

3 J. Steigman, W. Shockley, and F. Nix, Phys. Rev. 56, 
13 (1939); B. D. Rollin, Phys. Rev. 55, 231 (1939). 

‘*K. Fuchs, Proc. Roy. Soc. 151, 585 (1935); 153, 622 
(1936); 157, 444 (1936). 
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Table I. It should be mentioned at this point 
that the inherent accuracy of Fuchs’ computa- 
tions for copper is considerably less than that 
for lithium and sodium. It seemed worthwhile to 
proceed with copper in spite of this fact, for, 
as will be shown, the results in which we are 
particularly interested turn out to be relatively 
insensitive to the weaker points of Fuchs’ work. 

Fuchs determined approximate wave func- 
tions for copper by the cellular method and con- 
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Fic. 1. Comparison of the two alternative curves for the 


closed-shell repulsive force, (1) the displaced Fuchs model 
and (2) the exponential force law. The equilibrium distance 
of nearest neighbors is 4.77 ao. 


cluded that the electrons are very nearly free, 
as in sodium. We shall accept this approximate 
result as a basic assumption in deriving the 
Fermi energy, exchange energy and correlation 
energy for the metal. In this approximation, the 
electronic energy of the valence electrons in the 
metal is® 


h? 2.21 


2m Tie 
e 0.458e? 0.288e? 
+2 f —av-——-—) 
Tia ls r+5.1lao 


5 See for example, The Modern Theory of Solids, Chapter 
X (McGraw-Hill Book Company, 1940). 
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in which N is the number of unit cells in the 
lattice, r, is the radius of the sphere whose volume 
is equal to that of the unit cell, €o is the energy 
of the lowest electron in the field of the nearest 
ion core, and p(r)is the valence electron charge 
distribution function. The terms in the right- 
hand side of Eq. (1) have the following interpre- 
tation. The first is the combined potential and 
kinetic energy of the lowest energy electron, 
exclusive of its potential energy of interaction 
with other valence electrons and with ions other 
than that in the unit cell in which it is tem- 
porarily located. These two energy terms are 
given, respectively, by the third and fourth 
terms in (1), the integration in the fourth being 
over a single cell and the sum extending over all 
ions in the lattice except that in the given cell. 
The integration in the third term extends over 
the entire crystal. The second term in (1) is the 
mean kinetic energy of all electrons relative to 
the kinetic energy of the lowest, and is the same 
as the expression for the mean kinetic energy of a 
set of perfectly free electrons in a Fermi distribu- 
tion. If the effective electron mass were not unity, 
as Fuchs’ work indicates to be nearly the case, 
the m in the denominator would be replaced by 
the effective electron mass m*. The fifth term 
in the expression is the mean exchange energy of 
one of the valence electrons and the last is the 
correlation energy. 

Fuchs computed the ion-ion repulsive inter- 
action with the aid of an interaction potential 
derived by a modified Fermi-Thomas method. 
We shall call this interaction the “Fuchs po- 
tential’ in the following discussion. Now the 
ion-ion interaction is of fundamental importance 
for determining the elastic constants in a metal 
of the type of copper, so that the merits of a 
particular interaction can be evaluated by ex- 
amining the elastic constants computed with it. 
Fuchs found that his interaction gave excellent 
results for the theoretical equilibrium spacing of 
the lattice, which, unfortunately, is about 17 
percent larger than the actual spacing (Table I). 
We may conclude from this that his potential is 
too large at the actual spacing. 

As a result of this difficulty it was decided to 
use two alternative ion-ion interaction functions. 
One of these was a curve derived from Fuchs’ 
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percent, and the other was a two-parameter 
exponential function of the type used by Born 
and Mayer‘ in their treatment of ionic crystals, 
where the parameters were chosen to yield the 
best least square determination of the three 
elastic constants. If the Born-Mayer function 
is taken in the form Ae~“/”), the best values of 
A and p are A=5.64 Rydberg units per ion pair 
and p=0.284A. As may be seen from Fig. 1, 
the two types of curve differ appreciably. It 
was hoped that by considering both a good idea 
could be obtained of the importance of the ion- 
ion interaction in two rather extreme cases. 
Actually we have every reason to expect that 
the Born-Mayer type of curve is the more ac- 
curate of the two for, not only does it yield 
reasonable results in the case of ionic crystals, 
but in addition, it would lead to a compressibility 
that would steadily decrease as the crystal is 
compressed, whereas the displaced Fuchs curve 
would lead to a compressibility nearly inde- 
pendent of the volume in the neighborhood of 
the equilibrium spacing, in contradiction with 
experiment. 

In addition to the exchange repulsion energy 
between ions, we are interested in the van der 
Waals attraction between ions. This has been 
discussed by Mayer and Levy’ in connection 
with computations of the stability of the copper 
halides. They employed a function of the form 


4.1X10-®/r® erg 


for the van der Waals energy of two copper ions, 
r being the distance of separation in cm. The 
contributions arising from this term are prac- 
tically negligible compared with other quantities 
for the values of ry with which we shall be 
concerned. 

We shall now proceed with the computation 
of the activation energy for the three diffusion 
processes described above. In each of the cases 
this activation energy may be divided into two 
parts, namely, (1) the energy required to form 
the lattice defect in an equilibrium state, and 
(2) the additional activation energy required 


6 M. Born and J. E. Mayer, Zeits. f. Physik 75, 1 (1932) 


et seq. 
abe Mayer and R. B. Levy, J. Chem. Phys. 1, 647 


to pass from one equilibrium position to another. 
The first of these is of course zero for the mecha- 
nism of direct atomic interchange. As we shall 
see, the two energies may be evaluated individu- 
ally in two successive stages of approximation, 
namely, a first approximation in which the elec- 
tronic charge distribution is regarded as uniform 
throughout the crystal, and a later approxima- 
tion in which the redistribution of charge in the 
immediate neighborhood of the diffusing atom 
is taken into account. Steigman, Shockley, and 
Nix give 2.6 ev as the experimental value for the 
activation energy for self-diffusion in copper. 


II. ACTIVATION ENERGIES IN APPROXIMATION 
IN WHICH ELECTRONIC REDISTRIBUTION 
ABOUT DIFFUSING ATOMS IS NEGLECTED 


The equilibrium and saddle-point configura- 
tions for the three types of diffusion to be con- 
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Fic. 2. Configurations involved in the various mecha- 
nisms for diffusion. @ denotes an atom at an ordinary 
lattice site. * denotes an interstitial atom. 0 denotes a 
vacancy. Small arrows indicate displacements under the 
influence of the closed-shell repulsive force. Configuration 
A shows the plane of interchange (100). Atoms in planes 
directly above and below are indicated by ®. 


sidered are shown in Fig. 2. In the case of direct 
interchange, the equilibrium configuration is, 
of course, that for the perfect lattice, whereas 
the saddle-point configuration is shown in 
Fig. 2A. In this arrangement two nearest neigh- 
bors, namely those indicated by squares at the 
face-center positions, have rotated through 90° 
about a (100) axis bisecting perpendicularly 
their line of centers. The spacing of these neigh- 
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bors will of course change in general during the 
process. Figure 2B shows the probable equilib- 
rium position for the interstitial atom at the 
center of the unit cube, whereas Fig. 2C shows 
the saddle-point configuration in which the 
interstitial atom and one of its six nearest 
neighbors have become symmetrically disposed 
relative to one of the cube faces. The neighboring 
atoms are shifted from normal sites in both of 
these cases in the manner suggested by the 
arrows. It evidently-is not clear at this stage of 
our reasoning which of the two configurations 
has the lower energy, but subsequent work will 
show that the assignment probably is as given. 
Figure 2D shows the equilibrium vacancy con- 
figuration whereas E shows the transition con- 
figuration during diffusion. 
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1. Direct Interchange 


For investigation of the saddle-point for 
direct interchange, consider the two diffusing 
ions to be taken from their equilibrium positions 
and placed near adjoining ‘‘interstitial sites,” 
i.e., body centers and edge centers. If we desig- 
nate their distance from the respective neighbor- 
ing interstitial sites by v2\a/2, where X is a 
parameter and a is half the cube-edge distance, 
their mutual distance of separation is (1 — 2A) v2a. 
Similarly, we shall designate the distance by 
which the nearest neighbors in the plane of 
motion move in the (100)-type directions by 
ywa/2, and shall designate the displacement 
vectors of neighbors to the interstitial sites lying 
in other planes by (va/2, 0,0), etc. The total 
change in repulsive energy is then given by 


v2a a a 


v2a a a 


where R(x) is the energy of repulsion per ion 
pair at an interatomic distance x. When the 
two diffusing atoms are taken from their equi- 
librium positions, 23 repulsive contacts are 
broken since these atoms had one contact in 
common. The first three terms in Eq. (2) repre- 
sent the new contacts established in this con- 
figuration. Each of the four atoms in the plane 
in which the interchanging atoms move, which 
are displaced by an amount determined by the u 
parameter, alters its contacts with other atoms 
behind it. These changes account for the coeffi- 
cient 16 in the sixth term. The situation for the 
atoms whose displacements are determined by 
the v parameter is similar. By evaluating this 
expression numerically for suitable ranges of the 
parameters the minimum value was determined. 
Since the interesting ranges of the parameters 
turn out to be small, it was found permissible 
to disregard all but the linear terms in the ex- 
pansion of the arguments of the functions. 


a v2a 
(2) 


With the use of the exponential repulsive 
curve, it was found that the energy minimum 
occurred at about 6.2 ev for \=0.11, »=0.2, and 
v=0.08. The displaced-Fuchs type of repulsive 
function, on the other hand, leads to meaning- 
less results in the present case because of the fact 
that it varies comparatively slowly with inter- 
ionic distance, as we remarked in the previous 
section. 

In addition to the energy arising from ion- 
ion repulsion, it is also necessary to take into 
account the change in electrostatic energy re- 
sulting from the motion of the ions through the 
electron cloud. Assuming that the electronic 
cloud remains uniform, we found that the elec- 
trostatic energy increased by more than 11 ev 
in going from the normal to the saddle-point 
configuration. This gain would be diminished 
somewhat by including the effect of polarization 
of the valence electron distribution, perhaps to a 
third or half of its original value. 
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2. Interstitial Configurations 


In order to find the energy required to form 
an interstitial atom under the assumption that 
the electron distribution remains neutral, it is 
necessary to consider the situation in which an 
ion is taken from the surface and placed in an 
interstitial site and the electronic charge which 
previously surrounded the ion is distributed in a 
thin, uniform layer throughout the crystal. 
Consider the change in kinetic and electrostatic 
energy of the system. If we regard the lattice 
from the standpoint of the “‘s sphere approxima- 
tion,’’> we see that the interstitial ion is very 
near to the peripheries of the s spheres of the 
surrounding atoms, so that its net electrostatic 
interaction with the electrons and remaining 
ions lattice is small. Thus the increase in electro- 
static energy may be obtained in first approxi- 
mation by considering the remaining system 
alone. Each of the electrons is still in the electro- 
static field of an ion, so that there is no change in 
€o [see Eq. (1) ]. On the other hand, the electron 
gas is compressed, so that the other terms are 
altered. The changes in Fermi, exchange, and 
correlation energies may easily be derived by 
noting that the effective sphere radius is changed 
from r, to 7.(1—1/3N). Similarly, the change in 
the electrostatic self-energy of the electrons may 
be derived by noting that the new electron 
density is (1+1/N) and that it extends over 
N-—1 cells instead of N. Hence the total change 
in electrostatic energy is 


2 2.21 1 0.458e? 0.288r,e? 


3 7,2 2m 3 Ve 3(r.+5.1)? 


2 


Ti2 


For the uniform electron distribution, the self- 
energy of the electrons in a cell is 0.6¢e?/7r,. 
Taking 7, equal to 2.64 ao for copper, we obtain 
7.34 ev for (3). 

A value of this energy could also be obtained 
from experiment by considering a process in 
which an atom is evaporated from the surface, 
ionized, and the electron is replaced in the metal 
at the top of the Fermi band. If the dipole layer 
at the surface of the metal is small, the net 
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energy required should be nearly equal to (3), 
since the isolated ion at infinity, like the inter- 
stitial ion in the present approximation, would 
not interact electrostatically with the rest of the 
metal. A computation of this energy, based on 
the measured quantities leads to a value of 
7.19 ev, in remarkably close agreement with the 
foregoing value. Since it is reasonable to suppose 
that the surface dipole moment of pure copper 
is not larger than 1 ev, this agreement suggests 
that the free electron approximation is reliable. 

The nearest neighbors of the interstitial ion 
will retreat from it under the influence of the 
short-range repulsive forces discussed in Section 
1. This motion will, of course, influence the 
electrostatic energy of the interstitial ion, but 
it seems unwise to compute this effect at present 
since it should be considered along with the 
energy resulting from polarization of the elec- 
tron cloud by the ion. The change in the short- 
range energy may be evaluated approximately 
as follows. In taking an ion from the surface and 
placing it at an interstitial site, six surface 
repulsive bonds at the ordinary interatomic 
distance (v2a/2) are broken and six new re- 
pulsive bonds are formed at a distance (1+A)a/2. 
If the six neighbors remained at their normal 
sites, the parameter \ evidently would vanish. 
If we neglect the displacements of next nearest 
neighbors, the change in repulsive energy can 
then be written 


a v2a 
AE m= 4 


a v2a 
(4) 


in analogy with (2). This has a minimum of 5.5 
ev at \=0.2 for the exponential repulsive func- 
tion and a minimum of 3.85 ev at \=0.1 for the 
displaced Fuchs repulsion. Addition of the 
7.34-ev term derived from Eq. (3) leads, re- 
spectively, to values of 12.84 ev and 11.19 ev 
for the energy of configuration B (Fig. 2) in the 
present approximation. 

Using the repulsive force, we have estimated 
that the additional repulsive energy required to 
go from the B configuration to the C configura- 
tion is about 0.5 ev. 
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TABLE II. Ion-core contributions for ‘“E” configuration. 


Exponential Displaced Fuchs 
Broken repulsive contacts —0.69 ev —1.65 ev 
Energy of mutual neighbors 0.51 ev 1.59 ev 
Energy of 14 other neighbors —0.19 ev —0.40 ev 
—0.37 ev —0.46 ev 
Value for \-parameter 0.125 0 


3. Vacancy Configuration 


In the vacancy case, those terms which ap- 
peared in Section 2 as a result of compressing 
the electron gas now appear with reversed sign 
since the electron gas expands by an amount 
equal to the volume of a single cell when an ion 
is taken from an interior site and placed on the 
surface. However, this gain of 7.34 ev [see Eq. 
(3)] is counterbalanced by the fact that in the 
present approximation the vacancy is occupied 
uniformly by an electronic cloud uncompensated 
by a positive charge. Thus in the sphere ap- 
proximation this electron distribution has an 
energy equal to —é€, the energy of the lowest 
electron in the filled band. One may estimate 
—é€o from the sum of the ionization energy, the 
heat of sublimation, and the mean Fermi energy 
to be about 15.5 ev. As a result, the increase of 
electron energy needed to form a hole can be 
taken as 8.2 ev for a basis of comparison at this 
stage. 

The change in repulsive energy may be com- 
puted next following the same general procedure. 
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For the simple vacancy distribution D, the 
number of ordinary repulsions will be decreased 
by 6 in taking the ion to the surface, but a fur- 
ther decrease results from the motion of the 
atoms neighboring the vacancy toward it. This 
change is 


v2a v2a 
AE rey = | +48R| 


v2a v2a 
+24R| -»)| |, (5) 


in which the displacement of nearest neighbors 
is given by Av2a/2. The decrease is about 0.4 ev 
for the exponential repulsion with \=0.025 and 
about 1.0 ev for the displaced Fuchs function 
with \=0.038. 

The configuration E of Fig. 2 is the saddle- 
point arrangement for the process since its energy 
is higher than that of the configuration just dis- 
cussed. In the new arrangement, two ions are 
taken from adjacent positions in the interior 
and one is placed at the surface with a net 
decrease of 17 repulsions (12+11—6). Next, the 
other ion is placed at the center of the rectangle 


formed by the four ions that are mutually 


adjacent to both vacancies. These ions retreat, 
as a result, and the displacement vectors may 
be represented in the form (Aa/2, d\a/4, da/4). 
The part of the change in repulsive energy aris- 
ing from the variation in J is 


a a v2a 


in which terms in \? have been omitted in the 
expansion of the arguments. Using the exponen- 
tial repulsion function we obtained a net energy 
increase of 0.51 ev relative to the normal lattice 
for \=0.125, whereas the increase was 1.59 ev 
for 40 when the displaced Fuchs function 
was used. Now each of the two “half vacancies” 
in the E configuration have seven neighbors 
whose environment is indirectly affected as a 


result of the presence of the vacancies. For an 
order of magnitude estimate, their change in 
energy was taken to be the same as the decrease 
found in the case of Fig. 2D for the neighbors 
of the simple vacancy. Adding together the three 
results (see Table II), we obtain as the repulsive 
energy for the E configuration —0.37 ev when 
the exponential curve is used and —0.48 ev 
when the displaced Fuchs curve is employed. 
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III. COMPUTATION OF THE ELECTRONIC REDIS- 
TRIBUTION BY A VARIATIONAL SCHEME 


An easy method for estimating the lowering 
of the energy which results from electronic 
redistribution is a variational procedure based 
on the use of one-electron functions of the form 


¥e(1+f(r)). (7) 


The y% are the normalized, free-electron func- 
tions V~!exp [2mik-r], for the case in which 
the charge is uniformly distributed, and f(r) is 
a function equal practically to zero everywhere 
except in the immediate vicinity of the inter- 
stitial atom or vacancy, where its value is to be 
determined by variation. We shall assume that 
it is radially symmetric about the lattice defect. 
The functions (7) may be readily normalized 
by the use of the condition 


f (8) 


in which the integration extends over the entire 
lattice and V is the volume of the lattice. The 
function f is not exactly zero at large distances, 
because the redistribution affects the density of 
electronic charge infinitesimally throughout the 


The total energy of the system is then® 


crystal. It is convenient to introduce at this 
point for later use a function, g(r), which is 
exactly zero except in the neighborhood of 
the lattice defect and is defined by setting 
(N/V)[1+2¢(r)] equal to the electronic density 
in the lattice. The density can also be expressed 
in terms of f(r), as 


N+1 
+f(r) }. (9) 


The plus or minus sign applies according to 
whether we are dealing with an interstitial or 
vacancy defect respectively. It follows that 


g(r) =(2f(r) + P(r) 1/N. (10) 


The functions (7) are not, however, mutually 
orthogonal and therein lies the chief weakness 
of the present method. It is simple only if the 
functions are treated as though they were 
orthogonal. Fortunately the results obtained 
here by assuming orthogonality are in reasonable 
agreement with those obtained by a more exact 
procedure employed in the following paper. 
This indicates that the lack of orthogonality 
does not prevent the method from giving sensible 
answers to problems concerning energy. 


(1+ f(rs)) |? 


e2 
+} 2 Valra) +E-+E-+E,, (11) 
@, Tag 


in which E, and E, are the total exchange and correlation energies for the electrons and E, is the 
ion-ion repulsive energy. The third term is the mutual electrostatic interaction of the ions of the 
lattice, and the fourth term gives their interaction with the lattice defect. The energy parameter ¢,’ 
is the mean value of the Hamiltonian for the kth electron wave function, 


f +fav. (12) 


For this problem the Hartree Hamiltonian operator for the system of wave functions (7) becomes 


1 1 3 
ni, 


(13) 


h2 
H=——A+Vilr)+V, 2 
i(r) + +e f 


8 See, for example, reference 5, Chapter VI. 
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in which V,(r) is the potential of the lattice for a uniform charge distribution, V(r) is the radial 
symmetric potential of the lattice defect, either interstitial atom or vacancy, and finally the term 
in braces is the difference in potential resulting from redistribution. 

Now we can write 


k k 2m 


Wee (re) |2(2f(r2) + f7( 2)) 


The summand in the first term of this expression can be transformed to 
h? h?a 

m m 


h2 
f ¥*.(1+f) grad faV. (15) 
m 


The first term in (15) is evidently equal to «,, the energy parameter for the uniform distribution, 
whereas the third term is 


1 h? 
f 2rik-grad 
Vm 


which vanishes when summed over the range of k values occurring in a uniformly filled band. Hence 
the sum of terms arising from (15) becomes as a result of the plane-wave character of the ¥;, 


f f (4 V (16) 
k ws 2m V V 


The second term in (14) may be expanded to give 


292 


N? 2 2 2 N 2 2 2 
f + f(r ) F(r2) +f? (r2) 
V2 12 V2 


vif dV». (17) 


Ti2 


If the second term in (11) is expanded in a similar way and added to (17), we obtain 
N? g(r2) | 
Ti2 


The quantities involving 1/N which appeared in the last term can be easily shown to be negligible. 
Combining all these results, we find 


Er= {x S- —dV\dV2+} “+E, +E.+E, Vara) 


a, B Tap 


Ti2 


dial 


erm 


(14) 


(15) 


ion, 


once 


(16) 


(17) 


(18) 


ble. 


(19) 
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If we assume that E, and E, are changed by relatively small amounts during the redistribution of 
charge, the expression in brackets gives the energy of the lattice before redistribution, except for 
terms involving the potential of the lattice defect. 


1. The Interstitial Case 


From the terms in (19) not in the bracket one can set aside 
N 
Vara) fvav. (20) 


They represent the interaction of the interstitial atom with the lattice in the state of uniform elec- 
tronic distribution. We have previously shown by the s sphere argument that this quantity is small. 
The remaining terms in (19) give then the lowering of the energy with the polarization of the elec- 
tronic charge. 

By an application of Green’s theorem, 


(21) 
we can express this polarization energy in the form 
N h? N? 
fo+n/ fd v+—e f (22) 


Though the integration indicated in the first term is over the whole lattice, it can be shown that the 
only non-negligible contribution arises from the region in the vicinity of the interstitial atom. A 
convenient estimate of the size of this term can be made by taking f(r) to be the eigenfunction of the 
valence electron in a free copper atom, and, with this choice, the energy becomes 


f (23) 


N 
cov f 

V rie 
in which — ¢c, is the ionization energy of copper, namely 7.7 ev. For the limited region of integration, 
indicated by dv, (2f+f*) is equivalent to g. It is obviously necessary to assume that the interstitial 
ion polarizes the electronic charge distribution by one electronic unit since this is just sufficient to 
neutralize its charge at large distances. This means that (V/V) /g(r)dv=1. If the second integral of 
(22) is evaluated for the copper functions with the use of the same normalization for g(r), it is found 
to have the value 5.0 ev. Thus the polarization energy is found to be about 2.5 ev in the present 
approximation. This indicates that the polarization energy is not sufficient to reduce the 13 ev of 
activation energy computed in the previous section for the unpolarized system to a value comparable 
with the observed value of 2.6 ev. As a result we may conclude that the interstitial mechanism is 
highly improbable in copper. 


2. The Vacancy Case 


We can make use of Eq. (19) also in computing the energy needed to form a vacancy. That part of 
the energy of the lattice before redistribution, which is represented by the expression in the brackets, 
excluding E,, has already been discussed at length and shown to lie 7.34 ev below E,, the energy of a 
normal lattice containing the same number of copper ions. 
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TABLE III. Summary of results. 


Direct Interstitial Vacancy Direct Interstitial Vacancy 
Interchange A B G D E Interchange A B Cc D E 
Electronic energy Total energy 
in uniform (Fuchs) ev A ev 
distribution ll ev 7.34 ev 8.2 ev Repulsive energy 
After polarization ~4 ev 1.4 ev (exponential) 6.6 ev 5.5 ev 6ev — dev —37 ev 
Repulsive energy 
Fuchs) 3.85 ev -10ev —.46 ev Total energy 
(exponential) over 8 ev ~O5 ev 1.0 ev 


The first term which follows the bracket in (19) gives the electrostatic, ion-ion interactions which 
must be subtracted when a vacancy is formed. According to the sphere approximation this is equiva- 
lent to 


N 
f (1+g.) Vad V, (24) 


in which g, is a ‘“‘step function”’ which is zero everywhere but in the vacant cell where it has the value 
minus one, and V, is no longer the potential field of a copper ion, as it was in the case of the inter- 
stitial defect, but this field with a reversed sign, since the defect is now a vacancy. In the next term 
one may replace (2f+/?) by g. The combination of these two terms gives then 


N 
(25) 


The total energy can now be expressed, 


N 
Er=E,—7.34 Valr)dV 


N? e? g(r) h? N 
f g(r) f dV,dV.+— — f lgrad (26) 
v22 re 2m V 


We evaluated the last three terms with the use of the function 


flr) r<1/a (27) 
r)= 
0 r>1/a, 
in which a*=2/5r,’, and obtained the result 
0.12e2 75\' 0.53e? 
+—(-) (28) 
2m\2/7 rs 


The first term was evaluated by determining the potential arising from the distribution (N/V)e?(g—g.) 
and assuming that the ionic charge is localized within the region near the origin where this potential 
is nearly constant. Numerical evaluation of (28) gives E,—E,=1.9 ev +AE,. This result is not very 
sensitive to the analytic form chosen for (27). A function which avoids the discontinuity in derivative 
is a Gauss error function, 

f(r) = (29) 


in which normalization determines d to be 0.775 r,. The corresponding energy needed to form a va- 


cancy turns out to be 1.4 ev. 
These results, like those found in the interstitial case, do not include the change in exchange and 


correlation energies that occurs in polarizing the distribution, nor does it include the change in ion 
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repulsion. The former will be discussed in detail in the paper by Huntington, whereas the latter was 
found in the preceding section to be —0.4 ev when the exponential-type function was used for the 
equilibrium configuration. The variational procedure then indicates about 1.0 ev as the complete 
energy needed to form a vacancy. For the saddle-point configuration, the change in the repulsive 
energy, when the exponential function is used, is found nearly the same, —0.37 ev, but the polariza- 
tion of the electronic distribution is far less effective in lowering the energy for this configuration 
because of the more complicated density modulation that is involved. 


IV. CONCLUSION 


The results of these computations are summarized in Table III, and seem to show beyond a 
reasonable doubt that the vacancy mechanism of diffusion is greatly preferred over the other two 
types considered here for copper. A more careful treatment of the vacancy case, presented in the 
paper by Huntington, supports this conclusion further. 
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Self-Consistent Treatment of the Vacancy Mechanism for Metallic Diffusion* 


H. B. Huntincront 
Randal Morgan Laboratory of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 


(Received December 6, 1941) 


Previous calculations have indicated the predominance of the vacancy mechanism in 
metallic self-diffusion. Here a more detailed calculation of the energy needed to form a vacancy 
has been carried out. A self-consistent solution to the Hartree-Fock equation was used with 
a free-electron model corresponding to the copper lattice. The result agreed essentially with 
the value predicted by Huntington and Seitz. In addition a rough upper limit was established 
for the energy required to move a vacancy. This value compares satisfactorily with the observed 
energy of activation for copper self-diffusion. The anisotropy recently observed in zinc self- 
diffusion can also be qualitatively explained to some extent on the basis of a vacancy process. 
In the case of the alkali metals present considerations are insufficient to decide between the 
interstitial and vacancy mechanisms. 


INTRODUCTION comings. In the first place, the wave functions 
used in the variational procedure were not a 
mutually orthogonal set, though the simplified 
treatment there employed necessarily used them 
as though they were. Secondly, no account was 
taken of the change in the exchange potential 
which must accompany any modulation of the 
electron distribution. Therefore it was decided to 
undertake a self-consistent solution of the prob- 
lem in the Hartree-Fock approximation. 


ATTICE vacancies are physically important 

in metallic diffusion. In the preceding paper' 

by Huntington and Seitz we investigated three 
possible mechanisms which might be responsible 
for diffusion in a typical metal, copper. Energetic 
considerations indicated definitely that vacancy 
diffusion plays the dominant role, as against 
interstitial diffusion and diffusion by direct inter- 
change. The calculation for the energy needed to 


form a vacancy had, however, two short- L SELF-CONSISTENT SOLUTION FOR THE 


VACANCY PROBLEM 
* Part of a Dissertation presented to Princeton Uni- 


versity for the degree of Doctor of Philosophy. 1. Potential Field near the Vacancy 
t Now at Washington University, Saint Louis, Missouri. 
' Frederick Seitz and H. B. Huntington, Phys. Rev. 61, To handle the problem at all it was necessary 


315 (1942); preceding paper. Equations, figures, and tables ; 
of this paper will be dadanated by porn | references. to use throughout the free-electron model with 
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TABLE I. Wave function formulae. 
For r large For r small Density at small r 
Uniform sin (kr) (kr)? | 
distribu- kr 6 3 15 
n 
p sin (kr)—kr cos (kr) kr (br)? | 
(kr)? 3 10 45 
Barrier sin (kr—as) sin (kR—as) sinh (Kr) m [K sin (RR—as) ]? 
distribu- kr sinh (KR)kr [ sinh (KR) ] 
P d sin (kr—ap) sin (kR—ap) x Kr cosh (Kr) —sinh (Kr) Kkr sin (kRR—ap) ik 
dr kr sinh (KR) (Kr)? 0 3 sinh (KR) ] 


uniform distribution to represent the original 
state of the copper lattice. Any lattice defect, 
such as a vacancy at a lattice site, would bring 
about a disturbance in the electron distribution, 
which would nearly possess spherical symmetry. 
The solution to the problem is then most simply 
expressed in a series of spherical harmonics which 
reduce at large distances to the well-known ex- 
pansion of plane waves. Since the vacancy cell is 
a region of high potential, the electronic density 
is there necessarily reduced. The situation is 
closely analogous toa scattering problem in which 
electrons of various energies impinge from every 
direction upon a spherical barrier. 

The form of this potential barrier is, to some 
extent, dependent upon the assumption made in 
setting up the problem. Since one wishes the 
solutions to reduce to plane waves at large 
distances, it is not practical to use the actual 
lattice potential, but rather to replace it every- 
where by a constant value. The withdrawal of an 
ion to form a vacancy involves the introduction 
of a potential peak — V(r), where V(r) is the 
potential field of the ion, upon the uniform 
potential plane. As a consequence our potential 
field near the vacancy goes infinite as r-0, in 
contradiction to what one knows must be the 
case. This error is unimportant, however, because 
the region concerned is small and because it is the 
very region in which the uniform-distribution 
model breaks down. Since this potential infinity 
had no physical meaning, it was a great help in 
the work of numerical solution to consider the 
potential as being flat from r=0.8a» into r=0. 

Besides the potential — V(r) of the missing, or 
pseudo-‘‘negative,”’ ion at the vacancy site, there 
is also an electrostatic contribution from the 
electronic charge displaced from this region. This 


displaced charge is assumed equivalent to one 
electron, so that the vacancy region may be 
neutral at large distances. 


2. Exchange Potential 


In addition to these electrostatic forces some 
account was taken of the change in the ‘‘exchange 
potential”’ in the neighborhood of the vacancy as 
a result of the decrease in the electronic distri- 
bution. In general such an “exchange potential,” 
A,(x), is written 


k’ 
e DO xe 
A = dV. 
f 


and so varies with k. The x, are the wave func- 
tions of the metal. The summation over k’ in- 
cludes all the electrons of both spins. The use of 
such a set of A, in solving for the self-consistent 
xx would lead to non-orthogonal functions. To 
avoid this it was decided to replace the A;(x) by 
a suitable average over k, A(x). The procedure 
for averaging is determined only to the extent 
that A(x) must reduce to 0.916e/r, for plane 
wave functions, the eigenvalue for the exchange 
operator in that representation. Therefore in the 
interest of simplicity the following average was 
chosen, 


(1) 


p(x, x1)? 
A(x) “p(x, x) 
2 lr—ri| 


(2) 
where 
k 
p(x1, X2) = x (%2). 


The problem of finding the exchange potential 
in the neighborhood of the vacancy is, to some 
extent, the radial analogue of the one-dimensional 


ne 


al 
1e 
al 
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problem of the metal surface, which Bardeen? 
investigated when studying the influence of the 
double layer on the work function. (Bardeen used 
the A;(x) as he was concerned with the electronic 
densities rather than energies.) Since the problem 
involves spherical symmetry, it was convenient 
to expand the plane waves into spherical 
harmonics: 


Here the j,(x) are the spherical Bessel functions* 
and the P, are the Legendre polynomials. It soon 
became evident that only the S, P, and D parts of 
the wave (i.e., »=0, 1, 2) would be appreciably 
affected by the disturbing potential at the 
vacancy. 

It is to be emphasized that the exchange 
contributions to this disturbing potential are the 
differences between the exchange potentials for 
the vacancy wave functions and those for the 
free electrons. Moreover, the exchange contri- 
bution is different for each harmonic. To see this 
one expands the vacancy wave functions also into 
spherical harmonics: 


S(kr)+3iP(kr)Pi(cos 0) 
—5D(kr)P2(cos @)+etc. (4) 


Then As and Ap, the respective exchange po- 
tentials for the S and P parts, are evaluated from 
the expressions: 


e S*(kr)S(kri)p(x, x1) 
—dV,dV,, 


|r—ri| 


(5) 
e P*(kr)P(kri)p(x, x1) 
SJ 


2 lr —r;| 

where the summation over k& states has been 
replaced by integration, not only as shown 
explicitly but also implicitly in the expression for 
p(x, x1). The k-volume element is (27)*2k*dkdw,, 


2 J. Bardeen, Phys. Rev. 49, 653 (1936). 
: P. Morse’s Vibration and Sound, pp. 246, 335. 


where & is integrated from 0 to k,,=1.92r,, and 
dw, is the solid angle in k-space. (The factor 2 is 
supplied by summation over spins.) This choice 
insures the normalization of electron density to 
unity over the unit cell. 

Because of the complications involved, a gen- 
eral evaluation of the A’s is very difficult. Instead 
one can expand about the center of the vacancy 
in powers of r (henceforth called €) and investi- 
gate the size and curvature of Ax and the size of 
Ap, at this point. Since this point will give the 
largest values of the differences between vacancy 
and free-electron exchange potentials, a reason- 
able estimate can be deduced for the behavior 


Square Barrick & S-Wave Functions 
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Fic. 1. (a) Comparison of S(r) for a square barrier with 
corresponding plane wave, jo(kr), for the free electron. The 
square-cut barrier is superimposed. (b) The exchange po- 
tentials for the harmonics in the neighborhood of the 
vacancy center. The upper full lines are for the free- 
electron functions, the lower full lines for the solutions of 
the square barrier, and the dotted lines for the self- 
consistent solutions. 


throughout of this contribution to the disturbing 
potential. The factor | «—7,|~! can be replaced by 
its expansion in harmonics: 


1/e for 


All three of the integrations over solid angle can 
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now be carried out, with the help of the relation, 


f P,,(cos 6)P,(cos 6’)dw 


=4n(2n+1)P(cos (7) 


where @ and 6’ are referred to poles which make 
an angle of @”’ with each other. By considering no 
terms of higher order than é, i.e. no D terms, one 
obtains the following expressions for the A’s: 


| 7) |? 
He dell 
(«, 


r)P(e, r)+-- 
r 


2e | P(e, |? 
P(e, €)-Ap(e) =— 
(«, 6) 


rar. 


Here S(x,y) is an abbreviation for /('"S(kx) 
X S(ky)k*dk and similarly for P(x, y). 

If we consider first the A’s for the free-electron 
distribution, then S(kr) =jo(kr) = (sin kr) /kr and 
P(kr) =j:(kr) = (sin kr —kr cos kr) /(kr)*. All inte- 
grations over k and r can be performed exactly 
and give: 


km! SRm®e? 
f | S(e, | °rdr =——— 
0 4 


36 
662 


Ple,r = — 
(6.7) 


(9) 


f "Ste, r) P(e, r)dr=ky%e/54. 
0 


Solving for the Ags(e) and the Ap(e) we obtain 
[see Fig. 1b] 


Sekmf  2(Rme)? 
A s(e)=— 1+ | 
2r Ll 135 
(10) 
3ekm 25 
p(e) =——_ —. 
27 
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The constant free-electron exchange, 0.916¢/7,, 
is given by 3ek,,/2m2. Moreover, if we take the 
weighted sum S(e, 6€)As+3P(e, €)Ap, the terms 
quadratic in ¢ drop out, as one would expect, 
since A is a constant for free electrons. 

To obtain values for the exchange potential 
with vacancy distribution, one must make some 
choice of starting functions from which to work 
towards self-consistency. It was decided to repre- 
sent the potential in the neighborhood of the 
vacancy by a square-wall barrier in the first 
approximation with height H for r<R and zero 
elsewhere. For this case the wave solutions can be 
found immediately by fitting at the barrier wall. 
In Table I are compiled the analytic expressions 
for the S and P functions of both uniform and 
square-barrier distributions inside and outside 
the barrier. The respective contribution of each 
function to the density at the origin is also given. 
The as and the ap are the phase shifts which 
appear in the vacancy wave functions as a result 
of the repulsive potential. For the S waves the 
as are given exactly as a function of k by 


cot (kr—as) =(K/k) coth KR, (11) 


where }(K?+8*) in atomic units is equal to H. 
Expressions for ap and ap proved to be more 
complex, but could be closely approximated by 


tan ap=(2/45)kR°H sin? kR, 


and 
tan ap = (2/1575)k*R®H sin? kR. 


(12) 


The greater sensitiveness of the higher harmonics 
to the extent of the potential barrier is shown by 
the presence of the R?"*! factor. On the other 
hand the height of the barrier appears only to the 
first power in each expression for the wave shifts. 
An actual barrier was next chosen with R equal 
tor, and H equal to 3k,,”, since this seemed about 
the size needed to displace one electron from the 
region of the vacancy. A comparison between a 
square-barrier function S(kr) and the corre- 
sponding jo(kr) of the uniform distribution is 
shown by way of illustration in Fig. 1(a). The 
square-barrier potential has been schematically 
superimposed. 

The integrations over k, indicated in the ex- 
pressions for S(x,y) and P(x, y), were next 
approximated by summing appropriately over 
five evenly spaced values of k. Then the inte- 
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S 


2. 


DISPLACED CHARGE 


AND POTENTIALS 


Fic. 2. The electrostatic potential for the first integration is shown here; also 
the potential used for the S functions formed by adding AAs. The distribution 
of the displaced charge for the S and P functions are superimposed for comparison. 


grations over r were carried out numerically with 
the following results: 


S(e, €) = (0.357 
P(e, €-) 
f | S(e, r) | = 
(13) 
f | P(e, r) | *rdr=(0.061€?)r,~4, 


“Ste, r)P(«, 
0 


Here ¢ is measured in units of 7,. Substituting 
these values in Eq. (8), one obtains 


A s(€) = (0.56 —0.26€*)e/r, 


an 
A p(€) =0.67e/rs. (14) 


In Fig. 1(b) these data for the square-barrier 
exchange potentials are shown in full lines. The 
corresponding quantities for the uniform distri- 
bution, also in full lines, lie above them. By 
subtracting one set from the other, one obtains 


AA s(€) = (0.35 —0.20€?)e/r, 
AA p(€) = 0.18e/r5. (15) 


These differences describe the contributions of 
the exchange terms to the disturbing potential of 


the vacancy in the region of its center. Moreover 
these contributions must become negligible at 
about that distance where the distribution regains 
itsnormal density, or near 1.87,. This information 
was sufficient to determine As with accuracy 
sufficient for our purpose, since the exchange 
terms did not play the dominant role in dis- 
placing the electrons. The shape of AAp was 
taken similar to AA s. 


3. Integration of the Self-Consistent Solution 


The contributions of the exchange potentials 
were next added to the potential of the “negative 
ion” and of the initial distribution of the dis- 
placed charge, which has been previously 
discussed. The initial distribution, which de- 
termines the shape of the “hole” formed in the 
electronic fluid about the vacancy site, was com- 
posed of about 60 percent of an S electron, 30 
percent of a P electron, and 10 percent of a D 
electron. In their respective potential fields S and 
P functions were next integrated numerically for 
five evenly spaced values of k. If one writes 
NoRox(r) for krS(kr) and Ni R,x(r) for krP(kr), 
etc., the wave equation becomes 


d?R,,x(r)/dr? 
n(n+1) 


for the radial part of the mth harmonic, where 
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Fic. 3. Comparison of densities of displaced charge in units of eao~! for the various 
distributions of each step in the self-consistent process. 


atomic units have been used throughout. In the 
region from r=0 to 0.8ao the V, (the potentials 
appropriate to the harmonics in question) were 
taken to be constants, for reasons which have 
been previously discussed. Thus the starting 
conditions for the R, were determined at 0.8ao 
to fit with hyperbolic functions of the type used 
for the square barrier. Beyond the value 5ao, 
the V,(r) become nearly zero and one could 
identify NoRo with sin (kr—as) and N,R, with 
(1/kr)[sin (kr —ap) —kr cos (kr —ap) }. The phase 
shifts a,, could then be determined together with 
ihe normalizing constants, N,. 

After these functions were obtained, the next 
steps were to normalize them with multiplication 
by N,, to square them, to average over k, and 
finally to subtract these densities from the 
corresponding quantities computed from the free- 
electron harmonics to get the distribution of 
displaced charge. In Fig. 2 the S and P contri- 
butions to this distribution are shown for this 
stage of the solution. What is plotted is the 
density of charge in a spherical shell of radius r 
as a function of r. The electrostatic potential and 
V,-0 used in the integration are superimposed on 
the same graph. The results from this step give 
0.49)S electron and 0.35sP electron. Little could 
be said about the D function with certainty, since 
the exchange potential was not known. Investi- 
gations of this potential in the region around r=0 
would be necessarily laborious and give little 


information about this term at distances where 


the D function would be most sensitively affected. 
Certainly the effect of the exchange potential will 
decrease with increasing order of the harmonic. 
For the D function it may well be negligible. One 
integration was carried out by using the electro- 
static potential alone. Comparing the phase shift 
so obtained with that of the corresponding 
square-barrier function, one could estimate, on 
the basis of an approximate treatment applied to 
the latter, that less than 3 percent of a D electron 
was displaced. In all this gives a total of nearly 88 
percent electron displaced at this stage. 

In the next step a new electrostatic potential 
was devised, essentially by treating the 88 percent 
electron as a whole. (It seemed reasonable to 
assume that the vacancy cell will be neutral at 
large distances.) New integrations gave 47 percent 
S electron and 44 percent P electron, whereas 
about four or five percent D electron was esti- 
mated. With the second step in the self-con- 
sistent process about 96 percent of an electron 
had been displaced. A new potential calculated 
from this distribution would differ but slightly 
from the previous one—it would show in fact a 
small increase. Adequate self-consistency, under 
the condition that one electron be displaced, 
seems assured to the accuracy with which it is 
feasible to determine the displaced D. The be- 
havior of the initial distribution and of those 
from the two successive integrations is illustrated 
in Fig. 3. 

With the final wave functions the exchange 
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calculations were repeated, both to check the 
previous work and to determine the sensitiveness 
of the A, to the distribution used. The results 
gave: 

AA s= (0.42, —0.27s€*)e/rs 


and 
AA p=0.275€/r5. (17) 


The potentials from which these values are 
obtained are represented by dotted lines in Fig. 1, 
where they may be compared with the other 
exchange potentials. 


4. Energy of the Vacancy 


The procedure for setting up the expression for 
the energy of the vacancy is somewhat involved. 
Fortunately it resembles that followed in the 
preceding paper by Huntington and Seitz where 
the vacancy was treated by a variational method. 


' Except for two important changes, the develop- 


ment is the same. In the first place the self- 
consistent wave functions are actually eigen- 
functions of the vacancy problem in the expanded 
lattice. The mean value of the Hamiltonian for 
the kth electron, which was formerly written‘ 


f +fav 
h2 


1 
fa +f(ri)} 


e? ¢ 2f(re)+f(re) 


|ri—re| 


now nearly corresponds with the energy para- 
meter, ¢, of our self-consistent solution. The 
correspondence is not exact because in this paper 
we have been dealing with the Hartree-Fock 
equation, whereas in the other no attempt was 
made to take into account any change in the 
exchange energy. This marks the second impor- 
tant difference between the two procedures. 

Let us investigate the «’, of the self-consistent 
solution. They differ from (hk)?/2m of the free 
electrons because of the wave shifts introduced 
by the vacancy barrier. The new wave functions 


* Compare with Eq. (12’) and (13’). 


must satisfy the same boundary conditions as the 
eigenfunctions of the expanded lattice. At large 
distances the principal difference between the two 
sets of functions arises from the wave shifts, 
a(n, k). If we consider our copper specimen to be 
a sphere of radius R, then the wave number k’ of 
the self-consistent solutions must be related to 
the k of the expanded lattice by the equation, 


(k’R-—a)=kR, or k’=k+(a/R). (19) 


There is then a small change in k, inversely 
proportional to the linear dimensions of the 
copper crystal. The change in energy parameter 
of a given electron wave is given by 2ka/Rin Ry. 
The number of wave functions belonging to the 
same harmonic but to different values of & is 
given by N=k,,R/x. For a given harmonic it 
follows that the increase in the energy parameters 
is given by 
2(2n+1) km 
AE, =———— ka(n,k) in Ry. (20) 
0 


The value of the summation was approximated 
by taking k,, times the evenly weighted average of 
the five values for ka obtained from the five 
integrations for S and P harmonics. Results gave 
AEo=0.103 Ry for S and AE, =0.048 Ry for P. 

In the final expression for the energy in the 
variational scheme, Eq. (19’), the term involving 
the Laplacian of f appears. It measures the 
difference in the kinetic energies of the modified 
wave functions and the free-electron waves of the 
“expanded lattice.”’ Since the left-hand side of 
Eq. (18) can be evaluated as the sum of the e’; of 
the self-consistent solution, one can solve this 
equation for the kinetic term and obtain the 
expression 


f pir) 


Here the subscripts u and s on the density func- 
tions refer to the uniform and self-consistent 
functions, respectively. 

There is still to be treated the second point of 
difference between the two procedures. When the 
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variational attack was used, no attempt was 
made to take into account any change in the 
exchange potential. Now that the recent method 
has incorporated into it a term of this nature in 
the potential field used in solution, one must 
finally subtract away one-half of the average 
exchange potential, in accordance with the 
standard procedure for obtaining the total energy 
in the Hartree-Fock approximation. The quan- 
tity to be included can be written as follows: 


f 


The exchange operator for plane waves, A,, is a 
constant, and consequently the second term on 
the right vanishes. The first term can be treated 
by breaking it up into S and P parts. 

A compilation of the terms which enter into the 
energy of the formation of a vacancy follows here. 
It contains the energy of the ‘‘extended lattice’ 
and the potential terms analogous to those ap- 
pearing in the earlier treatment, the kinetic 


TABLE II. Energy contributions from neighbors for 
“D” configuration. 


Displaced 
Exponential Buchs 

Lattice potential term 0.00 ev 0.02 ev 
Dipole interactions 0.00 ev 0.03 ev 
Shielded vacancy ion potential 0.84 ev 0.90 ev 
Ion-core repulsions —0.24 ev — 0.68 ev 

0.60 ev 0.27 ev 
Value for \-parameter 0.00 0.01 


energy expressed in its new form, and finally the 
exchange terms just discussed above. 


Energy of the “extended lattice” —0.544 Ry 
Self-energy of the displaced charge 0.393 
N 
f Vir) (see Eq. (31’)) 0.168 
Change in the energy parameters for the S 0.103 
functions 
Change in the energy parameters of the P 0.048 
functions 
Exchange term for the S function —0.051 
— 0.009 


Exchange term for the P function 
1.23 ev=0.091 Ry 
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This result is surprisingly close to the 1.4 ev 
found by the variational method with the use of a 
function of the Gauss error type in the neighbor- 
hood of the vacancy. Evidently the decrease in 
energy, which one would expect in a numerical 
solution, has been compensated in part by the 
inclusion of the change in the exchange potential. 

The radial distributions plotted in Fig. 3 show 
that the density is greater than its normal value 
at distances of 5a) and 6a . Apparently the 
electrostatic potential of the vacancy is actually 
positive at a radius equal to the interatomic dis- 
tance. Some electrostatic considerations can now 
be used in conjunction with the results already 
obtained for the repulsions of closed shells to 
redetermine the positions of next neighbors. 
There are first the potentials of the vacancy and 
of the lattice, 


ha ha 
—, 0) — V(n) 
22 


— 
—e? dV . (23 


The potential of the lattice for an ion in its own 
cell, E(x), can be accurately calculated by some 
method such as Ewald’s, but for these purposes it 
will be adequately represented by the quadratic 
term of central symmetry, r*/r.3 Ry. The dis- 
placement of nearest neighbors toward the 
vacancy is given by \v2a/2. There are, in addi- 
tion to (23), the interactions of the displacements 
of the various neighbors, which may be calculated 
by the standard formula for dipole-dipole energy. 
The results after including these quantities are 
shown in Table II. The exponential repulsion 
gives the energy of neighbors as 0.6 ev, the Fuchs 
repulsion as 0.3 ev with d equal to 0.01. In each 
case the positive contribution from the electro- 
static interactions has overbalanced the decrease 
in the repulsive energy. Final values for the 
energy needed to form a vacancy are 1.8 ev and 
1.5 ev, according to the exponential and Fuchs 
repulsion, respectively. 

The large increase in the electrostatic energy 
just considered is to some extent a spurious effect, 
which arises because the spherical modulation of 
the wave function alone is inadequate at large 
distances from the vacancy center. This situation 


| 


23) 
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with the next neighbors contributes the largest 
uncertainty in the value for the energy of vacancy 
formation. The next largest causes for error arise 
from the use of the free-electron model and from 
the limited degree of accuracy to which the self- 
consistent solution has been carried. 


II. UPPER LIMIT TO THE ENERGY OF THE 
SADDLE-POINT 


Unfortunately the saddle-point for vacancy 
diffusion, configuration E,* cannot be treated as 
rigorously as the situation in the preceding 
section. Here the problem is more complicated 
because only symmetry about the direction of 
diffusion remains. A direct attack by the varia- 
tional method would give a reasonably good 
answer, since the variational and Hartree-Fock 
methods have shown substantial agreement in the 
preceding case. Unfortunately the integrations 
involved in the self-potential and kinetic terms 
would be extremely awkward. I have chosen 
instead a rather makeshift approach, which 
nevertheless can give considerable information. 
There follows a discussion of the model employed 
and the assumptions which are necessarily made 
in treating it. 


1. Description of the Assumed Electronic 
Distribution 

As before, we start from a uniform distribution 
in the ‘‘expanded” lattice with its energy of 
—7.34 ev. Next in the region of diffusion two 
vacancy cells are placed at adjoining sites, and a 
diffusing ion is put halfway between them. 
Suppose this ion brings with it its atomic cell and 
that this cell is deformed to include the region 
about the diffusing ion which is not part of the 
polyhedron cells of its four nearest neighbors. 
Then the deformed atomic cell will fill up one-half 
of each of the vacancy cells on either side. The 
rest of these vacancy cells will be henceforth 
referred to as the ‘regions outside atomic cells,”’ 
and they may be taken to be hemispherical in 
shape, as shown by the cross-hatched areas in 
Fig. 4(a). These regions have a high potential 
energy as compared with the rest of the lattice. 
In line with previous treatment one must intro- 
duce some modification of the electronic distri- 


5 See Fig. 2 in preceding paper. 


bution to decrease the density of charge at these 
places. The only kind of distribution which can 
be dealt with simply, i.e., without introducing 
extremely complicated spatial integrations for 
the kinetic and potential terms, must possess 
spherical symmetry. Accordingly a model was 
chosen in which there were removed two spherical 
distributions, each of charge }e, one from each 
hemisphere. The center of each distribution was 
placed at the centroid of the respective hemi- 


Fic. 4. (a) A model for the two-vacancy configuration, 
where the ‘‘regions outside atomic cells” are shown as two 
hemispheres separated by the cell of the diffusing atom. 
(b) Here the spherical holes of charge je have been made 
in the electronic distributions, as represented by the cross- 
hatched, circular areas. The centers of these charge holes 
coincide with the centroids of the hemispheres shown in (a). 


sphere, and its radial behavior was taken to be 
the same as that of the self-consistent solution in 
Part I for the single vacancy, except that the 
radial scale was reduced by the factor 1/V2 (see 
Fig. 4(b)). 

There are several apparent defects in this 
model and it is well to examine them critically 
before proceeding. In the first place no account 
has been taken of the change in form of the self- 
consistent solution when applied to the smaller 
“region outside atomic cells.” Such a charge hole 
will be relatively more shallow, as a rigorous 
solution would show. To obtain an upper limit 
for the energies involved, however, the present 
procedure will suffice. A far more serious short- 
coming, I believe, is the fact that the charge 
taken from the hemispherical ‘‘regions outside 
atomic cells’ has been assumed to have a 
spherical arrangement. This is very different from 
what is actually the case, but one must remember 
that, even for the exact solution of the problem of 
the hemispherical potential barrier, the surfaces 
of equal electronic density will have a more nearly 
spherical form than the equipotentials of the 
barrier itself. This reduces modulation of the 
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wave functions and resulting kinetic energy. Ata 
later point an estimate of the involved error will 
be made by calculating the increase in kinetic 
energy which would accompany the deformation 
of our charge holes from spherical form into 
oblate spheroids of the same volume. Finally the 
assumed electronic distribution of the two charge 
holes leaves the density of charge about the 
diffusing ion at its uniform value, whereas we 
know that this cell is at a higher potential than 
_ the rest of the crystal and consequently collects 
some extra charge within it. This latter is, 
however, a minor defect and probably causes only 
a small error in the final energy value for this 


model. 


2. The Ion-Ion Electrostatic Interaction 


Before proceeding with the charge holes, one 
considers the increase in the ion-ion electrostatic 
interaction which comes about when the diffusing 
atom moves to the saddle-point position. If one 
starts with a vacancy and the uniform distribu- 
tion of the ‘‘extended”’ lattice, then the increase 
in energy of the lattice as a whole, when one of 
the neighboring ions moves halfway in to fill up 
the vacancy, is given by 


E(}a, 0) —E(0) — v2e?/a. (24) 


The last term comes from the change in the 
Coulomb interaction of the diffusing ion with the 
“vacancy ion’”’ (negative). Actually the expres- 
sion (24) gives a negative result. The reason for 
this is that, while the diffusing cell moves to a 
higher potential, the self-potential energy of the 
charge outside atomic cells has decreased from 
that of a uniformly charged sphere to that of two 
uniformly charged hemispheres at a distance L 
apart, where L, the distance between the centroids 
of the two hemispheres, is }V2a + 3r,. The classical 
problem of the self-potential of a uniformly 
charged hemisphere cannot be solved in closed 
form but estimates (as obtained in Appendix I) 
place the size of this energy at approximately 
nine-tenths of that for a sphere of the same charge 
density and total charge. For a uniformly charged 
sphere the self-potential is 0.6C?/R, where C is 
the total charge and R is the radius. Then the 
change in the energy of the charge outside atomic 
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cells is given by 


“Lr, 27 4L 


and this term must be added to (24) to give the 
increase in the electrostatic ion-ion interaction 
for the diffusing ion. 


3. Consideration of the Charge Holes 


At this point one introduces ‘“‘vacancy ions”’ of 
charge —}e, placed at the centroids of the 
hemispheres. The uniform distribution is replaced 
by the modulated distribution containing the two 
charge holes, as has already been postulated. The 
terms which occur in the expression for the 
energy for the one-vacancy ‘‘D”’ configuration 
can now be taken over into this calculation, after 
they have been multiplied by the appropriate 
factor, as determined by dimensional analysis. 
For the “D”’ configuration the kinetic energy in 
Eq. (21) was obtained from the difference be- 
tween the change in the energy parameters of the 
electron waves and the integral of the final 
distribution in the final vacancy field. Within 
vacancy cells, whose linear dimensions are re- 
duced by the factor 2-!, this term is accordingly 
multiplied by 2'. In considering the potential 
terms the relatively less important exchange 
potentials were combined with the corresponding 
electrostatic terms. The self-energy quantities 
were multiplied by 2—, as obtained from reasoning 
exactly analogous to that applied above to the 
uniformly charged spheres. In addition the 
interaction of the two charge holes gives e?/4L, 
which cancels a similar term of the opposite sign 
in Eq. (25) of the preceding paragraph. A factor 
2-! multiplies also the quantity 


N 
f VindV. 


These considerations do not give the complete 
energy for the formation of the two charge holes, 
since there has been omitted any account of the 
error introduced by replacing the high potential 
hemispheres with ‘‘vacancy ions” of charge — }e. 
There seems, however, no convenient way to 
compute simply and directly this effect. 


s 
t 
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4. Behavior of Nearest Neighbors 


Some revision of those quantities, as given in 
Table II’, which relate to atoms adjacent to the 
site of the diffusion jump, can now be made by 
including electrostatic forces with the ion-ion 
repulsions. In our procedure we have added to 
the regular lattice potential, two negative 
“vacancy ions,” one positive diffusing ion, and 
two holes in the negative electron charge. For the 
four nearest neighbors of the diffusing ion, the 
following electrostatic terms are to be considered 
in addition to the previously calculated ion-core 
repulsions : 

(a) The potential of the lattice for the ion in 
its cell, which can be conveniently approximated 
as before by r?/r,8 Ry. 

(b) The energy gained by allowing each ion to 
retreat from the diffusing ion a fraction, \, of its 
equilibrium distance, which is given per ion by 


1 ] 
Valit+a J 

(c) Finally, the Coulombic interactions with 
the “negative ions’’ and the charge holes. Here 
the \ displacement can be treated as a dipole of 


moment —i6!\ae. The distance between the 
diffusing ion and a charge hole is nearly 3a. The 


TABLE III. Energy contributions from neighbors to 
‘E” configuration. 


Displaced 
Exponential Fuchs 
17 broken repulsive contacts —0.69 ev — 1.65 ev 
Energy of 14 ‘‘D”’-type neighbors 0.98 ev 0.99 ev 
Energy of 4 neighbors of dif- 
fusing ion 0.89 ev 1.56 ev 
1.18 ev 0.90 ev 
Value of A-parameter for 4 
neighbors 0.08 0.025 


distances from the displaced neighbor to the 
negative ions and to the charge holes are, re- 
spectively, $V2a and }10!a. Accordingly these 
terms give 


The combination of these three contributions 
with the curves for ion-core repulsion has a 


minimum of about 0.89 ev with A equal to 
0.08—exponential repulsion, and a minimum of 
1.56 ev with \ equal to 0.025—Fuchs repulsion. 

As before the fourteen neighbors, which adjoin 
only one or the other of the two vacancies, can be 
treated as though they were simply neighbors of a 
“D”’-type vacancy. This is not strictly true, but a 
detailed consideration would hardly be con- 
sistent with the other approximations involved. 
The energy of such a neighbor of a “D’’-type 
vacancy has already been treated in the pre- 
ceding section. All the terms for the saddle-point, 
which depend upon neighboring ions, are com- 
piled in Table III. The energy for exponential 
repulsion is given as 1.18 ; for the Fuchs repulsion, 
0.90 ev. 


5. Compilation of Terms 


From the terms so far considered some idea can 
be gained of the energy for the E configuration as 
follows: 


E(}a, ja, 0) — E(0) 1.177 e/a 
—/2e/a —1.414 &/a 
0.6 e*/r.[1 — (2)-4(0.9) 0.663 e/a 


Ion-ion electrostatic energy 0.426e/a= 1.698 ev 


Kinetic energy term 2.94 ev 
Self-energy of charge in electronic distribution 2.84 ev 
S Ceu—ps— (N/V) ge] V(r)dV 1.43 ev 
Expanded lattice term —7.34 ev 

1.55 ev 


Exponential Displaced Fuchs 
With the inclusion of 2.73ev or 2.45 ev 
neighbor terms 


6. Estimate of an Upper Limit 


Because an important potential term has been 
omitted in obtaining these values for the energy 
with the two spherical charge holes, the results 
cannot be considered to represent an upper limit 
to the activation energy for diffusion. It is 
possible to estimate the error by the following 
argument. 

The potential term which has been neglected in 
the preceding treatment would have been unim- 
portant if the shape of the charge distribution 
had been chosen to minimize its interaction with 
the hemispheres of high potential. A non- 
spherical distribution would have also a lower 
self-energy but its kinetic energy would be in- 
creased. One can estimate the increase by this 
device: Suppose F(r) is a spherically symmetric 
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wave function for which the associated kinetic 
energy is known. By a volume-conserving trans- 
formation of coordinates one obtains a new wave 
function F{ [(x?/d?) +Ay?+Az? It can be shown 
(see Appendix IT) that the kinetic energy resulting 
from the Laplacian of the new function is 
4(A-*+2)) times that of the old. Let the x axis 
coincide with the direction of the diffusion and 
set A equal to the ratio of the radius of the 
hemisphere to the diameter of the equivalent 
sphere, namely 0.628. Consequently the kinetic 
energy associated with the new wave function is 
higher by 27 percent than that of the spherically 
symmetric one. This increase, or 0.79 ev for our 
case, is a measure of the inaccuracy of the two- 
vacancy procedure. If it is added to the other 
results, it gives for upper limits to the energy of 
the saddle-point, 3.52 ev on the exponential 
basis, and 3.24 ev with the displaced Fuchs curve. 

The experimental value for the energy of 
activation for copper is 2.6 ev, as given by 
Steigman, Shockley, and Nix.* This lies in the 
region where the present results indicate that the 
energy for configuration E is also located. The 
approximations throughout have the effect of 
putting the energy values too high with a 
probable error of roughly 35 percent. Within such 
limits the agreement is satisfactory. On the 
other hand Fuchs made use of a modified free- 
electron model in his work on copper. His result 
for the binding energy is less than half the 
experimental value, as can be seen from Table I’ 
in the preceding paper. That such a discrepancy 
has not been encountered here in calculating the 
activation energy for diffusion indicates that the 
computed energies for vacancy configurations are 
not greatly sensitive to the inadequacies of the 
models assumed for the normal state of the 
metal. 

The ion-core repulsion term is relatively unim- 
portant for the vacancy configurations. It is 
fortunate that the uncertainty of its behavior did 
not prevent the determination of the favored 
mechanism for diffusion. In this regard it may be 
emphasized that these results definitely complete 
the case for vacancy diffusion from the theoretical 
standpoint. It has been shown that the energy of 


6 J. Stei: n, W. Shockley, and F. Nix, Phys. Rev. 56, 
13 (1939). 
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the saddle-point for this process lies below those 
required in either interstitial or direct-interchange 
diffusions. 


Ill. EXTENSION TO OTHER METALS 


It is natural to inquire to what extent these 
results for copper may be applied to other metals. 
It should be pointed out that it is the ion-core 
repulsion which plays the dominant role in 
eliminating from consideration the interstitial 
and direct interchange processes. There is reason 
to believe that the same forces would be im- 
portant for metals near copper in the periodic 
table. 

The self-diffusion of zinc, both in single crystals 
and in polycrystalline specimens, has been 
studied by Banks and Miller.’ Their results indi- 
cate that diffusion in this substance is strongly 
anisotropic. From preliminary work they give 
that the energy of activation is about 0.85 ev 
along the ¢ axis and about 1.24 ev in the basal 
plane. It is customary to set the diffusion con- 
stant equal to Doe@/*", where Q is the activation 
energy for diffusion and Dy is the temperature 
independent factor. It is also found that the Do 
for the diffusion constant for the basal rate is 
larger by a factor of about 10* than for the 
corresponding quantity for diffusion along the 
hexagonal axis. 

Because zinc is very far from a free-electron 
metal, such calculations as we have applied to 
copper are out of the question here. Nevertheless 
some qualitative remarks, based on consideration 
of a simple, central-force law, can be made con- 
cerning the relative probabilities that a vacancy 
is filled by an atom in the same basal plane, or by 
a neighboring atom in an adjoining plane. For a 
close-packed hexagonal lattice the atom which 
makes the jump to fill the vacancy, whether it 
stays in the same basal plane or not, must pass 
through an activation point where it is equi- 
distant from four of its neighbors. The shortest 
distance of approach is (v3/2) times the normal 
interatomic distance. For such a close-packed 
lattice one would expect nearly isotropic diffusion. 
Actually zinc departs from close-packing by a 14 
percent elongation along the hexagonal axis. In 


7Floyd R. Banks, iy Rev. 59, 376 (1941); F. R. 
Banks and P. H. Miller, Phys. Rev. 59, 943A (1941). 


| 


those 
hange 


these 
etals. 
1-core 
le in 
stitial 
eason 
e im- 


riodic 


ystals 
been 
; indi- 
‘ongly 
give 
85 ev 
basal 
con- 
vation 
rature 
he Do 
ate is 
r the 
g the 


ctron 
ied to 
heless 
ration 
> con- 
cancy 
or by 
For a 
which 
her it 
t pass 
equi- 
ortest 
ormal 
acked 
usion. 
yal4 
is. In 


F. R. 


1). 


VACANCY MECHANISM FOR DIFFUSION 337 


BASAL PLANE 


' 
! 
a / \ 
LS / 1 
BASA ANE’ 
' 
, BASAL PLANE | 
‘ 


JUMP IN BASAL PLANE NON-BASAL JUMP 
(a) (b) 


Fic. 5. Positions for diffusing atom in a zinc lattice. 
* Diffusing atom. @ Neighboring atom. a Normal inter- 
atomic distance in the basal plane. In each case there are 
indicated the positions of the diffusing atom and its four 
nearest neighbors at the instant when the diffusing atom 
is halfway between vacancies. The plane section presented 
is that perpendicular to the path of the jump. 


Fig. 5(a) the diffusing atom and its four nearest 
neighbors are shown in a cross section, perpen- 
dicular to the direction of diffusion, at the mid- 
point of a jump in the basal plane. The corre- 
sponding configuration for a jump from one basal 
plane to another is shown in Fig. 5(b). 

If one calculates the activation energy for each 
case, the results turn out to be sensitive to the 
type of repulsive law chosen to represent the 
action of the ion-cores at close distances. For 
the exponential type, under certain conditions, the 
basal diffusion has a slightly higher activation 
energy than the non-basal diffusion. A curve of 
repulsion like Fuchs’ would reverse the situation. 
Even with the exponential repulsion it seems 
hardly possible to account for the observed 
difference in activation energies, but there can be 
no doubt that such a treatment is far too 
simplified for the problem. This investigation 
does, however, throw some light on the reason for 
the larger Dy for basal diffusion. In this case only 
the two neighbors in the same basal plane are 
near enough to obstruct the diffusing atom. For a 
jump from one adjoining plane to a vacancy in 
another, the moving atom is obstructed equally 
by four neighbors. It is evident that occasions 
propitious for a basal jump occur when two 
neighbors, are favorably displaced from their 
equilibrium positions. On the other hand the non- 
basal jump is a more highly cooperative process 
since it depends on the favorable displacement of 


four neighboring atoms. One would expect that 
opportunities for the latter process would occur 
much more rarely. 

To summarize the argument, then, one can 
remark the following : Self-diffusion rates in zine 
appear to be markedly anisotropic. Were zinc 
strictly close-packed hexagonal, such a behavior 
would be difficult to explain on any model of 
diffusion. Taking into account the observed 
departure from close-packing and a rapidly in- 
creasing, close-range repulsive potential, one is 
able to show that the mechanism of vacancy 
diffusion predicts qualitatively at least the ob- 
served anisotropic behavior of the temperature- 
independent factor in the expression for the 
diffusion constant. 

For the alkali metals the situation is to some 
extent reversed, in that they adhere quite closely 
to the free-electron model in their behavior, 
which greatly simplifies the theoretical problem. 
On the other hand no experiments have been 
performed to measure self-diffusion and there is 
little prospect that such experiments can be 
devised for some time to come. 

When the results of the copper calculation are 
extrapolated to the alkalis with their larger 
lattice constants, the various kinetic and po- 
tential terms are decreased in size accordingly as 
their dependence on r, indicates. The energy for 
the ‘“‘extended lattice’ can be taken from the 
analytic expression derived from free-electron 
consideration, or still better, from the sum of the 
ionization potential and heat of sublimation 
minus the work function, since Wigner and 
Bardeen’ have shown that the two agree closely. 
The repulsions of the ion-cores can be treated 
with some assurance since the Born-Mayer 
formula has been well tested for its validity in 
dealing with these elements. The energies are, 
however, much smaller, of the order of 0.1 ev for 
an interstitial position, as contrasted to 6 ev for 
copper. In this way one can obtain crude values 
for the energies needed to form an interstitial 
atom, or a vacancy. Two clear deductions can be 
made. First, these energies range around one or 
two ev. Second, the interstitial and vacancy 
mechanisms are in much closer competition for 
the alkali metals than for copper, because here 


8 E. P. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935), 
see Fig. 1. 
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the ion-core repulsion is nearly negligible. A more 
detailed attack, perhaps along the lines of the 
foregoing self-consistent solution, is required, 
before one can state with definiteness which is the 
important mechanism for diffusion in the case of 
any given alkali. 

The author wishes to express his very sincere 
thanks to Professor Frederick Seitz for sug- 
gesting this problem to him and for his many 
helpful suggestions and criticisms in the course of 
its development. 


APPENDIX I. ESTIMATE OF THE SELF-ENERGY 
OF A HEMISPHERE 


An estimate for the self-energy of a uniformly charged 
hemisphere was obtained by the two following simple lines 
of investigation. In each case it turned out to be about ten 
percent lower than the self-energy of the sphere with the 
same charge density and total charge. 

Along the axis of the hemisphere the potential can be 
found directly by a simple integration in polar coordinates. 
For that part of the axis which lies inside the hemisphere 
the potential is given by 


where }e is the total charge, 7, is the radius of the hemi- 
sphere and a is the ratio R/r,. The distance between the 
field point and the center of the polar system of coordinates 
is measured by R, with the positive direction on the same 
side as the hemisphere. This potential has a maximum near 
the centroid of the hemisphere at a = 3. On substitution one 
gets P(#)=1.795 in e/2r,. The potential at the center of 
the equivalent sphere is 1.5e(2)#/2r,, or 1.892 in e/2r,. 
This shows that the potential plateau is five percent lower 
for the hemisphere than for the sphere. We may assume 
that the self-energy of the two bodies will differ by twice 
as much, or ten percent. 

A more convincing line of argument is to consider a com- 
plete sphere sliced into two hemispheres. Since the self- 
energy of the sphere is known, the problem reduces to 
finding the potential interaction of one hemisphere with the 
other. We approximate this by the potential of one hemi- 


208}, (28) 


sphere at the centroid of the other. Along the negative 
direction of the axis of the hemisphere we have 


e f3_(i+a*)!-1 
P_(a) = (29) 


Since P_(})=1.067 e/2r,, the interaction of the hemi- 
spheres is approximated by 0.267 e*/r,. The self-energy for 
the sphere is 0.6 e*/r,, and there is left then for each hemi- 
sphere 0.167 e?/r,. For the equivalent sphere the self- 
energy is 0.6 e9(2)!/4r,, or 0.189 e?/r,. The value for the 
hemisphere is about 12 percent below the corresponding 
self-energy for the sphere. 


APPENDIX II. KINETIC ENERGY OF 
A SPHEROIDAL DISTRIBUTION 


The kinetic energy associated with a wave function 
possessing spherical symmetry, say F(r), is proportional to 
the integral, 


frovrnav=f fav. (30) 


If a new wave function is obtained by a volume-conserving 
transformation, the normalization will be unaltered. The 
Laplacian of F([{x?/d?+Ay*+Az?]!) is, when developed in 
Cartesian coordinates, 


where p has been written for the argument of F. If this 
expression is substituted in (30) and the inverse transfor- 
mation, x=A2%, and p=7, is employed, 
then the integral becomes 


+24— as bev. (32) 


The form of the integration is unaltered, because the trans- 
formation has left the size of the volume element unchanged 
and because the limits extend to infinity. If one now aver- 
ages over angle, replacing #*/7*, etc. by }, the resulting 
expression is $[(1/A?) +2] times the kinetic energy expres- 
sion associated with the original, spherically symmetric 
wave function. _ 
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zative Electron Emission of Metals in Electric Fields 
(29) III. The Transition from Thermionic to Cold Emission* 
EvuGENE GuTH AND CHARLES J. MULLINT 
sy for University of Notre Dame, Notre Dame, Indiana 
houst. (Received October 14, 1941) 
self- 
w the The theory of Schottky emission is extended to include in the current those electrons which 
nding tunnel through the top of the potential barrier at the metal surface when rather strong electric 
fields are used. It is found that these tunnelling electrons contribute to the periodic deviations 
from the Schottky line, increasing the amplitude of the deviations. This increase leads to a 
better agreement with experiment, especially for large fields. This agreement requires that 
the Nottingham reflection coefficient be very small for fields greater than 10* volts per cm. 
atti Expressions are developed for the electron current emitted by a metal for various field intensities 
aioe ranging from the small fields of thermionic work to the large fields used in cold emission. 
Results are obtained to indicate the temperature and field dependence of the electron current 
for all fields and temperatures of interest. Of particular interest is the expression developed 
(30) for the current in the “transition region,” ie., T~500-1200°K and F~107—108 volts per cm. 
The modifications which must be made in the theory to take account of the polycrystalline 
rving nature of the emitting surface have no effect on the periodic deviations from the Schottky 
. The line, and very little effect on the fluctuations observed in field photo-currents. 
ed in 
I. INTRODUCTION surface under the influence of the applied field, F. 
T is possible to obtain electron currents emitted Unfortunately, an evaluation of (1) valid for all 
(31) from metals under widely varying experi- ¢Mersies cannot be given in an analytical form; 
{ this mental conditions. For example: the electrons however, some special cases of interest and 
nsfor- may be ejected from a hot cathode and collected portance can be fully treated. The familiar 
loyed, by fields with a rather wide range of intensities; work on thermionic and Schottky emission has 
or the electrons may be pulled from a cold 8ivena theory which holds for high temperatures 
cathode by the application of very intense and low fields [high values of W in Eq. (1) ], and 
electric fields. Despite the different experimental the well-known papers of Fowler and Nordheim! 
(32) conditions employed in these cases, a single 14 of Nordheim? treat the case of very low 
general expression which is valid (under the usual temperatures and high fields [lower values of W 
wane assumptions of the free electron theory of metals) i Eq. (1)]. In the present work an attempt is 
— for all electron energies, fields, and temperatures ™ade to extend these theories and to bridge the 
ulting may be given: gap between the two theories. In line with this, 
xpres- 
0 
we 
where W is the energy which the electron has in 
the velocity component normal to the emitting 
surface, N(W) is the number of electrons in the 


metal with this energy which strike unit area per 


second, and D(W, F) is the probability that one Pe in and ont of the 
. metal. W,’ is the total height of the barrier at the meta 

of these electrons will escape through the metal surface. Electrons from region A contribute to Schottky 
emission, those from region B to cold emission. x2 and x3 


* This work is a section of a dissertation presented to are the points at which ¢= W—V=0. 
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the recent theory* of the periodic deviations from 
the Schottky line is also extended to include the 
effect of the electrons which penetrate the top of 
the potential barrier at the metal surface (Fig. 
1); this penetration effect is found to increase the 
amplitude of the deviations so as to improve 
somewhat the agreement between theory and 
experiment at the higher field intensities used. It 
is found that the improved agreement between 
the theoretical and experimental deviations re- 
quires that the reflection coefficient proposed by 
Nottingham‘ decrease with the applied field in 
such a way as to become nearly zero for fields of 
the intensities used to obtain the periodic devia- 
tions. An interesting result is also found for the 
current emitted when rather high fields and 
intermediate temperatures are used. In Part II 
of the present paper, the results which can be 
obtained from Eq. (1) for the case of an ideal 
surface with a single “effective” work function, 
or for a single crystal face, are discussed; in 
Part III the effects of the polycrystalline nature 
of the emitting surface on these results are con- 
sidered; and in Part IV a brief derivation for 
the currents obtained under the various condi- 
tions discussed in II is given. 


II. DISCUSSION OF THE RESULTS FOR AN IDEAL 
“SINGLE WORK FUNCTION SURFACE” 
OR FOR A SINGLE CRYSTAL 


In order to evaluate (1) it is convenient to 
split the integral up into parts corresponding to 
various ranges of the energy W. If only values of 
W greater than W,’ (Fig. 1) are considered, that 
is, if the field applied is not strong enough to 
cause an appreciable number of electrons with 
energies below W,’ to be emitted, Eq. (1) leads to 
an expression for thermionic or Schottky emis- 
sion; if only values of W less than W; are con- 
sidered, that is, if the filament temperature is so 
low that only a negligible number of electrons 
have energies greater than W;, Eq. (1) leads to an 
expression for cold emission. For values of W 
ranging from W; up to W,,’, the current gradually 
takes on a stronger temperature dependence and 
weaker field dependence, passing from cold emis- 
sion to thermionic emission; however, an ana- 
lytical expression for the current valid in the 


3 E, Guth and C. J. Mullin, Phys. Rev. 59, 575 (1941). 
‘W. B. Nottingham, Phys. Rev. 49, 78 (1936). 


entire region W;=W=W,’' has not yet been 
given. In the following work some limiting cases 
are treated. 


(a) Low Fields, High Temperatures 


In this case only electrons with energies above 
a certain value W,’—6 contribute to the current, 
the others being reflected back into the metal 
when they strike the surface; the contributing 
electrons are those from region A in Fig. 1. The 
current from this region is 


2n+1 
(—1)” ( adil 
n=0 n(n+1)u?+u—1 


W,} 1 COS Va 
4x9? J L{[ma+(1/kT) 
cos Ub 


{(2ma—(1/kT) | ™ 


where atomic units of length (a = h?/me*? =0.527A) 
and energy (unit = e?/2a = 13.67 ev) are used, and 
a= (3x°)!; w=2rakT; xo=char. Schottky dis- 
tance (Fig. 1) : xo = [[(300e)#/(2 0.527) ](108/ ; 
F=volts/cm; x=work function for zero field, 
x’ for field F: x’=x—(1/x0); Wa'=Wit x’; 


B=y+21n2; y=Euler’s const. =0.5772; 
2 W.} Ba 
+tan-! ——tan-!—— 
3 4 ma+(1/kT) 
4v2 2 W.} Ba 
+tan-! ——+tan-! —————_.. 
4 ma—(1/kT) 


If the relatively small periodic term is neglected 


2 1 
t= B(kT)*e-*'/*T (—1)" (2n+1)u 


. (3) 
n=0 n(n+1)y?+y—1 


If only the first term of the summation is taken, 
this result reduces to one obtained by Bethe® 


4= (4) 


If u>1, which means that high temperatures and 


5A. Sommerfeld and H. Bethe, Handbuch der Physik 


(1933), Vol. 24/2, p. 442. 
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low fields are employed, Eqs. (3) and (4) reduce 
to the familiar equation for Schottky emission, in 
which the mean transmission coefficient D~1, 


i= (5) 


It is seen that (5) and (3) differ in that (5) effec- 
tively considers only those electrons which have 
energies greater than W,’, i.e., which surmount 
the potential barrier of Fig. 1, while (3) also takes 
account of those electrons which tunnel through 
the barrier in the region W,’—6=W=W,’. This 
tunnelling occurs even for rather weak fields 
because even then the transmission coefficient is 
not zero at the top of the barrier of Fig. 1. A 
comparison of Eq. (2) with the equation obtained 
for the current by neglecting the tunnel effect 
shows that the second periodic term (cos v) of 
(2) arises from the electrons penetrating the 
potential barrier at the metal surface. An inter- 
esting fact about the periodic term in (2) is that 
it becomes small both for low and high fields; for 
sufficiently high fields xp—x,~ 1/2 Wa, so that the 
coefficient (1—1/4xo?W,?) becomes smaller as the 
field becomes very high. The contribution of the 
second periodic term due to the tunnel effect 
gives a better agreement between the theoretical 


and experimental®* amplitudes of the deviations 
at the high end of the field range used. 

With all electrons accounted for in Eq. (2), the 
periodic deviations have an amplitude in good 
agreement with observation. This agreement 
affords a good opportunity to observe whether or 
not the electrons reaching the metal surface are 
suffering, at these rather high field intensities, a 
reflection of the type suggested by Nottingham.‘ 
In order to explain the non-Maxwellian distri- 
bution of the slow electrons in thermionic emis- 
sion, Nottingham proposed that the electrons 
suffered a reflection 


 w~0.2 ev. (6) 


However, as Dr. Nottingham pointed out to the 
authors, the velocity distribution experiments 
require only that w~0.2 ev for the very low fields 
used in those experiments. A transmission coeffi- 
cient which meets the conditions imposed by Ry 
and at the same time introduces some of the 
influence of the barrier of Fig. 1 is given by 


D=D.(1—Ry), (7) 


where D, is the transmission coefficient for the 
barrier of Fig. 1. With this transmission, the 
current from the region A becomes 


COS Ue 


—tan-! 


1 


Ba 
rat+(1/kT) 
Ba 


1 1 
n=0 nut1+(kT/w) 
COS 
where 
4v2 2 W.} 
4v2 2 
=——x 9! -——+ tan“ 
4 


To keep the amplitude of the deviations appreci- 
able would require that 


ra~1/w, orw~ 1/2000 atomic units, w~ 1/200 ev. 


Thus, w must depend upon the field in such a way 
that w~0.2 ev when F~0, and w—0 as F takes 
on the rather large values needed to obtain the 
periodic deviations. Practically, Eq. (8) shows 


that the Nottingham reflection does not operate 
at these relatively high fields. A discussion of the 
Nottingham reflection versus the theory of emis- 
sion from “‘patches”’ is given by Nichols.® 


asa L. E. Seifert and T. E. Phipps, Phys. Rev. 56, 652 
ase), emeal and T. E. Phipps, Phys. Rev. 56, 663 
* W. B. Nottingham, Phys. Rev. 57, 935 (1940). 
®M. H. Nichols, to be submitted for publication. 
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Fic. 2. The Nordheim function @ plotted against the 
accelerating field F. 


It may be noted that the value w=0.2 ev leads 
to a mean transmission coefficient D=}, while 
the value w~1/200 ev leads to a D~0.95. 

In the case of photoelectric emission under the 
influence of fields high enough to cause pene- 
tration of the topmost part of the barrier, the 
penetrating current plays a much less important 
role than in the above cited case of Schottky 
emission ; the reason for this is immediately clear: 
In the photoelectric case the transmission de- 
creases exponentially as the electron energy 
decreases from W,’, but the number of electrons 
available remains almost constant (since these 
electrons have energies less than W;) ; hence, the 


current, which again depends upon the product | 


D(W, F)N(W), decreases very rapidly as W 
becomes progressively less than W,’; this quick 
decrease makes the contribution to both non- 
periodic and periodic parts of the current 
unimportant. 


(b) High Fields, Low Temperatures 


At low temperatures there are very few elec- 
trons with energy greater than W;. However, 
with sufficiently high values of the applied field, 
electrons with energies less than W; are pulled 
from the metal. The electrons contributing to 
this cold emission are from the region B of Fig. 1, 
most of them coming from the uppermost part of 
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region B, since the transmission coefficient for 
this region decreases exponentially with de- 
creasing energy. The current from this region is 
then, 


8x0? 1 
i=Bexp —— 


1602xo*x 
(kT)? 
9 
+z n 


or, if we express x in electron volts and F in volts 
per cm, 


F? (—1)"*! 
t= 1.55 X 10-*—+120.5T? ———_ 
n=1 n 
1 
x 
n+8.81 F 


-exp (— 6.838 X 10’6x3/F) amp./cm? (10) 


where @ is a slowly varying function'® of F which 


varies from 1 to 0 as F varies from 0 to ~. @ is 
plotted as a function of F in Fig. 2. If the 
summation term is neglected completely (This 
corresponds to taking only the first term in the 
expansion of the Fermi distribution function, a 
valid approximation for low temperatures), Eq. 
(10) reduces to 


F? 
47=1.55 KX 10-*— 


-exp (— 6.838 ampcm?. (11) 


This formula has been recently checked experi- 
mentally by Haefer." By taking the sum into 
consideration one obtains the temperature de- 
pendence of the current from region B of Fig. (1); 


10 This function was introduced by L. W. Nordheim, 
reference 1, to determine the effect of the image force on 
cold emission. 

1 R. Haefer, Zeits. f. Physik 116, 604 (1940). This 
author determined the actual field strength acting on the 
point of the field emitting metal by obtaining the curvature 
of the point from electron microscope investigations. He 
found that field emission sets in at about 3X10? volts per 
cm as required by Eq. (11). Thus no “sensitive spots” 
need be introduced in order to explain the difference 
between: the empirical and theoretical thresholds. Haefer 
accurately verified the dependence of the current on x! as 
given by (11). 
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if T is small so that 8.81 KX 10°x3V7T/F<1, Eq. (10) 
gives for the temperature dependence 


i(0) F? n=1 n? 


The first term of the series in Eq. (12) has been 
given by Bethe” who points out that this result 
is in agreement with the experimental data of 
Millikan and Eyring."* The temperature depend- 
ence is of the same type as that obtained for 
photo-emission for the simple reason that the 
electrons in each of these cases originate in the 
same region B. 

For low temperatures the 7° term in (10) is 
unimportant, but it may become appreciable for 
higher temperatures; in any case, it seems that 
the inclusion of the temperature term in (10) is 
inconsistent unless this term is modified to 
include the contribution of those electrons which, 
because of the temperature dependence of the 
Fermi distribution function, have energies greater 
than W;. However, field emission for which the 
temperature term is large (say for T=800- 
1000°K, F=2—4 X10’ volts/cm) is not strictly 
cold emission, but rather may be classed as a 
transition case between cold and thermionic 
emission. The current obtained under these 
“transition conditions”’ is discussed in Section (c). 


(c) Intermediate Fields and Temperatures 


In this case the emission from region C of Fig. 1 
must be considered. The current from this region 
should depend upon both the temperature and 
the field. An expression valid for all of region C 
is not easily obtained, but the contributions from 
the upper and lower parts may be given. A par- 
ticularly important case involving the current 
from this region has been mentioned in the previ- 
ous section. If the temperature and field are such 
that 


4xo?x!0kT <1 (atomic units), 
i.e., 


8.813 X 10°6x37/F <1 (ev and volt/cm) (13) 


1 A. Sommerfeld and H. Bethe, Handbuch der Physik 
(1933), Vol. 24/2, p. 442. 
(1926). A. Millikan and C. F. Eyring, Phys. Rev. 27, 51 


the current from region C is 


8x0" 
i= Bk*T? exp 


e (—1)"*! 1 


. (14) 


n=1 n 


By adding this current to that from the region B, 
the total current for the fields and temperatures 
subject to the condition (12) is obtained 


(—1)"*! 
exp | oy] n 


1 
x( + (15) 
n—4x?OxthT 


or, putting x in ev and F in volt/cm 


F? (- 1)"*! 
> 
n=1 n 
1 
x( 
n+8.813 


+ )| | 
n—8.813 X10°Ox!7/F 
Xexp [— 6.838 X10’6x!/F] amp/cm*. (16) 


Experimentally it should be possible to make a 
thorough study of currents under these ‘‘transi- 
tion conditions.” If T=1000°K, say, then by 
choosing x=4.531 ev (the value for tungsten) 
(16) is valid if F2 1.810" volts/cm. A plot of 
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Fic. 3. A plot of the current given by Eq. (16). 
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the current obtained from (16) is given in’Fig. 3. 
It may be noted that for fields near the threshold 
for emission, Eq. (16) gives a current many times 
that expected from the simpler Nordheim ex- 
pression given in Eq. (11). In particular, if 
T=1000°K and F=2 X10’ volt/cm, (16) gives 
a current about five times as large as that ob- 
tained from (11). If F=3X10", (16) yields a 
value about 1.7 times as large as that given by 
(11). The larger current is due chiefly to those 
electrons coming from region C. 

The expression (14) for the current from the 
lower part of C shows, as was expected, a larger 
temperature dependence and a smaller field 
dependence than was had for cold emission. 

Photoelectric emission could be obtained from 
the region C by applying fields high enough to 
make the electrons struck with low frequency 
photons tunnel the barrier in the region adjacent 
to C. The photo-current from this region is 


i=exp [—6.838 X 10’0(x —hyv)!/F] 
F? 
1.55 
O(x—Av) 
x (17) 
n+8.81 


This current is very similar to that for cold emis- 
sion as given by Eq. (9). However, the photons 
have the effect of reducing the work function by 
an amount hy, so that really the electrons from 
region B are effectively raised to region C and 
tunnel through the barrier from this region. 


Ill. THE EFFECT OF PATCHES ON 
THE EMISSION" 


In all the above work the electrons are assumed 
to be emitted from a surface with one uniform 
“effective” work function. If, instead, the current 
is assumed to come from a number of crystal faces 
(hereafter called patches) with different work 
functions, the previous expressions for the cur- 
rent must be modified. If the applied fields used 
are high (xo<patch diameter ~100A) as is 


“For a Comeitte discussion of the theory of patch 
emission see M. H. Nichols, reference 9; cf. also C. Herring, 
Phys. Rev. 59, 889 (1941). WeJare indebted to Drs. 
Herring and Nichols for letting us have the manuscripts 
of their papers before publication. 


Fic. 4. The potential barrier at the metal surface if the 
image force is neglected. 


generally true above, each patch may be assumed 
to emit independently, so that the resulting 
current is 


t= (18) 


where 7, is the current from the mth crystal face, 
and f, is the fractional area of this patch. 


(a) Thermionic Emission 


If it is assumed that a certain number p of 
patches have work functions very nearly equal, 
the work function of the group being called x, and 
if g patches have a work function x+4é, the 
current from the first group is 


n=1 


and from the second 


q 
i2= DL fain=e (20) 
n=1 n=1 
If 5>kT, i2<i; so that the principal contribution 
to the current comes from the patches of lowest 
work function. In this case the ‘‘ideal surface” 
emission constant +A» must be replaced by 


Ao fi n 
which is always less or equal to Ao, the equality 
holding only if the entire surface has the same 
work function. For fields high enough that the 
patches emit independently, the Schottky line is 
the same as for an ideal surface, i.e., 


In i(F) —In i(0)~ —Ax/kT =e) (21) 


If the various groups of crystal faces have work 
functions which differ by an amount 6>T, the 
current comes almost exclusively from the facets 
of lowest x, and the periodic deviations found in 
Part II are unaffected. However, if there exists a 
6 for which the condition 6>kT is not fulfilled, 


he 


ty 
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then a current contribution from the corre- 
sponding group of patches must be considered. 
However, a 6 this small would not affect the 
periodic deviations of Part II (which depend 
upon W,), since their dependence upon x is a 
rather insensitive one, and the only effect of this 
patch group is to increase the current. Thus, it 
is seen that the periodic deviations are never 
destroyed by “‘interference’’ between the emis- 
sions of different patches. 

The arguments applied above about the effect 
of patches on thermionic emission may be applied 
also to cold emission (here there is no periodic 
term, of course) which, according to Eq. (9) 
depends exponentially upon x. 


(b) Photoelectric Emission 


In the case of photoelectric emission with 
rather high fields, neglecting the small periodic 
term we have 


nb 
n=1 


(—1)"+1 
| (22) 
if 


hv—x+Ax 
6 =—————_>0 
kT 


or 
n+1 
i,~Bk?T? ————e"_ if <0. 


n=1 n2 


It is seen that in this case the current does not 
fall off exponentially with increasing work func- 
tion. Again suppose the two groups of patches 
with work functions x and x+é as above. Here it 
is possible to let 6 have an appreciable value and 
yet to obtain an appreciable current contribution 
from the patches of work function x+6. Since 
the phase and amplitude of the periodic devia- 
tions found in the photo-current emitted by a 
metal are dependent somewhat upon the work 
function of the metal, it is possible that the inter- 
ference of the several currents from the crystal 
faces of different work functions might give 
deviations somewhat different in character from 
those calculated for an ‘“‘ideal,’’ single work 
function emitting surface. However, this inter- 
ference effect must be small, for in order that 
two currents from patches with different work 
functions may have a large interference effect 
in their periodic terms, the two patches must 
have a rather large difference in their work 
functions; but a large difference in work func- 
tion means that one current is small in com- 
parison with the other, so that the interference 
effect will be small. This holds in spite of the 
fact, already pointed out by Nichols, that the 
Fowler plots are modified by patches. In the case 
of the Fowler plot a change of the work function 
by 6 is of importance, while the periodic devia- 
tions, depending on W,(~10 ev) are rather 
insensitive to changes in x of a few percent. 


IV. DERIVATION OF THE RESULTS 
(a) Low Fields, High Temperatures 


In this case Eq. (1) is evaluated, (a) for W.’=W=~-, and (b) for W,’—s=W=W,’; these two 
contributions are then added to give the total current from region A. 


(a) W,/=W=-. 


For this case the transmission coefficient and energy distribution are given by'® 


1 1 \ exp [—2a(W— W,’') ] cos te 
D(F, W)= ( 1- (23) 
4v2 2 W,} 
+tan-' ——— Ba(W— W,’) 
3 W,} 4 
N(W) ~BkT exp [—(W—W,)/kT ], (24) 


* E. Guth and C. J. Mullin, Phys. Rev. 59, 867 (1941). 


© For these results and the calculation of the corresponding current cf. E. Guth and C. J. Mullin, Phys. Rev. 59, 
575 (1941). The transmission coefficient given here is obtained by use of the W.K.B. solution to the wave equation. 


| 
= 
1g 
8) 
e, 
of 
il, | 
id | 
he | | 
| 
9) | 
0) | 
e’”’ | 
| 
ne 
| 
is | 
1) 
rk 
he 
Pts 
in | 
od, 
{ 


346 E. GUTH AND C. MULLIN 


i= D(F, W)N(W)dW= foe. e)N(e)de, 
Wa 0 


w- W’.= W.+1/xo, 


1 W,} [1 — (1/4x9?W,?) COS Ua 
i= BR?T? exp (25) 
n=0 2nmakT+1 2kT }?+B2a*}! 
4v2 2 Ba 
Ve — +tan-! — 
4 ma+(1/kT) 


(b) W,’-—s=W=W,’. 
The fields in this region are presumed to be such that the electrons penetrate only the topmost part 
of the barrier of Fig. 1. Then proceeding as in (a) 


exp [—2ra(W./—W)]  W.'[1—(1/4x0?W,2) ] exp [27a(W,’ — W) ] 


cos Up, (26) 


D(F, W)= 
2 {1+exp 
4v2 2 + (W.-W) 
Up Xo an Ba 


N(W)~BkTe~— | (27) 


WwW,’ 
f N(W)D(W, FydW = f N(y)D(y, F)dy, 


y= W,' 


cos (28) 


i= BR (—1)" 
n=0 2(n+1)makT—1 2kT {[2ra—(1/kT) }?+6?a?}! 


4v2 2 W,} Ba 
=—xo'— +tan-'——+ tan"! 
4 2ra—(1/kT) 


The region of integration is taken as O0=y= © since it is assumed that the integral vanished at the 
upper limit. Actually, the integration range should be 0=y=6 corresponding to W,’—6=W=W,’. 
Adding the results of (a) and (b) gives for the current from the region A 


(2n+1)yu 
i= (—1)" 
n=0 n(n+1)u?+yu—1 


1 COS Uq COS 

+ |} (29) 
2kT {[ra+(1/kT) {[2ra—(1/kT) ]? +8707}! 

If the transmission coefficient given by Eq. (7) is used and only electrons for which W2 W,’ are 


counted 
i= f D1 Te 
0 


= f D.e~*!*Tde— f De 
0 0 


| 
| 


(25) 


part 


(26) 


(27) 


(28) 


t the 


(29) 
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The first integral has been evaluated above, and the second integral may be obtained from the 
first by replacing 1/kT with 1/kT+1/w. Hence 


1 
nu+i+(kT/w) 


W.} 1 COS COS U2 
2kT 4x," {[ra+(1/kT) 


4v2 2 W,} Ba 
—tan-' —tan-! 


3 4 rat+(1/kT) 
4v2 2 W.! Ba 


=—X — —tan-! —tan-! 


3 4 ra+(1/kT)+(1/w) 


(b) High Fields, Low Temperatures 
For this case only electrons from region B need be considered. Here 


1 x 


D~exp (—2Q); (w.-w-—- dx. (31) 


2x 2x0? 


The effect of the image force on electrons from region B is small. Hence, to evaluate Q it is legitimate 
to set 20=20Q», where 


is the exponent which is obtained in the transmission coefficient if the effect of the image force is 
neglected, and @ is the correction function which has been used previously. The potential barrier 
used in the determination of Qo is shown in Fig. 4. Since the transmission coefficient decreases expo- 
nentially, the current vanishes when e= W;— W is large. Hence, Qo may be expanded in powers of e: 


Qo~ 
and since 
(-1 n+1 


n=1 


n 
i= B exp f eexp de +kT exp| 


5 n=1 n 
= Bexp| ———0,} (32) 


or if x is put in ev and F in volt/cm 


F2 «2 (—1)"*! 1 
t= 71.55 X10-—-+120.5T? 


Xexp [—6.838X10’6x!/F] amp/cm?. (33) 
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(c) Intermediate Fields and Temperatures 


If the fields and temperatures are such that 4x,?0x!kT <1, the current comes from the lower part 


of C. Again if we take 
D~exp [ — (8x0?/3)Ox!+4 Vx0?x!8], B=W-—W; 


as above, and use 


(-1 n+1 
N(8)=BkT > 
n=1 n 
there results 
i= exp f exp (n/kT) ]8dB 
n=1 n 0 


= Bk®T? exp 


(34) 
n=l n—40xo?x*kT 


By adding this current to that from region B, the total current for the condition 4x,?0x'kT <1 is 
obtained 


1 (—1)"*1/ 1 1 
i=Bexp | > ) (35) 


or putting x in ev and F in volt/cm 
FP? (—1)"1/ 1 1 

j= {1.55 x10-—+120.547° )| 


Xexp [— 6.838 X107(0x3/F)] amp/cm*. (36) 


The current penetrating the very top of the barrier has been given-in Part IV (28). 
The photoelectric emission from C consists of electrons for which 


D(W-+hyv, F)~ exp [- (x= Hn)! 


e (—1)"*! 

n=1 n 
Because of the large exponential in the transmission coefficient, the majority of the current comes 
from electrons for which y= W;— W is small; hence 


(—1)"+! 1 
3 1602xo*x nm n+4Oxe?(x—hv) 
or, using ev and volts per cm, 
F? (—1)"+! 1 
a= 41.55 K 10-*————__+ 1120. 5T? 


O(x—hv)! 
amp/cm?. (38) 
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Flow of Energy in Thermal Transpiration for a Bose-Einstein and a Fermi-Dirac Gas 
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In the case of two chambers maintained at different 
temperatures containing an ideal gas (classical 6=0, 
Fermi-Dirac 8= —1, or Bose-Einstein 8= +1) and inter- 
communicating through an effusion-orifice, there is, in the 
steady state brought about by thermal transpiration, no 
net flow of matter but a continuous flow of energy (due to 
effusion of particles) from the chamber at the higher 
temperature to the other one. This energy flow is deter- 
mined for a completely relativistic and a completely 
non-relativistic gas. Three possible cases are discussed for 
each of them: (a) gas non-degenerate in both chambers, 
(b) gas degenerate in both chambers, and (c) gas non- 
degenerate in one chamber and degenerate in the other. 
Case (b) is possible for a F.-D. gas only. In case (c) the 
rate of flow of energy to a first order is the same as in 
case (a) but with the temperature of the chamber at the 
lower temperature (i.e., the chamber containing the 


degenerate gas) put equal to zero, which is in accord with 
the properties of a degenerate gas. In case (a) for a rela- 
tivistic classical gas (8=0) the energy flow is proportional 
to the concentration m which is the same in both the 
chambers and to the difference of temperature between 
them. For a non-relativistic classical gas the energy flow 
varies as m,7))(7\—T2), m being the concentration in the 
chamber at temperature 7). For a F.-D. gas the flow is 
slightly less and for a B.-E. gas slightly greater than that 
for the classical gas under the same conditions. In case (b) 
when there is F.-D. degenerate gas in the two chambers, 
the energy flow to a first order both for the relativistic 
and non-relativistic cases, varies as m,!(7\’—T7¢*); in the 
relativistic case, of course, m1 =m. For fixed temperatures, 
the energy flow is always greater when the concentrations 
are such that the gas in the two chambers is degenerate 
than when the gas in both of them is non-degenerate. 


N a recent paper Srivastava! has considered the phenomena of thermal transpiration for a Fermi- 
Dirac and a Bose-Einstein gas, but the flow of energy, which takes place under the steady state 
conditions characterizing thermal transpiration, has not been discussed before, and this is taken up 
in the present paper.” Section I deals with the law of thermal transpiration. In Section II, the flow 
of energy for a relativistic (degenerate and non-degenerate) Fermi-Dirac and Bose-Einstein gas 
is discussed, and Section III deals with the non-relativistic case. . 


I 


We shall first prove a theorem which is required in discussing thermal transpiration phenomena. 
The flow, due to molecular effusion, of mass, energy or number per second per unit area in the case 
of a Bose-Einstein or Fermi-Dirac gas from a chamber at temperature 7; into vacuum will be given 


by an expression of the form* 
g(e)de 
I 10> f (1 ) 
0 


where 8=0 for classical statistics, B= —1 for F.-D. statistics, 8= +1 for B.-E. statistics, and ¢(e) 
is a function appropriate for the particular flow considered. A is called the absolute activity: kT log Ay 
is Gibb’s free energy per particle. The flow from the chamber (1) into a chamber (2) containing the 
same gas but at temperature 7: will be 


d 
f g(e)de {14 <I, (2) 
ao(e) 


' Srivastava, Proc. Roy. Soc. A171, 469 (1939). 

* When we have two chambers maintained at temperatures 7; and 7», respectively, and connected through a porous 
plug, then under steady state conditions, there is no net flow of matter from one chamber to the other, but there is a 
continuous flow of energy from the higher to the lower temperature side. This energy flow is intimately connected with 
the problem of thermal conduction in the Knudsen region. In two interesting papers, Kennard [Phys. Rev. 22, 617 (1923); 
Proc. Nat. Acad. Sci. (U. S. A.) 18, 237 (1932)] has discussed thermal transpiration for a classical pas from the point of 
view of a reversible process, and this can be easily extended to a B.-E. and a F.-D. gas by using the results given here. 

* The suffixes 1 and 2 attached to a quantity refer to its value in the chambers (1) and (2), respectively. 
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where the factor within brackets is introduced to take account of the ‘‘already-occupiedness”’ of the 
phase-cells in the second chamber. m2(¢€) denotes the number of particles in the second chamber lying 
in the energy range ¢ to e+de, and a2(e) the number of independent states or phase-cells available in 


this energy range. Using the distribution law 


( do(e)de 3 


we have 


f 


The expression for J2; is obtained from (4) by interchanging the suffixes 1 and 2. Hence the net flow 
from chamber (1) to chamber (2) is 
1 


= 5 


which shows that 

I21 = I20, (6) 
i.e., the net flow from chamber (1) to chamber (2), even when one takes into account the occupancy 
of the phase-cells, is equal to the difference between the flow from chamber (1) into vacuum and that 
from chamber (2) into vacuum. Therefore, in calculating the net flow, the factor which takes account 
of the occupiedness of the cells can be ignored without affecting the result. We shall now apply (6) 


to effusion of particles and derive the law of thermal transpiration.‘ 
The number of particles effusing from chamber (1) into vacuum per unit area per unit time is 


f (7) 
where 
1 
(8) 
1+6€/mc? 


m is the rest-mass of the particle, and c is the velocity of light. 
Substituting for v and n(e)de, and noting that 


a(e)de= (4rg/c*h*) 2mc*e)}(e+mc*)de, (9) 
we have 
wg (u uy,)adu 

Nyo=— 10 

(1/A,)e"~B 


where u=e/k7, yi=mc?/kT), and g is the ‘‘weight factor’’ for the particle. If there is no net flow of 
matter between the chambers (1) and (2) then we have 


Ni2— Na = Nio— Noo =0, (11) 

which gives the transpiration law in its general form, 

* (u?+2uyi)du (u?+2uye)du 
(1/Ai)e"—B (1/As)e"— 
or 

* (u*+2uy)du 
mf =constant. (13) 


* Some of the results of this section have been given by Srivastava, reference 1, but they are added here for the sake of 
completeness. The treatment followed is also somewhat different. Also see Gogate, Phil. Mag. 29, 85 (1940). 
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It may be noted for ready reference that 


N 4ng * 
n=—=— aT) f (14) 
cth 0 (1/A)e"—B 
an 
f (15) 
chs 0 (1/A)e“—B 


where n is the number of particles per unit volume of the assembly and U denotes the energy density. 
The relation (12) enables us to determine A» for every value of 72, when 7, and A, are considered 
as fixed. 

As is usual in discussions of quantum statistics, we shall consider two limiting cases: (1) the 
completely non-relativistic case (y—> ©) and (2) the completely relativistic case (y—>0). The first case is 
characterized by the average kinetic energy of a particle being negligibly small compared to its 
rest-mass energy, and in the second case, it is just the opposite. We shall first take up the relativistic 
case since in this instance all the effusion phenomena become markedly simple because all particles 
have (almost) the velocity of light. 

In the completely relativistic case, Eq. (12) becomes 


u*du u*du 
and as (14) reduces to 
Amg(kT)® =u*du 
f (17) 
J, (1/A)e“—B 


the transpiration law becomes 
Or n=constant. (18) 


This result is physically obvious, because in the completely relativistic case all particles possess 
(almost) the velocity of light, and thus the condition of no net flow of particles would reduce to the 
constancy of m in the chambers concerned. 

For the completely non-relativistic case, on the other hand, the law of transpiration is from (12) 


udu udu 
——=T2 | (19) 
J (1/A,)e"—B J (1/As)e"—B 
and for this case, 
udu 
n= f . (20) 


Unlike the relativistic case, the integrals occurring in (19) and (20) are different and therefore the 
transpiration law can only be expressed in terms of m by expanding the integrals in series expansions. 
Thus it becomes necessary to consider separately the non-degenerate and degenerate approximations. 
We take first the non-degenerate case. The series expansion for the relevant integral is® 


B u 
(1/A)e"—8 


1 


where Ay°, called the degeneracy-discriminant, is defined by 
nh® 
g(2xmkT)! 


5 The series expansions and the values of the numerical constants a2, 23, etc. are given in the appendix. 


(22) 
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In the case of F.-D. statistics, for non-degeneracy Ay°<1, and for the degenerate case Ay°>1. 
In the case of B.-E. statistics, for the non-degenerate case A y°<¢(3) and for degeneracy Ay°®>¢(), 


where ¢(3) is the Riemann zeta-function. 
Since it will be required in the sequel we may note here that for the completely relativistic case, 


the degeneracy discriminant A is defined 


(23) 
kT 
For F.-D. statistics Ar°>1 for the degenerate case and Ar°<1 for the non-degenerate case, and in 


the case of B.-E. statistics Ar°<¢(3) in non-degeneracy and Ar®>¢(3) for degeneracy. 
We shall use the suffix N to designate the non-relativistic case and R for the relativistic case, but 


when there is no likelihood of any ambiguity their use is suppressed.® 
By using (21), one finds the transpiration law for the non-relativistic non-degenerate case reduces 


to (retaining the first three terms in the — 


1 
9 


02 


(—- 


For the non-relativistic degenerate case (F.-D. statistics), the transpiration law becomes (we write 
for brevity £1°, (2° instead of ¢N,°, {2° and retain up to the third term in the series), 


($19)? 1 — 3 (C2? (RT 1/59) *} = (29)? { 1+ 2/52)? — 3 (C2? +3c4) (RT (25) 


where 
3n, 3x} 
=) -(= (26) 
2m \4rg 


3ne 3x} i 
(= ) -(=) (27) 
+ 


Using successive approximations, we have 


and 


| cok® 2 9 3 ks 4 T 4 28 


II 


We shall now determine the rate of flow of energy between the two chambers. In the steady state 
brought about by thermal transpiration there is no net flow of matter, but there is a continuous 
flow of energy from the chamber at the higher temperature to the other chamber. We shall investigate 
separately the completely relativistic and completely non-relativistic cases, treating under each of them 
the following three possible cases: (1) non-degenerate gas in both chambers, (2) degenerate gas in 
both chambers and (3) non-degenerate gas in one chamber and degenerate gas in the other. Cases (1) 
and (3) exist for a F.-D. as well as for a B.-E. gas, but the second case is not possible in a B.-E.gas. 
In the case of a degenerate B.-E. gas the rate of effusion of particles from a chamber into vacuum 
depends only on the temperature and is independent of the concentration for, by taking A =1 and 


8=1 in (10) we obtain 
No = + (me*/kT) (29) 
® Ay® is the same as Ao used in previous papers [Kothari and Singh, Proc. Roy. Soc. (1941) (In press) J. 


1 
—)+8 
| 
) 
q 


>1. 
(3), 


ase, 


23) 
lin 
but 


ces 


24) 


ite 


25) 


6) 


7) 


8) 
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We see, therefore, that when two chambers are maintained at different temperatures, in the steady 
state characterizing thermal transpiration (Ny2= No, i.e. Nio= Noo), the B.-E. gas cannot be de- 
generate in both of them. 

The rate of flow of energy from a chamber into vacuum per unit area of the effusion opening is 


(30) 


e(e? + 2emc*)de 
4 


where 8 the velocity of a particle is given in terms of € by (8). Therefore the net flow from chamber 
(1) into chamber (2) will be 


En = (E10 — Exo) =—— (31) 


ch? 


e(e°+2emc*)de + 2emc*)de | 
o 


Equation (31) gives the general expression for the flow of energy. Let us first take the completely 
relativistic case, then we have 


and as (15) reduces to 
ede 
(33) 
0 (1/A)e/*?—B 


we obtain for the completely relativistic case, 
(Ei2— (34) 


a result which is physically obvious. 
We shall now substitute in (34) series expansions for U for the degenerate and non-degenerate 
cases. For degeneracy we have’ 


U~ = 5)? —48(2c2*—c4) (RT (35) 
and for non-degeneracy 
B 478° 
(36) 
16 5184 


where as already mentioned 
and (37) 
co=m?/12, cy=7H'/720, 48(2c22—cy) = 44/5. 


Thus we obtain for the completely-relativistic non-degenerate case (up to the third term) 
it+T>2) 
478° 
5184 7,5 


BAY (T 
(En Ta] 1+ rs 


(Ti + (38) 


where n=,=n2, and B=0 for classical statistics, B= —1 for F.-D. statistics and 8= +1 for B.-E. 


7 Non-degeneracy approximation is denoted with a+suffix and degeneracy approximation with a—suffix. 
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statistics. In the completely-relativistic degenerate case (F.-D. statistics), we have 


(E—En)-=- ——(T— 
42 ¢ 


10 (¢°)? 
10 (¢°)? 


We note that (considering only the first terms in the expansions), the ratio of energy flow in non- 
degeneracy to that in degeneracy is 
6 ch 3n 6 


= 40 
(T:+T:) 


k(Ti+T2) 


It now remains to consider the third case, the gas non-degenerate in one chamber and degenerate 
in the other. Since in the relativistic case the transpiration law is m;= m2, the gas will be non-degen- 
erate in the chamber at higher temperature and degenerate in the other chamber. We shall assume 
the chamber (1) to be at a higher temperature (7\>7>). 

The net flow of energy from chamber (1) to chamber (2) is 


En) U2). (41) 


Substituting the appropriate expressions for the energy density, we have considering the first 
terms only, for a F.-D. gas 


3nckT 
4rg + 
and for a B.-E. gas 
3 1 3 
= 1——- -- — => =—nckT. (43) 
4 307,A°) 4 


We now take up the completely non-relativistic case and determine the rate of energy flow for the 


three cases enumerated at the beginning of Section II. 
The rate of flow of energy due to effusion of particles from chamber (1) into vacuum per unit area 


of the opening is 
2xgm u*du 
Ey=— ———, 
h’ 


and hence the rate of net flow of energy from chamber (1) to (2) is 


We first consider the case when the gas is non-degenerate in both the chambers. Writing the rele- 
vant series expansions up to the second terms, we have 


(Eo1— Eo2)*h® 


= (T\°A 723A 2°) —B(a2— §) — T23A%’). (45) 


| 

| 

| 
| 

| 


(39) 


non- 


(40) 


‘rate 
gen- 
ume 


(41) 


first 


(42) 


(43) 


the 


area 


(44) 


-ele- 


(45) 
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Substituting from expression (24) for A2°® in terms of A;° we obtain (putting a2= }!) 
(Eo: — Eo2)*h® 


1 1 
BA, — —— — 

2! 4 87, 
or 


where 8=0, —1 or +1 depending on whether the gas is classical, F.-D., or B.-E. 

We shall now discuss the case when the gas is degenerate (F.-D. statistics) in both the chambers. 
After we introduce the approximate series expansion in powers of (k7T/f°), we find the net energy 
flow is given by 


kT, 2 9 kT, 4 


2rgm 
kT» kT» 


Substituting from (28) for 2° in terms of £:°, we have after a little simplification 


3(E12—E2)~h? cok? 
= 6¢061°R*(T1? — (2 
(¢1°)? 
or 
4ng 12(¢1°)? 


The ratio in the non-relativistic case of the energy flow for non-degeneracy to that for degeneracy 
is (only the first terms are considered) 


(E12—E21)* 31/8. 45/3 1 


(49) 
1+(T2/T)) 


When the first terms only are considered, it will be noticed that the expression for the energy flow, 
when the gas is degenerate in both the chambers, is exactly the same for the completely relativistic 


and non-relativistic cases viz., 
(Ey2— =) (T?- T??). (50) 


This suggests that for the degenerate case, the first term in the expression for energy flow will be 


the same throughout the entire region from the completely non-relativistic at one end to the com- 


pletely relativistic at the other end.® 

It will be of interest, therefore, to consider the completely degenerate case and take account of 
relativistic mechanics and not restrict ourselves to the two extreme cases (completely non-relativistic 
and relativistic) only. 

Equation (12) defining the law of thermal transpiration gives, on integration and retaining only the 
first two terms of the series, 


* The expression is independent of m or c, which is obviously necessary for it to be identical in the non-relativistic and 
relativistic cases, for, in a non-relativistic expression ¢ would not occur, and m would not occur in a relativistic expression. 


= 
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where A; and {2/k7T:=log A». Substituting we obtain 


(52) 


The rate of flow of energy from chamber (1) to (2) is after integrating (31) 


2 


or to a first order in z we have 


Substituting for ¢; its value, (taking only the first term in its expansion), we have 


= 2cok?(T 1? — T2?) + 2mc’). (54) 


3n 
“ne =). (55)° 
mc \4rg 
We obtain 
3ny 


which is Eq. (50). 

It now only remains to consider the case that the gas in chamber (1), with 7:>T7>, is non-degen- 
erate and that in chamber (2) is degenerate. Let us first take the F.-D. gas. For the non-relativistic 
case that we are treating, the transpiration relation, after we integrate (19) and retain only the first 


terms becomes 
(k T 1)°A v= (¢ 2°)?/ 2. (56) 


The rate of flow of energy from chamber (1) to (2) will be from (44) 


2? 3 Ar 23 
3 3 


2} 2.3} 
™m 3 


In the case of a B.-E. gas, instead of (56), the transpiration law will be from (19) 
=¢(2)(T2/T1)’, (58) 


where {(2) is the Riemann zeta-function for the parameter 2, ¢(2)=2°/6. The energy flow from 
chamber (1) to (2) will be from (44) 


2rgm 


2rgm 
Ey—En = hs [2 (kT}) 34 3¢(3) ], (59) 


When x1, and when Except as used here, stands either for ¢y1° or {21° depending on 
the content. 


f 


4) 


n 


THERMAL TRANSPIRATION 357 


where ¢(3) =1.202. Substituting (58) in (59) we have 


aii ) ar ( 2 ) (kT;)'. (60) 
n = | — I] n 


These results—that is Eqs. (57) and (60)—are to be compared with the case of a non-degenerate 
gas in the two chambers. They are identical with the corresponding expression (if we consider only 
the first terms) for the non-degenerate case but with 72 in it put equal to zero, and this is what would 
be expected from the physical properties of a degenerate gas. 


APPENDIX 


It is often convenient to have a series expansion expressed in powers of Ao (or 1//Ao as the case may 
be) for the usually occurring integral 


f (1A) 
(1/A)e“—B 
Ao and (o/RT) are defined by 


where is the concentration and C is a constant. [See Eqs. (17) and (20).] The energy per particle 
(U/n) will be given by 


U/n=(1/n)C(RT) = o(RT/ (3A) 


[See Eqs. (14) and (15). ] 
For the non-degenerate case (A <1), we have 


n=1 0 
or 
( 
BI,=T(p+1) (4A) 
m=1 mPr 
Substituting p=q—1 in (4A), we have using (2A), 
(8A)™ (8A)? (BA)? 
=(B8A)+ + (5A) 
m=1 3¢ 
and inverting the series (5) we obtain 
BA (6A) 
where 
1 1 2 s § § 
@=—, @=———, &=———+—. (7A) 
24 32 42 4¢ 6% 84 


With the help of (6A), we obtain for the expansion of the integral 7, in terms of Ao, 
BI, 
I(p+1) 


de 1 
= (8A 0) — (BA)? 


2 1 
(B40) "(at ). (8A) 


3” 4pti 


52) 
n- 
ic 
st 
6) 
3) 
)) 
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The values of the numerical coefficients are 


a2= 0.12500 | for the completely 
a3= 0.005787 | relativistic case 
as= 0.002243 | (q=3) 

and : 
a2= 0.3535 for the completely 
a3= —0.05755 non-relativistic 
a4= 0.005764 | case (¢=}). (9A) 


We now consider the degenerate case. Taking first the case of F.-D. statistics (@= —1, A>1), we 
have,'® 


(¢/RT)?*! 


where we write log A={/kT and c2=7°/12, cs=72*/720. Substituting for Zz; in (2A) from (10A), 
we have 


+ 
and inverting the series we obtain after a little algebra 
§ = — fo)? —2(g—1)(g—3) 1) } (AT / £0) *]. (11A) 
Substituting from (11A) in (10A) we obtain for the integral 7, in powers of (RT’/fo) the series 
(g—1)(g—3)/p] 
(b—1)(p—2)  (12A) 


Writing p=q in (12A) we have 
—e22(g—1)} +--+], (13A) 


and using (2A) we obtain for the energy per particle 


_ 


We have so far considered the degenerate case in Fermi statistics. In Bose degeneracy A =1, and 
therefore 


le f (15A) 
e“—1 


where {(p+1) is the Riemann zeta-function. 


1 Sommerfeld, Zeits. f. Physik 47, 1 (1928). 
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The rigidity modulus and Young’s modulus of lead single crystals have been measured by 
static methods as functions of crystal orientation. The elastic parameters so obtained are in 
agreement with the previous values determined dynamically by Goens and Weerts. The bend- 
ing-torsion effect is large for certain orientations, and its effect upon the measurement of 
rigidity modulus by torsion has been studied. The elastic limit for lead under longitudinal 
stress occurred when the resolved shear stress on the most favorably placed octahedral plane 
was about 2X10 dynes per cm*. Observations have been made of the transient creep under 
longitudinal stress. The creep strain velocity at any instant was found to be proportional to 
the difference between the final strain reached under that load and the strain present at the 


instant. 


OENS and Weerts' have measured the 
adiabatic elastic constants of lead from 
torsional and flexural oscillations of single crystal 
rods. The elastic region under steady stress has 
been studied by Deming? who measured Young’s 
modulus by the bending beam method.* He found 
definite elastic behavior with a linear relation 
between stress and strain up to a resolved shear 
stress of about 210° dynes/cm?, beyond which 
creep and permanent set (after removing the 
load) appeared. The values of Young’s modulus 
for crystals with orientation functions near zero 
agreed fairly well with those of Goens and 
Weerts, but for other orientations the agreement 
was poor.‘ 

In the following, the elasticity of lead under 
steady stress has been studied by determining 
the rigidity modulus for various crystal orien- 
tations with a torsion apparatus, and the 
Young’s modulus by observing the in¢rease in 
length under applied longitudinal stress. Some 
observations of creep have also been made with 
the latter method. 

The lead was from the same lot used by 
Deming.® The preliminary castings were made in 
an iron tube® in the shape of cylinders about 15 


1E. Goens and J. Weerts, Physik. Zeits. 37, 321 (1936). 

2A. Deming, M.S. thesis, State University of Iowa’ 
1939, unpublished. 

3 Wayne Webb, Phys. Rev. 55, 297 (1939), footnote 26. 

‘ This is now believed to be due to the reciprocal bending- 
torsion effect, the influence of which could not be effectively 
estimated with the apparatus used by Deming. 

5 We are indebted to Professor H. F. Moore of the 
University of Illinois for the material. It has about 0.005 
percent impurity, according to an analysis made by Baker, 


cm long and 0.9 cm in diameter. After being 
sharpened to a point at one end, they were 
coated with Alundum cement, dried, rolled in 
moistened asbestos paper, and slipped into a 
brass tube. They were formed into single crystals 
by the Bridgman method of lowering through a 
furnace. The rate of growth was about 2 cm/hr. 
and the gradient was about 10°C/cm. The 
cement-asbestos paper coating was removed 
from the final crystal by soaking in water. This 
procedure was believed to be less likely to pro- 
duce strains than other methods such as growing 
in a glass tube, etc. The orientation of each 
crystal was determined after etching’ by the 
reflection of light from crystal planes by the 
procedure described by Webb.’ The reflections 
were mainly from the {111} and {100} planes, 
although fainter reflections were also observed 
from the {110} and {113} planes. 


RIGIDITY MODULUS 


The elastic properties of a cubic crystal such 
as lead may be expressed in terms of three main 
parameters, S11, Siz and S44, when referred to the 
crystallographic axes. One may also use a set of 
axes, x’, y’, and 2’, not coinciding with the 


Betty, and Moore (Trans. Am. Inst. Min. and Met. Eng. 
128, 111 (1938), Inst. of Metals Div.). 

oA spectrographic analysis showed no impurities were 
introduced. 

7 Two etch solutions were used; a stronger to remove 
oxide (for 4 hr.) and a weaker (for several hr.). The two 
solutions are composed of nitric acid, acetic acid and water 
in the proportions 1 : 1 : 2 and 2: 3 : 20. This procedure 
was suggested by Deming and is a modification of the one 
used by B. B. M. 
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OF $5, * (em Yayne) 


Sq * 10'* (em*/dyne) 


Fic. 1. Curve A, reciprocal of rigidity modulus; Curve B, 
reciprocal of Young’s modulus, as functions of orientation. 
Lines and solid circles (@) are from Goens and Weerts. 
Other points are the writers’ values. On Curve A, the 
symbols have the following significance: O, no bending- 
torsion correction; @, from ‘‘maximum slope’’ run; @, 
from “minimum slope”’ run and correction factor ¢. 


crystallographic axes, and a set of “primed”’ 
parameters, s’;;, which are, of course, functions 
of the main parameters and of the relative orien- 
tation of the two sets of axes. In general, a 
crystal either under axial torque or with an 
applied bending moment both twists and bends. 
With an appropriate choice of axes, the following 
equations® hold for a cylindrical crystal of length 
l and radius r: 


rr*6/21=s',N— 834M, (1) 
(2) 


in which @ is the angle of twist, N is the axial 
torque, p is the radius of curvature, and M is the 
component of the applied bending moment in the 
plane in which bending occurs. The parameters 
$s’, S’33, and 8's, are expressed in terms of the 


main parameters by the following: 
s',=Sut4sf(y), (3) 
(4) 

+73") — (vit (5) 


where 
$=S11—S12— 3544, (6) 


Sly) +7278", (7) 


and the y’s are the direction cosines of the length 
of the crystal specimen with respect to the 


8’ E. Goens, Ann. d. Physik 16, 693 (1933). 


crystallographic axes. In the following, we shall 
define G’ (=1/s’,) as the “free’’ rigidity modulus 
[N only ; M=Oin Eq. (1) ], and Gas the modulus 
which is measured when bending is prevented 
[1/p=0 in Eq. (2) ]. If the crystal is free to bend, 
the expression for G’ reduces to G’=21N/zr‘é, 
the usual ‘‘isotropic’’ formula. If the crystal is 
prevented from bending the reciprocal of the 
free modulus is given by’ 1/G’=(1/G)¢ where 
] and G is given now by 
the ‘isotropic’ formula. The correction factor 
¢ is 1.00 for orientations in which the length of 
the specimen is in the [100] (f(y)=0), [110] 
(f(y) =0.25), and [111] (f(y) =0.33) directions. 
It has a maximum value of about 1.25 for lead. 

The torsion apparatus was of the usual type 
having for the measurement of the twist, 6, an 
optical system with a minimum observable angle 
of about one second of arc. The fixed end of the 
crystal was set in Wood’s metal, and the movable 
end was held in jaws on a torsion head which was 
free to rotate in ball bearings. An approximately 
pure torque, clockwise or counter-clockwise, was 
applied to the torsion head by a suitable arrange- 
ment of four springs. 

Three crystals for which the bending-torsion 
coupling was absent were grown and measured. 
The stress-strain” plots for these crystals were all 
straight and the slopes consistent, within the 
experimental error of about one percent. The 
points indicated by open circles (O), curve A, Fig. 


TABLE I. Summary of data. 


Stress at 
elastic limit§ 
1 1 Longi 
ta ongitu- solv 
No f(y) ¢ G  dinal shear 
1 0.000 1.00 6.91 a 6.8 1.4 
94 
2 0.0046 1.02 7Al 
3 0.006 (9.61)* 41 1.8 
9.31 
4 0.099 1.21 11.50t 
10.27t 
5 0.151 1.19 13.3t 
13.0: 
6 0.189 1.12 14.8 
14.1f 
7 0.233 4.70 
8 0.250 1.00 17.35 4.22 
9 0.254 441 4.3 1.8 


* Before annealing. 
+ Computed from maximum slope. 
Computed from minimum slope and correction factor, ¢. 


In 106 dynes/cm?. 


® This may also be written in the equivalent form 1/G’ 
=1/G plus a ‘‘bending-torsion” correction. See W. A. 
Good, Phys. Rev. 60, 605 (1941). 

10 More accurately—angle of twist vs. axial torque. 
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1, are the averages of a number of runs on these 
crystals and are in good agreement with the data 
of Goens and Weerts.' 

For the crystals which had an appreciable 
bending-torsion correction (@>1), the situation 
is more complicated. The ball bearings were not 
perfectly tight, but had a play estimated to be 
about 10-* cm, which is actually about sufficient 
to allow free bending. Thus one might expect the 
stress-strain curve to have a slope corresponding 
to the free modulus (G’). If, however, the bearing 
reaction produced a partial restraint, the slope 
should correspond to something greater than G’, 
i.e. nearer G. In the extreme case where the 
torsion head was initially definitely in contact 
with one side of the bearing torque in one sense 
would produce no bending while under the op- 
posite torque very nearly free bending would 
occur. The stress-strain curve should then be 
two straight lines, one with a slope, for one sense 
of torque, corresponding to G, and the other to 
G’. These two cases are illustrated by curves C 
and D of Fig. 2, which are successive runs on 
crystal No. 5. In the first, only a pure torque 
was used, and the line is straight, with a slope 
fairly close to that corresponding to free bending. 
In curve D, a weight was hung on the torsion 
head sufficient to press it definitely against one 
side of the bearing. Since a constant bending 
moment (contrasted to a bending moment which 
is proportional to the torque) gives a line with a 
slope corresponding to G’, a double slope line was 
expected and was actually obtained. The dif- 
ference in the slopes of the two lines (14 percent) 
corresponds fairly well to the computed differ- 
ence of 19 percent (¢=1.19) between G and G’. 
This experiment was repeated with another 
crystal with similar results. The same experiment 
with a crystal having no bending-torsion coupling 
gave a null result. 

Of all the runs on the crystals having a bend- 
ing-torsion coupling (¢>1.00), the results were 
about as follows: Either single straight lines were 
observed, with slopes corresponding fairly well 
to G’, or they were of the double slope type. 
Examples of the latter are curves E and F, Fig. 2. 
From the various slopes observed for any one of 
these crystals (5 to 20 runs), the extreme values 
were picked out. The maximum was assumed to 
be that for free bending and G’ was computed 


from it. The minimum value was assumed to 
give G and from it another value of G’ 
(1/G’=(1/G)@) was computed. These two values 
are plotted in Fig. 1 with separate symbols and 
are given in Table I. The average of these two 
values should be and is reasonably close to the 
value of G’. 

The diversity of slopes of the stress-strain re- 
lations for crystals with a large correction factor 
as compared with the constancy of slopes for 


24 


ANGLE OF TWIST 


@ 


| 


Fic. 2. Angle of twist against axial torque. Curve A is 
for a brass rod. Curves B to F are runs on lead single 
crystals. Band Care typical examples of straight line plots, 
while E and F are typical examples of runs of the double 
slope type. The slopes are shown by the numbers near the 
curves. The unit of torque is 1960 dyne cm and the unit 
of twist is 5.6 10~ radian. 


crystals with no (or very small) bending-torsion 
correction is shown in Fig. 3. 


YOUNG’S MODULUS 


The apparatus used for determining Young's 
modulus" and observing creep was developed 
particularly for measuring very small extensions 


‘of metal single crystals under longitudinal stress. 


It consists of an optical lever system attached to 
the specimen, a change in length of which causes 
the image of a scale to move past the cross hair in 
a low power microscope. The magnification of the 
device is about eight hundred. If one considers 
the smallest definite observable change in scale 
reading as 0.01 mm (one-tenth of the smallest 
scale division), the corresponding least observ- 


" This is E’ Eq. 
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Fic. 3. The number of runs giving values of 2/N/mr*6é 
to the closest value plotted against these values. A is for 
acrystal (No. 6, ¢=1.12) which has a large bending-torsion 
coupling and B and C are for crystals having zero and small 
coupling (No. 8 and No. 2), respectively. A value of 
21N/xr*@ obtained from a straight run is plotted as a 
circle (O) while the two values obtained from a double 
slope are plotted as plus signs connected by the arrow <>. 


able increment of strain on a specimen 7 cm 
long is 1.8X10~’. A fairly accurate stress-strain 
curve can therefore be run with the upper limit 
of allowable strain as low as 4X10~-* above the 
strain caused by the initial, or zero, load. By the 
use of a photoelectric multiplying device very 
similar to, and suggested by, one used by 
McKeehan and Cioffi,"* the accuracy of observa- 
tion is increased and the lower limit of observable 
strain reduced. With it, in fact, a 1-cm scale 
deflection of a galvanometer corresponds to a 
strain increment of about 2X10-* (on a 7 cm 
length), and a determination of Young’s modulus 
can be made with a total strain not exceeding 
about 10~* beyond the initial value. The initial 
load was made small enough to produce in a 


crystal of 0.65 cm? cross section a stress of 


0.6 X 10° dynes'* per cm?. 
Young’s modulus was determined by the 
photoelectric method for five crystals with orien- 
122L. W. McKeehan and P. P. Cioffi, Phys. Rev. 28, 146 
(1926). 


13 For the orientation, f(y) =0, with the smallest modulus 
this is an initial strain of about 5x 10~-*. 


tation functions near zero and near 0.25. The 
results are plotted as open circles (O), Curve B, 
‘Fig. 1, and are given in Table I. They agree well 
with the adiabatic!* determination of Goens and 
Weerts. The load-extension curves for both 
increasing and decreasing loads were straight 
lines, with no observable hysteresis or permanent 
set. Two of the crystals (see Table I) gave some- 
what high values for 1/EZ’ when first run but 
yielded values in agreement with Goens and 
Weerts after an anneal of three hours at 200°C, 
followed by slow cooling. Crystals which gave the 
expected value on the initial determination were 
not annealed.” 


ELASTIC LIMIT AND PLASTICITY 


Three of the crystals were taken into the 
plastic region. This was done mainly by the 
visual observation method. The load was in- 
creased by steps of about 275 grams. In all cases 
the load which caused the first deviation from a 
linear relation between load and extension was 
accompanied by easily observable creep and by 
subsequent permanent set when the load was 
removed. This was taken to be the elastic limit. 
Elastic limits so determined are given in Table I 
both as longitudinal stress (column 6) and as 
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Fic. 4. Load against extension for crystal No. 1. Each 
unit of load produces a stress of 0.415X10® dynes/cm’. 
The zero load is 0.67 dyne/cm?. Each unit of extension 
corresponds to a longitudinal strain of 18 10~-*. Curve B 
was taken directly after curve A and the ascending branch 
coincides with the descending branch of curve 4, but is 
offset to avoid confusion. The first elastic limit observed 
for this crystal was at 14 on the load scale. 


14 The theoretical difference between the reciprocals of 
the adiabatic and isothermal modulus is 0.016x10-" 
cm?/dyne and is too small to show in the graph. 

1 Crystal No. 9 was also high, but this was a crystal 
with a somewhat irregular cross section. It had also had 
considerable previous use. 
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resolved shear stress (column 7). The resolved 
shear stress was obtained as follows. The glide 
plane is known to be the most favorably situated 
of the octahedral planes and the component of 
longitudinal stress parallel to this plane was 
obtained and then resolved into the nearest glide 
direction [110]. This resolved shear stress, for 
any orientation, comes out fairly close to four- 
tenths of the longitudinal stress, except for the 
case where glide may take place on two equally 
favorably situated glide planes. In this case the 
resolved shear stress is half as great as for resolu- 
tion on a single plane. Crystals Nos. 3 and 9 
seemed to satisfy the former condition, while 
crystal No. 1 was so nearly oriented along a 
cube edge that the assumption of double glide 
appeared correct. Computing the resolved shear 
stress on this assumption we obtain the values in 
the table. If single glide for No. 1 is assumed, a 
value twice as high is obtained. 

It must be realized that any specification of 
elastic limit, the presence of permanent set, 
presence or absence of hysteresis, etc., are in- 
herently indefinite and conditioned by the par- 


ticular observational method used. Thus, the 


writers feel safe in saying that the load-extension 
curve is linear and the same for increasing and 
decreasing loads up to a fairly well-defined point, 
corresponding to a resolved shear stress of not 
more than 2X10® dynes per cm?. It is implied, 
however, that this is true within the limitations 
of the apparatus, namely, the ability todetermine 
a change in strain of about 2X10~-? which may 
occur in, say, five or six minutes. The same 
change occurring in five or six hours is not con- 
sidered observable.'® Elastic curves were ob- 
tained whether the runs were made in ten minutes 
or in one hour, but a run which took a week could 
conceivably be different. 

A decrease in the load after the specimen had 
been taken slightly beyond the elastic limit 
produced a load-extension curve parallel to the 
increasing load curve, but offset by the amount 
of the plastic deformation. Curve A, Fig. 4 is an 


16 The reason for this is that the apparatus is temperature 
sensitive, because of unequal expansion of crystal and 
measuring system. With the best compensation of this, 
good thermal insulation, etc., it is always probable that 
some small change taking place in several hours is due to 
temperature change. Long time observations were there- 
fore precluded. 
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example of this behavior. Curve B, taken di- 
rectly after A, shows the effect of again increasing 
the load. The first, very small creep was observed 
at F, the maximum load of the previous curve. 
At G, H, and I, the lower point indicates the 
reading taken as soon as possible after reaching"’ 
the indicated load. The higher point indicates 
the extension reached after several minutes when 
the creep had practically stopped. The curve 
from JI down is parallel to the increasing load 


7 
a! 6.56 
6 
5 So" 4.89 
| B 
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A’_ +$,*1.62 
2 3 4 


TIME (minutes) 


Fic. 5. Creep as function of time. Ordinate is longitudinal 
strain, S; abscissa, time in minutes. 


curve. In general, after a specimen was left 
loaded until the creep seemed to stop, its sub- 
sequent behavior was elastic almost up to this 
point with no certain change in modulus \not 
more than 1 percent). The elastic limit of the 
crystal in Fig. 4 has been raised about 50 percent 
by other runs of this sort. No self-annealing at 
room temperature was observed, i.e., after the 
elastic limit was pushed up to a certain value, it 
stayed there. 

The progress of creep with time at such points 
as G, H, and I, Fig. 4, is of some interest. 
Curves A, B, C, Fig. 5, depict this behavior. The 
strain existing at each of the lower points G, H, 
I in Fig. 4 is set equal to zero, with time equal to 
zero also, and the subsequent longitudinal strain 
(S=Al/l) under the steady load is plotted as a 
function of time. The experimental points are 


17 The load was applied by gradually running pane! f 
into a container hung from the lower end of the crystal. 
a the 275 gram increment took not more than twenty 
seconds. 
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indicated by circles and the curves are plotted 
from the equation: 


S= So(1—e-*) (8) 


with a equal to unity and the values of Sp shown 
on the curves. The constant a was found from 
suitable pairs of experimental points. The values 
actually found were: from points on A, 1.14; 
from B, 1.04, 0.87, 0.97; from C, 1.18, 0.70, 1.00. 
Another set of three similar curves, taken previ- 
ously on this same crystal at somewhat lower 
loads, were also fitted quite well with a equal to 
-unity. After several intervening runs, which 
pushed the elastic limit higher yet, a set of two 
curves taken beyond J, Fig. 4 (at 22.3 and 22.6 
on the arbitrary load scale) was fitted by 
S=7.00(1 —e~®**) and S=7.29(1—e~* **). It is 
to be noted that the a is definitely less. Although 
the fitting of such a curve to three points is not 
very sensitive to changes in a, a value of unity 
for a produced no fit at all. 

The strain velocity, during creep, is given by 


dS/dt= Soae~**=a(So—S), (9) 


that is, the velocity is proportional to the creep 
(strain) still to be accomplished. If F, curve B, 
Fig. 4, is taken as the elastic limit, G, H, and J 
are 1, 2, and 3 load units, respectively, beyond 
this. The values of So on curves A, B, and C, 
Fig. 5, are 1.98, 9.06, and 20.96X10-® strain 
unit, respectively above the extrapolated elastic 
curve. These numbers are roughly in the ratio 
of f : 4:9, or proportional to the square of the 
load added above the elastic limit. Thus, if it is 
valid to extrapolate the strain velocity relation, 
Eq. (9), back to this point, such loads if applied 
suddenly would produce initial creep rates pro- 
‘portional to the square of the load above the 
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then existing elastic limit. These initial strain 
velocities are, of course, equal to 1.98, 9.06, and 
20.96 X10-* per minute. Chalmers'® has found 
very similar results for tin, although he found a 
linear relation between strain velocity and stress 
in this region of “transient creep,’’ and found 
that the previous history of the specimen had no 
effect. 

The data on creep presented here are not very 
extensive but it seems that results of this type 
should throw useful light on the general problem 
of plasticity in metals and particularly the 
validity of Taylor’s dislocation theory.!® Thus 
the relations of Eqs. (8) and (9) may imply that 
under a given load there are a certain number of 
dislocations which are capable of moving (or dis- 
appearing) in such a way as to change the 
specimen length by a certain amount, and that 
the number of these which move (or disappear) 
per unit time is proportional to the number 
present at that time. A further increase in load 
then makes an additional number of dislocations 
effective, and so on throughout the region of 
transient creep. In this way one might, with 
more extensive data, arrive at quantitative 
results for density of dislocations, energy to 
move them, etc. 

Finally, the writers do not believe that their 
data on elasticity warrant any change in the 
elastic parameters $11, Si2 and S44 from those 
recommended by Goens and Weerts. The iso- 
thermal parameters are, then, in cm?/dynes: 
9.28, — 4.24, 6.94, all x10-®, 
and the compressibility, computed from these is 
2.40 X10-" cm?/dyne. 

18 B. Chalmers, Proc. Roy. Soc. 156, 427 (1936). 


19 See Frederick Seitz and T. A. Read, J. App. Phys. 12, 
470 (1941), particularly Figs. 43 and 44. 
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The phenomena of electrical contact are examined in detail. The difference between the 
behaviors of metals and semi-conductors is pointed out. It is shown that the density of con- 
duction electrons in a semi-conductor can be expected to change appreciably from its normal 
value which may be important for the explanation of certain phenomena. 


INTRODUCTION 


HE theory of electrical contact between 
two metals gives the well-known relation 
between the contact potential and the work 
functions of the metals. A theory has also been 
developed for the contact between a metal and a 
semi-conductor.' The theories are necessarily 
very crude as the subject concerns the surface 
phenomena. Since the surface is a region of dis- 
continuity, the phenomena taking place there 
are much more difficult to handle than those 
inside the body and rigorous treatment would be 
very difficult. However, by examining the prob- 
lem more closely we can get a clearer picture, 
bring out explicitly the assumptions and limita- 
tions of the existing theories.and derive some 
additional information about the problem. This 
is the purpose of the present paper. 

To simplify the problem we shall assume that 
the electron energy states are not affected by the 
surface. Various investigators? have shown that 
the surface gives rise to energy states within the 
forbidden band and other changes. To take such 
effects into consideration would greatly com- 
plicate the problem. As the number of surface 
states is small compared with the number of 
normal states we shall make the approximation 
of neglecting them. 


SURFACE POTENTIAL BARRIER 


The potential of an electron inside a solid is 
periodic with the period of the lattice, going 
through deep depressions in the neighborhood of 
each atomic nucleus. It rises sharply at the 
surface forming a potential barrier which keeps 
the electrons confined to the body. The potential 


1A. H. Wilson, Proc. Roy. Soc. Al36, 487 (1932). 
*E. T. Goodwin, Proc. Camb. Phil. Soc. 35, 205 (1939). 


energy is lowered inside a ‘solid owing to the 
actions of the positive charges of the atomic 
nuclei and of the negative charges of the rest of 
the electrons. (Determining factors in the latter 
action are the exchange forces between electrons 
of the same spin and the electrostatic repulsive 
forces between pairs of electrons.) These actions 
of the charges continue outside the body. In 
the case of metals these actions reduce to the 
image force at sufficient distances from the 
surface. The above cause of the lowering of the 
potential energy inside a solid is a volume effect. 
In addition the potential barrier is affected by 
surface phenomena. The ‘electron distribution 
around the surface ions is not symmetrical 
because of the fact that the charge about these 
ions on the inner side of the surface is different 
from that on the outside. This unsymmetrical 
distribution of negative electrons around positive 
ions results in a double layer which produces a 
potential difference across the surface. It has 
been shown by Bardeen® that for pure metals 
the surface double layer plays only a minor part. 

Let us consider the relation between the 
potentials inside two solids in contact. When the 
bodies are far apart the relation is indicated by 
Fig. 1a. As they approach each other closer and 
closer the two parts of Fig. 1a simply shift 
toward each other (Fig. 1b) until at sufficiently 


Body | Body 2 Body! Body! | Body? 
a 
Nn 


Fic. 1. (a) Potential barrier bodies far apart; (b) bodies 
near each other; (c) bodies in contact. 


3E. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935); 
J. Bardeen, Phys. Rev. 49, 653 (1936). 
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close distances the distributions of electrons 
near the surfaces of the two bodies begin to 
change under mutual interaction of the charges 
of the two bodies. The potential barriers will 
then be changed. As a result we cannot simply 
shift the two parts closer to each other at such 
close ranges. If we neglect, however, the change 
of potential barriers owing to changes of charge 
distribution near the surface then the relation 
will be given by Fig. 1c. Actually such’a picture 
does not correspond to equilibrium, which re- 
quires that the number of electrons entering 
one body from the other must be just balanced 
by the flow in the opposite direction. (Of course 
the energies carried by the electrons flowing in 
opposite directions must also balance each other.) 
This condition has not yet been taken into 
consideration. 


CONTACT BETWEEN TWO METALS 


The energy levels of solids are grouped into 
bands separated by gaps of forbidden energy. The 
lower bands are filled with electrons, each level 
having its full quota of two electrons. In metals 
there is a band only partially filled above the 
full bands. This is the conduction band, only 
electrons of this band participating in conduc- 
tion. Upon coming into contact with another 
metal the full bands having their full quota of 
electrons cannot receive any more from the 
latter, and under equilibrium conditions no 
electrons should go over to the other metal 
from these bands. Therefore these bands can be 
disregarded in considering the exchange of elec- 
trons between the two metals and only the 
conduction bands need be considered. The 
electrons are distributed among the energy levels 
according to Fermi-Dirac statistics : 


2 
(1) 


44 


The parameter ¢ is the thermodynamic potential 
per electron and is determined by the total 
number of electrons which should be equal to the 
summation of n over all energy states. The choice 
of energy zero is arbitrary and it is convenient 
to choose the bottom of the conduction band. 
Figure 2a shows the potential barriers and con- 
duction bands for two metals and Fig. 2b shows 


the two metals in contact. We have disregarded 
the condition for equilibrium. The bottom of the 
conduction band should actually not be at 
the same level clear up to the surface as indi- 
cated by horizontal line O, or Os, since the 
potential near the surface is not the same as 
that inside the body. But this takes place near 
the very surface and we neglect it to simplify 
the picture and bring out the points we want to 
emphasize. 


Metal { Metal 2 Metal 1 Metal 2 
b 


Fic. 2. (a) Potential[barriers and conduction bands; 
(b) metals in contact. 


Let us now consider the equilibrium condition. 
Frenkel‘ gave a good discussion using the free 
electron model. Bethe® gave substantially the 
same treatment, but he used a wave-mechanical 
treatment. We shall give Bethe’s derivation with 
a few additions for clearer understanding. The 
wave function of an electron in a periodic field 
inside a solid is of the form: 


y=e"*ru, (2) 


where w is a periodic function with period of the 
lattice. The velocity of the electron in the 
direction x is 


ve= (3) 


the electron energy being a function of k(Rz, ky, kz). 
The number of electrons in body 1 arriving at 
the boundary surface (YZ plane) with a velocity 
component toward body 2 is 


= f dk,' 


1 


h 4 1 


(4) 


The integration with respect to k,' is over all 
values for positive v,. This integral can be re- 


4J. Frenkel, Wave Mechanics, Elementary Theory. 
5A. Sommerfeld and H. Bethe, Handbuch der Physik, 


Vol. 24/2. 
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written by changing the variable from k,! to FE, 


dk dk (5) 


where (£;) is the minimum value of £, for the 
set values of k, and k,'. Similarly the number of 
electrons arriving at the contact surface from 
body 2 heading for body 1 is 


f ak, ake . (5a) 


Let the wave number (,’, k,', k.') of an electron 
in body 1 change to (k/, k,?, k.2) upon crossing 
the contact surface. To insure the same relation 
along the contact surface between the wave 
functions on both sides we must have k,}=k,? 
and k,!=k,’. Since the electron energy should 
remain the same we have the following relation : 


E2(k,’, k,’, k,”) =E,(k,', —P, (6) 


where P is the difference between the energy 
zeros adopted for the two bodies. Whether an 
electron may enter a body or not depends in the 
first place upon the occupation of the particular 
energy level by electrons. The probability can 
be written in the form: 


a 


i- (7) 


Pv /KT4 


for electrons of energy E2 in body 2 to enter body 
1, and correspondingly 
Qa 


1- (7a) 


for electrons of energy E,; in body 1 to enter 
body 2. Furthermore electrons may suffer 
reflection at the boundary surface where two 
different periodic fields join together. We have 
to introduce a transmission coefficient which is a 
function of the wave numbers: D(k,, k,, kz) or 
D(E, ky, k.). The number of electrons entering 
body 2 is 


2 
dk dk,} Dy2(E,, 


(8) 


1 1 
4 


The number of electrons entering body 1 is 


h(2x)? 


dE, 1 
4 4 


2 
f ak, f dk,' 
h(2r)? 


x Da(E,—P, k,', k,') 


(E2)+P 


dE, 
(: ). (8a) 


The lower limit of integration for EZ, in (8) and 
(8a) should be the same. Let (£,) <(£2)+P. 
The electrons with energies E; <(E2)+P cannot, 
however, enter body 2 in which no electrons 
can have energy less than (E2). These electrons 
must be reflected. The transmission coefficient 
obeys a general theorem which states in terms 
of our notation : D,2(k.", ky', kz!) = Dai k,?, ; 
it follows: k,}, =D.(E,—P, k,?, k,*). 
Thus we have 


f ak, f ake k,', k,") 


E 1 
4 


dE, 
4 4 


where E,° is the common lower limit of integra- 
tion. This reduces to 


f ak, f k,', 
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This equation can be satisfied only with 


or 
P=i1-$2. (11) 


This means that the energy zero for body 2 
(chosen at the bottom of its conduction band) 
should be higher than that chosen for body 1 
by the amount (f:—f2), therefore the levels 
¢: and ¢ must be the same energy level when a 


Top of potential barrier 


fp 


Pr 
> 


Metal | Metal 2 


Fic. 3. Energy relations for metals in contact. 


common energy scale is taken for the two bodies. 
This is the condition for equilibrium. 

The same result is obtained directly from a 
general consideration of statistical equilibrium. 
When groups of electrons are in equilibrium their 
thermodynamic potentials must be equal. For 
the conduction electrons of the two bodies to 
be in equilibrium we must have 


when a common energy zero is used for the two 
bodies. Difference between £; and £2 must be 
due to the difference in the chosen energy zeros: 


Thus the same result as given by (11) is ob- 
tained. The first derivation is given because it 
shows the physical process more clearly. 

Such condition as shown by Fig. 2b does not 
therefore correspond to equilibrium. More elec- 
trons will flow from body 2 to body 1. The 
former will be charged positively and the latter— 
negatively. We can look into the problem more 
closely by using the free electron model and 
consider the space distribution of the excess or 
deficiency of electrons and the average potential 
inside the two bodies. According to Fermi-Dirac 


statistics the density of electrons in space is 
given approximately by® 


8x 
=—/2 —V)]}, 1 
(12) 


where V is the potential energy of the electron 
at the point under consideration. The force 
driving the electrons from a point of higher to 
a point of lower potential is compensated by the 
force resulting from the difference in the electron 
densities at the two points. In metals the density 
of conduction electrons is very high and a space 
charge (excess or deficiency of electrons) enough 
to produce an appreciable potential field makes 
little change in the electron density. The action 
due to the difference of electron densities is, 
therefore, unimportant in metals. The space 
distribution of electrons is predominantly gov- 
erned by electrostatics a fact which shows that 
charges on metals must be all on the surface 
(actually—near the surface). At the contact a 
sort of double layer will be formed. The electron 
potential inside metal 1 which is negatively 
charged will be raised and that of metal 2 will be 
lowered. The energy difference between the 
level ¢ and the bottom of the band, being a 
measure of the electron density, remains the 
same inside each metal. At the contact surface 
we have {1'>f1 and {2'<f2 due to the excess 
of electrons in metal 1 and deficiency in metal 2. 
The energy difference at the contact between the 
bottoms of the conduction bands is approxi- 
mately given by (see Fig. 3): 


P= 


in which we have neglected the effects of the 
proximity of the two metals and of the charges 
resulting from electron flow on W,; and W,.’ 
ti’ and ¢.’ adjust themselves by the metals’ 
losing or gaining electrons near the surface until 
the condition for equilibrium (11) is satisfied. 
The electron potential and consequently the 
bottom of the conduction band of metal 1 have 
a convex form near the surface due to the nega- 
tive charge of excess electrons and those of 
metal 2, concave. The detailed examination of 


6 J. Frenkel, Wave Mechanics, Elementary Theory. 
7 Actually these effects may be very important. 
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electron exchange at the surface gives in fact 
only 
(13) 


whereas from the general consideration of 
statistical equilibrium it follows that we should 
also have 

P=h1-$2. 


The work function is defined as the energy 
difference between an electron at rest outside of 
the surface and an electron at energy level ¢. 
The space charge near the surface due to excess 
or deficiency of electrons causes an additional 
potential difference between the interior of the 
metal and the outside. The work function will 
thus be changed by the contact. Actually such 
effect should be very small everywhere except 
at the contact. This can be made clear by the 
following consideration. The charges at the 
contact surface are responsible for producing the 
shift of potential 


P’-—P= 
=(Wi-—$1) (14) 


These charges are distributed over a very narrow 
region near the contact surface, this shift having 
to be produced within a very short distance, 
therefore the density of charges must be very 
high. A uniform layer of positive charge density 
pi: of thickness a joining a uniform layer of 
negative charge density of thickness 
produces a potential difference between the 
two ends 


AV = (15) 


To make dv/dx=0 at the two ends the following 
relation has to hold 


pid = pob. 
Therefore 


AV = }pia(a+b) = (16) 


o is the charge of each sign per unit area. Such 
a rough picture shows that the charge near the 
contact per unit area is 


P’-—P _ 
3(a+b) 3(a+b) 


Consider on the other hand the charges at the 
surfaces A and B of Fig. 4. The potential differ- 


(17) 


ence between two points each immediately 
outside the surface of one metal is defined as 
contact potential and is given by the difference 
between the work functions of the two metals: 


Ve=¢1-—¢2. (18) 


The potential difference between the surfaces 
A and B is 
4rod = ¢2, 
therefore 
¢2)/4rd. (19) 


Since for metals charges must be nearly on the 
surface, the values of a and } of (17) must be 
very small. ¢¢ and eo, will be of different orders 
of magnitude. The effect of ¢4 on the potential 
between a point inside and a point immediately 
outside the metal must be negligible compared 
with such effect of o¢ which is measured by 
(gi—¢2). It follows that the work functions of 
the metals are not changed appreciably by their 
coming into contact. The contact potential is 
quite accurately given by the difference between 
the original work functions of the metals. 


Fic. 4. Arrangement of two metals. 


CONTACT BETWEEN METALS AND SEMI- 
CONDUCTORS (OR INSULATORS) 


In an insulator the highest occupied band is 
completely full of electrons at 0°K and the next 
higher band is empty. At higher temperatures a 
small number of electrons will go over to the 
higher band. Depending upon whether the num- 
ber of electrons going over to the higher band is 
large or small the substance is classified as 
insulator or semi-conductor. A semi-conductor 
has usually another source of electrons. Such 
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Top of potential barrier 


Empty band 


| 
Full band 
Metal Semi-conductor 


Fic. 5. Energy relations for a metal and semi-conductor 
in contact. 


substance usually has impurity atoms with 
localized electron energy levels. These atoms 
may supply electrons to the empty band by 
being ionized or absorb electrons from a full 
band in case of electronegative atoms. Besides, 
their energy levels may provide a sort of stepping 
stone for the electrons of a full band to go over 
to the higher empty band.® For each kind of 
substance we have a definite relation between 
the numbers of electrons in the different bands 
and impurity levels. The numbers of electrons 
are all functions of the thermodynamic poten- 
tial ¢. The latter can therefore be determined 
from this relation. Fowler® gives expressions of ¢ 
for different types of semi-conductors in terms 
of the density of impurity atoms and the energy 
gaps between the different bands and the im- 
purity levels. It is shown that as first approxi- 
mation ¢ lies half way between the two sets of 
energy levels, one full and one empty. The con- 
tact between a semi-conductor and a metal is 
usually treated by simply putting ¢’s of the two 
substances on the same level. 

As we have seen, in order to bring about equi- 
librium an initial unbalanced flow of electrons 
is required, resulting in the bodies becoming 
charged. The electron density in the semi- 
conductor will therefore be changed upon com- 
ing into contact with the metal. The normal 
relation between the number of electrons in the 
different bands will be upset and ¢ will not be 
given by the usual expression. But it can be 
shown by a rough estimation that such effect 
is ordinarily small. For an intrinsic semi-con- 
ductor (no impurity) ¢ obtained by equating 


8 B. Gudden, Ergebnisse d. exakten Naturwiss., Vol. 13. 
®R. H. Fowler, Statistical Mechanics, second edition. 


FAN 


the number of electrons in the conduction band 
and the number of holes in the next lower band 
is given by :° 

¢=34E+KT log C, (20) 


where C is a constant and AE is the energy gap 
between the two bands. If the number of elec- 
trons in the conduction band should be in- 
creased to N times the number of holes in the 
lower band the increase in ¢ will be: 


At =KT log V/N. (21) 


With N=10 and at T=300°K this amounts to 
only 0.03 electron volt. This is small compared 
with the order of magnitude of AE (0.72 ev for 
Cu,0).!° 

Although the effect of the contact on ¢ itself 
is small the electron density in the conduction 
band which is normally small can be changed 
appreciably. Therefore the change in ¢ should 
not be neglected when the electron density is 
being considered and it is not proper simply to 
equate ¢ of the metal with the original ¢ of the 
semi-conductor. Since there are only a few 
electrons in the conduction band of a semi- 
conductor their distribution is Maxwellian. 
For simplicity of treatment it is usually assumed 
that these electrons behave like free electrons 
with an effective mass. While this is not strictly 
correct" rigorous treatment would be too com- 
plicated. With this approximation the density 
of electrons is given by the usual formula for an 
electron gas: 


(2emkT)} 
as 


n (22) 


the potential energy of the electrons or the 
bottom of the conduction band being taken as 
zero. When the semi-conductor is in contact with 
a metal ¢ is changed due to the gain or loss of 
electrons. By entering the expression for m in the 
exponential factor it is found a small change in ¢ 
will cause considerable change in , in agree- 
ment with the statement made above. The 
energy difference between the bottoms of the 
conduction bands is given by (W,,—W,;), there- 


10W. Juse and B. W. Kurtschatow, Physik. Zeits. de 
Sowjetumon 2, 453 (1932). 

1 N. F. Mott and H. Jones, Theory of Properties of 
Metals and Alloys, p. 83. 
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fore as shown by Fig. 5: 
— Wat W.. (23) 


The semi-conductor is charged positively or 
negatively depending upon whether ¢gn>¢, or 
¢m<¢s- (Figure 5 shows the semi-conductor 
positively charged.) In the first case the electron 
density in the conduction band will be less than 
normal and the reverse is true for the second 
case. The excess of deficiency in electrons will 
not be concentrated near the surface as in 
metals. Because the numbers of electrons in the 
conduction band and holes in the lower band are 
small a semi-conductor can support a space 
charge and appreciable potential difference. The 
density of conduction electrons at the contact 
surface is given by (22). The space charge (con- 


duction electrons and holes in the lower band) 
inside the body is determined jointly by Poisson's 
equation and Boltzmann’s distribution law. 
With the additional condition of equilibrium 
between the electrons in the two bands the den- 
sity of conduction electrons and the density of 
the holes in the lower band can be determined 
separately. 

The space variation of the density of conduc- 
tion electrons to be expected in semi-conductors 
may be important in the explanation of certain 
phenomena. Upon this is based Schottky’s 
theory” of semi-conductor rectifiers which as- 
sumes the semi-conductor to be charged posi- 
tively with region of low electron density at the 
contact. 


2 W. Schottky, Zeits. f. Physik 113, 367 (1939). 
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The angular distribution of the disintegration protons from the D-—D reaction has been 


investigated as a function of energy from 60 kev to 390 kev. The distribution was found to be 


well represented by I(@)=1+A cos?@ at any one energy. The value of A increases smoothly 
with bombarding energy over the range investigated. 


INTRODUCTION 


EASUREMENTS of the relative yield of 
protons from the reaction 


H?+H?=H?+H! 


as a function of the angle of the emitted proton 
with the line of approach of the deuterons have 
shown an anisotropy of the form 


I(6)=1+A cos*é 


in the center of mass system of coordinates. 
Previous investigators! ? have disagreed markedly 


i aed at National Bureau of Standards, Washington, 


t Nowat Frankford Arsenal, Philadelphia, Pennsylvania. 

1 Huntoon, Ellett, Bayley and Van Allen, Phys. Rev. 58, 
97 (1940). 

?Kempton, Browne, and Maasdorp, Proc. Roy. Soc. 
A157, 386 (1936); Haxby, Allen, and Williams, Phys. Rev. 
55, 1940 (1939); H. Neuert, Ann. d. Physik 36, 437 (1939). 


on the value of A and its dependence upon 
energy. 

The desired condition for angular distribution 
measurements where the anisotropy is energy 
dependent is that all observed disintegrations 
be due to impinging particles having the same 
energy at the time of impact. This condition is 
most nearly realized in a gas target. Without 
using foils thick enough to invalidate the use of 
a gas target, permanent gases require the use of 
a very small capillary and high speed pumping 
at high vacuum and at an intermediate pressure. 
Vapors can be handled with a larger capillary 
and a cold trap, refrigerated with liquid air. 
This allows higher counting rates and a great 
reduction in statistical error without loss in 
angular resolution. Thus, since the deuteron 
reaction with oxygen is highly improbable below 
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300 kev, we have been led to the choice of 
heavy water for the target. 


APPARATUS 


Accelerating potentials were obtained from a 
Cockcroft-Walton voltage quadrupler and meas- 
ured by a resistance voltmeter. The voltmeter 
was calibrated and periodically checked by 
measuring the voltage-current characteristics of 
the resistor. The beam was magnetically analyzed 
before entering the target assembly. This allowed 


RESOLVEO DEUTERON 
BEAM 
44 
| 
COLD 
TRAP 
PYREX 
SUPPORTS 
SEVEN Yo” DIAPHRAGMS 
MOVABLE 
MONITOR CHAMBER 
CHAMBER 


FARADAY CAGE 


TARGET ANO COLO TRAP ASSEMBLY 
SHOWING OD/APHRAGM CLEARANCES 
SCALE: TWO INCHES 
Fic. 1. Target and cold trap assembly showing the path 


of the beam and all diaphragm clearances beyond the 
analyzing magnet. 
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NEEQLE VALVE ano 


RESERVOIR 


~ 


TOLINEAR 
AMPLIFIER 


MON/TOR ATION JA, MOVABLE IONIZATION 
CHAMBER LY CHAMBER 


TO TC VACUUM GAUGE 
ANO MANOMETER 


TARGET CHAMBER 
SCALE. ONE INCH ! 


Fic. 2. Detailed drawing of target chamber. The guard, 
used to measure background of the counters, is shown in a 
position to block the movable ionization chamber. 


a check for linearity of the voltmeter by setting 
the analyzing magnet and changing the voltage 
to bring the various m/e components of the 
beam into the target chamber and showed the 
voltmeter to be linear within 2 percent over the 
energies used. 

In connection with a separate experiment, 
performed in this laboratory by Mr. C. M. 
Crenshaw, the loss of energy of the beam in 
traversing heavy water vapor was determined. 
The loss of energy in getting to the observation 
volume varied from 7 kev at 250 kev to 13 kev 
at 100 kev. The change in energy of the beam 
along the part viewed by the ionization chambers 
was 0.85 kev at 100 kev and 0.45 kev at 250 kev. 
This latter is the uncertainty in energy due to 
the thickness of the target. 

The disintegration particles were observed by 
means of two ionization chambers, each one cm 
deep, and associated amplifiers. The signal to 
noise ratio of these amplifiers was never less than 
10-1 for any of the data taken. 


TARGET ASSEMBLY 


Figure 1 shows a sketch of the entire assembly 
below the analyzing magnet. The diaphragms 
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SCALE: ONE INCH 


| RESOLVED QEUTERON 
view of the target 
STEEL BEARING 
| TARGET CHAMBER 


through which the beam entered the target 
chamber were aligned optically. The seven 
js-inch diaphragms forming the entrance capil- 
lary to the target chamber, used in conjunction 
with the cold trap, permitted a pressure of water 
vapor of more than 1 cm Hg without affecting 
the pressure in the accelerating tube, although 
all the data were taken with a pressure of 14 mm. 

Figures 2 and 3 show detailed views of the 


1(Q) vs COS®@ FOR VARIOUS 
BOMBARDING ENERGIES 


246 KV 


3 & F 3S 


Fic. 4. Data from representative runs showing intensity as 
a function of cos? @ at various energies. 


target chamber. The resolved deuteron beam 
entered through the diaphragm capillary and 
struck no solid material until completely out of 
the target chamber into the Faraday cage. The 
water vapor was admitted at the base of the 
entrance capillary to reduce flow through the 
observation volume. The monitor ionization 
chamber which was fixed at an angle of 45° to 
the incoming beam served to measure the rela- 
tive beam intensity. The movable ionization 
chamber protruded through a semi-circular slot 
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Fic. 5. Final results, showing A in /(@)=1+A cos? @ as 
a function of energy. Crosses indicate points taken from 
lowa data. 
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in the back of the target chamber and was 
externally fastened to a steel plate. The steel 
plate was ground to the back plate of the 
assembly and a vacuum seal made with heavy 
stopcock grease. This type of vacuum seal has 
proven to be very satisfactory and requires no 
attention other than occasional greasing. The 
angular position of the movable chamber was 
read with an error of less than 5 minutes and was 
continuously variable from 20° to 160° to the 
direction of the beam. The entrance capillary 
and the two ionization chambers were aligned so 
that their three axes intersected within 0.001 inch 
of a point on the axis of rotation of the movable 
chamber. 

The background of the movable chamber was 
found to be appreciable and the installation of a 
guard, which could be used to block the view of 
that chamber to the target volume, was neces- 
sary. At all times the guard was completely out 
of the line of the beam, and when not blocking 
the chamber was completely out of the cross 
fires of the chamber. When in position, the guard 
completely shielded the chamber from view of 
the beam at all positions of the chamber. The 
background of the monitor chamber was also 
checked but turned out to be proportional to 
the strength of the beam, so that it did not alter 
the results. 


COUNTING PROCEDURE 


Simultaneous counts were taken in the 
monitor and movable chambers at each energy 
for each angle investigated. The ratio of the 
number of counts in the movable chamber to the 
number in the monitor was taken and a back- 
ground ratio subtracted from the total to give 
the net ratio at each angle. The net ratio was 
then corrected for geometrical changes from one 
angle to another and transformed into the center 
of mass coordinate system. The corrected ratio 


TABLE I. Values of A obtained for the energies investigated. 
Probable errors are indicated. 


kev A p.e.+ | kev A p.e.+ 

89 0.49 0.09 | 168 0.70 0.03 

99 0.49 0.04 | 174 0.80 0.08 
116 0.55 0.12 | 184 0.74 0.07 
131 0.58 0.05 | 194 0.85 0.03 
142 0.72 0.02 | 215 0.89 0.06 
152 0.65 0.05 | 236 0.99 0.11 
160 0.74 0.06 | 246 0.98 0.09 


as a function of cos?@ was then analyzed by least 
squares and normalized to unity at cos*@=0. 

The values of A all conform to certain require- 
ments. Each angle has been observed at least 
twice, each observation including a background 
bracketed by two total counts. The total number 
of counts in the movable chamber for each angle 
of the run was more than four thousand. Because 
of its position in the forward direction and 
sensitivity to a larger solid angle, the number 
of counts in the monitor chamber always 
exceeded that in the movable one. 


RESULTS 


Figures 4 and 5 and Table I show the results 
obtained. These results are in fair agreement 
with those of Huntoon, Ellett, Bayley, and 
Van Allen,' whose data are indicated by crosses 
in Fig. 5. A comparison of Fig. 4 of this paper 
with Fig. 3 of theirs shows the decreased sta- 
tistical error obtained by the use of a vapor 
target. The difference in the results obtained in 
the two laboratories can probably be ascribed 
largely to a difference in the two voltage scales. 
On this assumption, the combined data show 
that the coefficient A increases smoothly with 
bombarding energy over the range from 60 kev 
to 390 kev. 

We are pleased to acknowledge the generous 
assistance of Mr. C. M. Crenshaw, not only for 
the measurements cited earlier, but also through- 
out the course of the experiment. 
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HE elastic vibrations of a single crystal 

cause an extension of reflecting power 
around each reciprocal lattice point, the intensity 
of reflection along a given direction depending 
essentially upon the frequencies of the vibrations 
propagated in that direction and upon the 
angular relation of the directions of oscillation 
to the directions of reciprocal lattice vectors. 


The expression for the frequencies introduces 
the elastic constants of the crystal, as has been 
shown by Waller in his dissertation;! and one 
of us has shown* that for a monatomic cubic 
crystal the general Waller expression can be used 
to obtain the shapes of the isodiffusion surfaces 
in the close neighborhood of the reciprocal 
lattice points (L, \/, V) in the following form: 


m, n) = | + C44(C11 — Cag) + + (C11 +012) (C11 — C12 — 
+ M? | — Cas) +P) + (C11 +012) (C11 — C12 — 2044) 
+N? +044(€11 — Cag) (P+) + (C11 + — C19 — 2644)? } 
— 2M C44) {Cag (C11 — C12 — 2€44) — ml (124+ C44) | (C11 — C12 — 2644) m*} 


— 2L (Coat (C11 C12 — 


+ +012) (C11 — C12 — 2C44) + + Pm’) 


where r is the radius of the isodiffusion surface 
measured from the reciprocal] lattice point along 
the direction (/,m,n); L, M,N,l,m,n_ being 
direction cosines. For particular values of 
(L, .N)(1,m,n) this expression is readily 
simplified; a useful way of expressing the results 
graphically for any particular crystal (that is, for 
any particular relative values of ¢11, Ci2, C44) is to 
do so by means of a stereographic projection of 
the isodiffusion surface for each lattice point 
(L, \f, NV), a method which reveals very sharply 
the differences between the reciprocal lattice 
points of a given anisotropic solid.® 

Measurement of the diffuse reflecting regions 
for various planes of sodium single crystals (for 
which 0.52, 0.40, Cag = 0.41 x 10" dynes, 
cm*)* are found to be in excellent agreement 
with the above formula. The observations were 
made, with radiation from a copper target, on 
a succession of Laue photographs taken at small 
angular intervals in various crystal orientations, 
over ranges covering the observable regions of 

1 Waller, Dissertation, Uppsala (1925). 

*H. A. Jahn, Nature 147, 511 (1941); Proc. Roy. Soc. 
London A179, 326 (1941). 

*H. A. Jahn, Proc. Roy. Soc. London (in the press). 

*S. L. Quimby and S. Siegel, Phys. Rev. 54, 299 (1938); 


values extrapolated to room temperatures. See also Fuchs, 
Proc. Roy. Soc. London A157, 444 (1936). 


+ +2612 + C44) (C11 — — |, 


reflecting power for all possible planes.* Similar 
photographs of lithium single crystals, which are 
isomorphous with those of sodium (body- 
centered cubic structure), indicated that the 
relative values of the elastic constants of this 
very light metal are similar to those of sodium. 
The formula given above applies to all cubic 
lattices, and in proof of this it has been found 
that lead single crystals, which are face-centered 
cubic in structure, but elastically anisotropic in 
the same sense as sodium (¢1:—¢i2<2c4s) give 
photographs leading to similar reflecting regions. 
For all cubic crystals so far examined > C44: 
for some ionic compounds, such as KCI, NaCl, 
the Cauchy relation ¢i:=c4, is fulfilled and 
€1:>C4s. This implies a very small extension of 
reflecting power along the reciprocal lattice 
vector itself, for all values of (L, 17, NV). This and 
other more detailed consequences of the theory 
are confirmed by the observations and measure- 
ments of Knaggs, Lonsdale and Smith upon 
single crystals of KC] and NaCl, using the radi- 
ation from molybdenum and silver targets.® 


*K. Lonsdale and H. Smith, Nature 148, 628 (1941). 

*K. Lonsdale and H. Smith, Proc. Roy. Soc. London 
A179, 8 (1941); see also W. H. Zachariasen, Phys. Rev. 59, 
207 (1941) and other papers in the same volume. 
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One way of simplifying the general formula 
given above is to use solids for which the con- 
dition of isotropy ¢::—C12=2c44 is fulfilled. The 


expression then becomes 


r*(l, m,n; L, M, N) 


1 1 1 
-—+(—-— 
Cu Cag C11 
cos? @ sin? @ 
C11 C44 


where @ is the angle between the directions 
l,m,n) and (L, M,N). For pure transverse 
waves (the case originally considered by Faxén) 
this reduces to r?=(1/c44) sin? 6, and the isodif- 
’ fusion surfaces have the shape of an anchor ring 
of vanishing internal diameter, obtained by 
rotating about the reciprocal lattice vector 
(L, M, N) two equal circles touching at the 
reciprocal lattice point, their line of centers being 
perpendicular to the reciprocal lattice vector. 
The surfaces corresponding to pure longitudinal 
waves alone, given by r?=cos? 6/c1:, would be 
pairs of equal spheres touching at the reciprocal 
lattice point, the line of centers being along 
(L, M, N). It is to be noted that even for iso- 
tropic solids the formula 


(1/¢11) cos? 6+ (1/c4s) sin? 0 


leads to a whole series of possible shapes accord- 
ing to the ratio C1: : C44. Tungsten, for which 
C11> 51.3, 20.6, = 15.3 10" dynes/cm?,? 
is an example of a hard, isotropic, body-centered 


7 P. Bridgman, Proc. Am. Acad. Sci. 60, 305 (1925); see 
also Wright, Proc. Roy. Soc. London A126, 613 (1930). 


K. LONSDALE 


cubic structure. It gives small, elliptical diffuse 
spot reflections which fade out quickly as the 
orientation changes, quite unlike the detailed, 
persistent diffuse spots and streaks obtained for 
the soft, anisotropic alkali metals and lead. 

While Faxén® gave a correct formula for the 
scattering by the longitudinal and transverse 
waves of an isotropic solid, he also gave an 
approximate formula a(sin @+cos @ tan 6;) =, 
to which much reference has been made and 
which has been obtained in various forms by 
various theoretical processes. This formula is 
in fact a very poor approximation to the truth. 
It implies that in the neighborhood of the 
reciprocal lattice points the isodiffusion surfaces 
are spheres concentric with those points. This 
can never really be the case, according to the 
above theory. For r* to be independent of @, ¢, 
must be equal to C44. Since ¢11—¢12= 244, that 
would mean —C44. Either the com- 
pressibility (¢i11+2c:2) or the shear coefficient 
(¢4s) would thus have to be negative, which is 
clearly impossible. In fact, for positive compres- 
sibility and positive shear coefficient, ¢i2 can 
never have a negative value which is numerically 
greater than ¢),/2, or a positive value which is 
greater than ¢,,, and therefore the maximum 
value of ¢4, which fulfills the isotropy condition 
C11 — C12 = iS This sets an upper limit 
to the extension of the surfaces of isodiffusion, 
along the direction of the radius vector for each 
reciprocal lattice point. It can never be more than 
? of the extension in a perpendicular direction, 
and is usually considerably less. 


8 Faxén, Zeits. f.°Physik 17, 266 (1923). 
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H. ZACHARIASEN! has published a 
¢ note under the same title as the present 
one in which he shows that his results? and those 
obtained by Miss Sarginson and me’ are in com- 
plete agreement (though ours are more general). 
I wish to emphasize that we have expressed no 
doubt about the correctness of Zachariasen’s 
formula. Our criticism was directed against the 
method of derivation, which has been used not 
only by him but by several authors (quoted in our 
paper). He remarks that we do not seem to be 
aware of the fact that our general intensity 
formula is based on the same approximation as 
that used by himself. This remark is errone- 
ous and compels me to reply. For although 
Zachariasen and we are in complete agreement 
about the fundamental assumptions of the theory 
of background scattering, and although we have 
obtained the same results and share the critical 
attitude against other theories (Preston-Bragg, 
Raman-Nilakantan), I must insist that Zacha- 
riasen’s method lacks rigor at the deciding point. 
It was just this point alone which induced us to 
reconsider the problem studied already by so 
many excellent authors. We have tried to explain 
the situation in the introduction of our paper, but 
as it seems that it has been misunderstood, I 
shall try to do it again using Zachariasen’s own 
notation. 
The main factor in his expression (5) for the 
scattered intensity? is given by his formula 
(6), p. 548: 


(exp kp) (A:—Av) ])w 
=exp | w J}, (1) 


where s = 27|k—ky| sin while uis a unit 
vector along k—kp. The formula is introduced 
with the words “One finds readily ...” Asa 
matter of fact, the transformation expressed by 
this equation is first given in Debye’s original 
1W. H. Zachariasen, Phys. Rev. 60, 691 (1941). 
2 W. H. Zachariasen, Phys. Rev. 57, 597 (1940). 


(sai) Born and K. Sarginson, Proc. Roy. Soc. A179, 69 


paper‘ and has therefore the weight of authority 
and age; but it is nevertheless wrong, and this is 
exactly the point against which my criticism is 
directed. The procedure leading from the left- 
hand term to the right-hand term is this: develop 


exp ] 
=exp [isu- (4:—Av) ]J= 1+7su- (A:—Av) 


s? 


average over the atomic displacements A; and 
observe that this destroys the linear terms, then 
replace the first two terms 


(3) 
by 


exp { (4) 


This procedure would be justified if the quadratic 
terms in the expansion (2) were small for all 
values of the A; which are used in the averaging. 
But this is not the case. 

For the atomic displacements A; are super- 
positions of the normal vibrations £, and the 
average of the second-order terms reduces to a 
sum of terms of the form u(é). The equiportion 
law gives for the potential energy of an oscillator 
of frequency 


or (€)w=RT/w*?. (5) 


Now the frequency spectrum of any crystal 
lattice has three branches (the acoustical 
branches) which contain the value w=0. Hence 
there are regions in the phase space where (é) is 
very large for any temperature; the same holds 
for (Ai)w. The A; are therefore not small through- 
out, and there is no justification for breaking off 
the expansion (2) at the second-order terms. 
Debye has used this unsatisfactory reasoning 
in his pioneer work, but Waller already was 


‘P. Debye, Ann. d. Physik 43, 49 (1914). 
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clearly aware of its faultiness. He has devoted a 
special appendix (Anhang, pp. 54-58) of the first 
part of his dissertation® to an attempt at im- 
proving Debye’s method, and he has succeeded 
for the case of high temperatures; but he had to 
be content with an estimate of the order of 
magnitude for low temperatures. His careful 
consideration shows that he considered Debye’s 
result as not at all obvious. Our own paper shows 
how by rearranging the argument the problem 
can be reduced to a theorem expressed by the 
formula 


(exp (iut))w=exp (6) 


where é is the amplitude and e the energy of a 
harmonic oscillator and the averaging has to be 
taken over an assembly of quantized oscillators 
in statistical equilibrium. 

The first proof of this theorem was given by 
Ott,® and the whole scattering problem is in 
principle settled by his paper ; in praxis, however, 
this is not the case as Ott’s work is extremely 
complicated and has a very abstract aim (to 
show that a correct quantum treatment of all 
electronic levels of the crystal atoms leads in the 
end to the same formula as Waller’s method 
which considers only the quantized vibrational 
levels). Our aim was to give a simple treatment 
on Waller’s lines, but by making use of Ott’s 
formula for which we gave a new and much 
simpler proof. 

After having thus obtained the correct average 
of the exponential function representing the 
interference of the scattered x-rays we have, of 
course, expanded this average with respect to 
kT /wo?, where wo is a characteristic frequency (for 
instance the maximum frequency) of the spec- 


5 T. Waller, Diss. Uppsala (1925). 
*H. Ott, Ann. de Physique 23, 169 (1935). 


trum, and as this wo is not a variable but a con- 
stant, this expansion is valid indeed except for 
very low temperatures (that is very narrow 
surroundings of a Laue spot). Zachariasen’s re- 
mark that we have used the same approximation 
as he is therefore based on a misunderstanding. 

I take this opportunity to comment on another 
paper of Zachariasen’? in which he applies his 
scattering formula for cubic lattices and shows 
that it is possible to express the intensity in 
terms of the elasticity constants by using a model 
of the kind suggested by von Karman and myself, 
in which forces between the nearest neighbor 
atoms are introduced. A more satisfactory treat- 
ment of this problem is again to be found in 
Waller’s dissertation® (Part I, Sections 3, 4), 
where it is shown that the expression of the 
scattering intensity in terms of the elasticity 
constants can be obtained (for the vicinity of a 
Laue spot) from general properties of lattice 
vibrations without using a special model. This 
method of Waller has been applied by Miss 
Sarginson,’ and independently by Jahn’ for 
calculating the scattering power of cubic crystals, 
and Mrs. Lonsdale and Smith” have shown that 
Jahn’s results are in excellent agreement with the 
observations. I have further developed Waller’s 
idea" and shown that it provides a method (at 
least in principle) to determine experimentally 
the complete matrix, which represents the coeffi- 
cients of the quadratic terms in the potential 
energy. If this could be done, one could say that 
the background scattering permits photographing 
the dynamics of a lattice in the same way as the 
Laue-Bragg scattering determines its geometry. 


7 W. H. Zachariasen, Phys. Rev. 59, 860 (1941). 

8 K, Sarginson, Proc. Roy. Soc. (in press). 

®H. A. Jahn, Nature 147, 511 (1941); Proc. Roy. Soc. 
(in press). 

10K. Lonsdale and H. Smith, Nature 148, 628 (1941). 

" M. Born, Proc. Roy. Soc. (in press). 
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Letters to the Editor 


PHYSICAL REVIEW 


ROMPT publication of brief reports of important dis- 
coveries in physics may be secured by addressing them 
to this department. The closing date for this department is the 
third of the month. Because of the late closing date for the sec- 
tion no proof can be shown to authors. The Board of Editors 
does not hold itself responsible for the opinions expressed by 
the correspondents. Communications should not in general ex- 
ceed 600 words in length. 


Nuclear Levels of the Compound Li; 


G. AND SAN-TSIANG TSIEN 


Laboratorio de Fisica da Universidade de Coimbra, Portugal, and 
Institut de Physique Générale de la Faculté des Sciences, Lyon, France 


February 10, 1942 


HE experimental analysis of the angular and velocity 
distribution of protons projected by incident 
a-particles' has led one of us to the conclusion that the 
compound nucleus Li; has, in the examined energy range, 
six levels corresponding to the energies 


0.56 0.64 0.74 0.83 0.91 1.00 mev. 


Spacing and breadth of these levels are of the order of 0.1 
mev. 

We have applied to these measurements the criteria 
which had been developed by P. Wenzel,? taking into 
account the fact, that one of the two colliding particles has 
a spin }. In this case the scattered resonance wave will be 
a mixture of two partial waves, e.g., if the resonance level 
has the angular momentum }, a mixture of the waves s; 
and p;. Wenzel’s maxima curves depend, in this case, not 
only on the value of the angular momentum of the reso- 
nance level, but also on the ratio of mixture of the 
two partial waves involved. If we determine this ratio 
in a way to make the maxima curve fit the observed 
maximum scattering values at } =z, we can check its value 
with the data on the angular dependence of the scattering. 
We find in this way excellent agreement, if we assume, 
that the angular momentum of the six levels indicated 
above is equal to }. The mixture ratio varies only very 
slightly for the six investigated levels. 

Since the mixture ratio of the sy and the p; wave is a 
complex quantity, the argument of which is not known, 
the experimental values permit one to determine only 
limits for its absolute value q 


14 percent < g 86 percent. 


The value of g shows that, contrary to what happens 
if an electron collides with an atom, a proton entering a 
compound nucleus has a considerable probability of leaving 
the compound with its original spin direction changed. 
According to current ideas on nuclear forces a change of 
spin direction may even occur with considerable prob- 
ability in a single collision between two elementary nuclear 
particles. Our result could be, however, also explained by 
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assuming that the probability for a change of spin direction 
in an elementary collision is of the order (v/c)?~1 percent, 
since the total probability for a change of spin direction 
of the proton is owing, in our case, to a great number of 
elementary collisions in the compound state. 


1San-Tsiang Tsien, J. d. Phys. 1, 1,103 (1940). 
2 P. Wenzel, Zeits. f. Physik 90, 754 (1934). 


Quenching and Depolarization of Resonance 
Radiation by Collisions with Molecules of a 
Foreign Gas. Remarks on papers by 
Ellett, Olsen, and Petersen* 

and by Olsen} 


S. Mrozowsk1 
Ryerson Physical Laboratory, University of Chicago, Chicago, Illinois 
December 6, 1941 


ITCHELL and Murphy! showed that from a study 

of the influence of a weak magnetic field on the 
polarization of the resonance radiation in the presence of a 
foreign gas one obtains, not ro the lifetime of the unper- 
turbed excited state, but the lifetime 


11=1/(1/ro+ap) 


determined by the emission of radiation (probability 1/ro) 
and by quenching collisions (probability ap, p is the pres- 
sure of a foreign gas). The argument of Mitchell and 
Murphy has to be extended to include the depolarizing 
collisions. The number N of atoms excited by the absorp- 
tion of light and remaining in a state from which they can 
emit polarized light decreases in time not only because of 
radiation and quenching, but also because of depolarization 
(probability a’p). The lifetime r+ obtained represents not 
the average lifetime of all the excited atoms but only of 
those having the orientation in space defined by the 
direction of polarization of the exciting light (1/r=1/ro 
+ap+a’p). It follows that the quenching cross section 
reported by Mitchell and Murphy for nitrogen really 
represents the sum of the cross sections for quenching and 
depolarization. The situation in the case of such measure- 
ments shows great similarity to the case of the measure- 
ments of the lifetimes with a fluorometer discussed some 
years ago by Jablonski.? 

All depolarizing collisions whose duration is not longer 
than the lifetime + are contributing to a’p. Only inter- 
actions caused by long range forces, which slowly change 
the polarization of the excited atoms, could contribute to 
the depolarization without affecting the value of + deter- 
mined from the field dependence. The range of such forces 
should be very large, at least of the order 


100 m/sec.- 1077 sec. = 0.01 mm, 


where v is the average velocity of a foreign gas molecule 
relative to a mercury atom. The probability of such 
depolarization y(p) would be increasing much slower than 
proportional to the pressure of the foreign gas. For such 
long range forces, the number of perturbing molecules 
surrounding a given excited atom is very large and the 
resultant perturbation for a uniform distribution would 
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vanish. Hence the depolarization would depend on the 
fluctuations in density in the neighborhood of the excited 
atom (proportional to \/p).‘ Naturally for such type of 
depolarization the calculation of cross section would be 
meaningless. In addition, the existence of forces of such 
large range seems very doubtful. 

Ellett, Olsen, and Petersen* and recently Olsen{ studied 
the resonance radiation of mercury vapor and obtained 
for several gases from the field dependence of polarization 
values for a+a’ which are smaller than the sum of the 
values a and a’ determined from the dependence of the 
polarization on the pressure of a foreign gas with no field 
present. Therefore, Ellett, Olsen, and Petersen introduced 
in their theory besides the previously generally accepted 
kind of non-adiabatic depolarizing collisions leading to 
non-coherent excited states (probability a’p) a new type 
of depolarizing collisions, which according to their state- 
ment depolarize adiabatically leading to no loss of 
coherence (probability a’’p). Collisions of the latter type 
should not contribute to r. From the field dependence one 
then should obtain only a+a’; from the depolarization 
versus pressure with no field present the quenching a and 
the total depolarization coefficient a’+a”. The writer 
would like to emphasize, that the character of the collisions 
of the new type (a@”’p) seems very obscure and that Ellett, 
Olsen, and Petersen apparently used some different mean- 
ing from the commonly adopted meaning of the word 
“coherence,”’ since a collision occurs ex definitione only 
when the phase of the oscillator has undergone a change 
(owing to the interaction of the particles). Moreover their 
exclusion of a’’p from the formula for r is not justified, 
since as shown above all depolarizing collisions with a 
probability proportional to pressure (short and medium 
range forces) must be included in that formula. On the 
other hand for such collisions the transitions are not 
adiabatical. The only way to explain the disagreement of 
the two sets of experimental data seems to be by intro- 
duction of the long range forces (the only kind of adia- 
batical depolarization) or by taking into account the 
formation of *P,; excited atoms from metastable *P9 states 
by collisions (the probability a’p+y(p) would be obtained 
from the polarization versus pressure dependence in the 
first, a’p+4(p) in the second case). 

The question arises if the deviations found by the men- 
tioned authors are real. The discrepancy between the 
results of Ellett, Olsen, and Petersen in the case of 
hydrogen and deuterium with results previously obtained 
by Evans‘ and Suppe® (who obtained practically identical 
curves for both gases, both for quenching and for depolari- 
zation) shows that at least some of the investigators 
overestimated the limits of accuracy of their measurements. 
The existence and the possible sources of this discrepancy 
have not been discussed by Ellett, Olsen, and Petersen. 
In spite of this discrepancy a consideration of their data 
makes the writer think that in fact the deviations found 
by them may be real. If so, new considerations must be 
made, since their explanation has been shown above to be 
inadequate. The deviations are certainly not caused by the 
long range forces (y(p)), since a’ was found different from 
zero for rare gases (which certainly cannot exert long 
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range magnetic forces) and a’’=0 for a paramagnetic 
molecule O2. But in the case of Ne, the value of a” rela- 
tively to a’ was found to be several times greater than for 
the rare gases, i.e., a’ has an appreciable value only when 
metastable *P» mercury atoms are known to be present in 
the vapor. It would be, therefore, worth while to calculate 
for the temperature given the rate of transfer of metastable 
atoms into the *P, state and to see if by introduction of 
such a correction term 6(p) instead of a’’p (6(p) for small 
p is =p’, for higher p the increase is slower due to the 
slower than =p increase of the concentration of meta- 
stable atoms) a substantially better agreement between 
theory and experiment could be obtained. 

* A. Ellett, L. O. Olsen, and R. yoo Phys. Rev. 60, 107 (1941). 

+ L. O. Olsen, Phys. Rev. 60, 739 (194 

1A. C. G. Mitchell and E. J. Murphy, ‘Buys Rev. 46, 53 (1934). 


2A, = Zeits. f. Physik 95, 53 (193. 

3R. C. Tolman, The Principles of Statistical Mechanics (Oxford, 
1938), o— (141 .57) and (141.60) on pp. 646-647. 

4M. G. Evans, J. Chem. Phys. 2, 445 (1934). 

5 F. Suppe, Zeits. f. Physik 113, 141 (1939). 


Cloud-Chamber Track of a Mesotron 
Stopped by Gas 


T. H. JoHNSON AND R. P. SHuUTT 


Bartol Research Foundation of the Franklin Institute, 
Swarthmore, Pennsylvania 


February 13, 1942 


7” the cloud chamber arrangement previously de- 
scribed'? the picture (Fig. 1) has been obtained which 
shows a mesotron track ending in argon of 1.3 atmospheres. 
The track, curved by a magnetic field of 1150 oersteds, 
shows the particle entering a lead plate of 1-cm thickness 
from which it emerges heavily ionizing. It undergoes 2 
single scatterings of about 3° each at A and at B, and it 
ceases to ionize at C. The approximate mass of the particle 
has been determined in two ways. First, the radius of 
curvature of the track above the lead plate is 150+50 cm. 
Combining this with the fact that its range is approxi- 
mately 1 cm of lead we find a value of m= 100+50 electron 
masses. Below the lead plate the radius of curvature 
between A and B is p:=23 cm, and between B and C it is 
p2=17 cm. The total ranges at the corresponding positions 
are, respectively, Ri: = 12.0 cm and R2=6.4 cm, from which 
we find m,=80, and mz:=70. For the computations of m 
the energy-momentum curves published recently by Rossi 
and Greisen® have been used. 

The rather large curvatures in the second compartment 
can be measured with considerable accuracy, but errors are 
introduced by the multiple scattering which produces addi- 
tional curvatures superimposed upon those caused by the 
magnetic field. Williams‘ has deduced the average radius of 
curvature p, owing to the multiple scattering near the end 
of a track and finds 


p,~RX1.3(m/Z)}, 


where R is range of the particle, m is its mass, and Z is the 
atomic number of the scattering gas. As p, may be either 
positive or negative one has to write 


1/p- 1/ps<1/pp<1/p+1/ps, 
where p, stands for all probable values of the radius of 


| 
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Fic. 1. Stereoscopic photographs of negatively charged mesotron stopping in the gas of the cloud chamber. Between 
the two compartments there is a lead plate 1 cm thick. D and E indicate scales aiding in the exact determination of 


geometrical positions. 


curvature caused by the magnetic field alone. In our case 
one finds 11 cm < pp: <42 cm and 6 cm < pp2< 39 cm. These 
give mp,=80 with an uncertainty of (+105, —55) and 
mp2 = 70(+150, —55). Averaging over m, and m2, we have 
m=75(+90, —40). This value is lower than that usually 
found, but this may arise from the inaccuracy introduced 
by the multiple scattering. 

The direction of curvature is that of a negatively charged 
particle. It is also noted that no disintegration electron 
appears near C. The track ends at a distance of 1.4 cm in 
front of the background velvet. Near B it goes out of the 
directly illuminated part of the chamber and receives its 
light only from numerous mirrors placed around and 


TABLE I, Data on mesotrons stopped in gas of cloud chambers. 


Electron track 


Number of appearing near 
Ref- electron end of mesotron 
erence masses Charge track Remarks 
a 220+35 + slight indication good, stereoscopic 
pictures 
b 17029 no doubtful, non- 
ster. pict. 
20? very doubtful, 
100 +30 + stereosc. pictures 
120+30 - no 
55435 
170+100 + 
d 250+70 a yes good, stereosc. 
pict. 
e not determined yes(?) somewhat doubt- 
; not determined yes(??) ful, stereosc. pict 
This 75(+90, —40) = no stereoscopic pic- 
article tures 


«S. H. Neddermeyer and C. D. Anderson, Phys. Rev. 54, 88 (1938); 
Rev. Mod. Phys. 11, 191 (1939). 
noes Nishina, M. Takeuchi, and T. Ichimiya, Phys. Rev. 55, 585 
¢H. Maier-Leibnitz, Zeits. f. Physik 112, 569 (1939). 
¢E. J. Williams and G. E. Roberts, Nature 145, 102 (1940). 
*E. J. Williams and G. R. Evans, Nature 145, 818 (1940). 


inside the chamber, but by comparison with other pictures 
taken in the same arrangement a track of low density such 
as that of a fast electron would still be visible as close as 
0.5 cm to the velvet. A mesotron at the point where it stops 
ionizing still has an energy of between 10° and 10* ev or a 
velocity of about 5X10* cm per sec. Since the particle 
appears not to disintegrate within a sphere of 0.9-cm 
radius around the end of the track, its lifetime after it had 
ceased to ionize must have been greater than 10~* sec., 
with allowance made for a considerable increase of its path 
by scattering. Because of the high residual velocity of a 
mesotron after it stops losing energy by ionization, one 
cannot expect to find a disintegration electron near the 
end of every mesotron track. Table I shows a record of all 
published photographs of mesotrons stopping in the gas 
of a cloud chamber. Reviewing the records it appears that 
disintegration electrons have only been found from 
positive mesotrons. 

Concerning the frequency of ends of mesotron tracks 
occurring in the gas of a cloud chamber we should expect 
according to Williams® to find 8X10~? particles per cm. 
With one such track found among 42,000 pictures in a 
cloud chamber containing 50 cm of gaseous path we 
actually find 5 10~" track ends per cm. 

The authors are indebted to the Carnegie Institution of 
Washington for extensive support given to these researches. 
They also wish to thank Mr. M. H. Hornstine and Mr. W. 
C. Sheppard for their assistance in operating the cloud 
chamber. 


asa) H. Johnson, J. G. Barry, and R. P. Shutt, Phys. Rev. 59, 470 
?R. P. Shutt, Phys. Rev. 61, 6 (1942). 
3? B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 
4E. J. Williams, Phys. Rev. 58, 292 (1940). 
SE. J. Williams, Proc. Roy. Soc. A172, 194 (1939). 
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On the Validity of the Langevin Theory of 
Orientation and the Possibility of Dis- 
tinguishing Between Inherent and 
Photoelastic Anisotropy 


WILFRIED HELLER, School of Chemistry, University of Minnesota, 
Minneapolis, Minnesota 


AND 


GERMAINE QuIMFE, Laboratoire des Recherches Physiques, Sorbonne, 
Paris, France 


February 13, 1942 


The linear magneto-optical anisotropy of homogeneous 
and dispersed systems can be explained as the result of 
orientation of anisotropic elements, e.g., of molecules or 
crystals. This explanation is supported by experimental 
regularities, but no direct proof has been given. Such a 
proof may be based on the concept that orientation alone 
should not change the optical properties of the individual 
elements. A simple calculation’? shows that for uniaxial 
particles 

= R =2.0, (1) 


in which f; is an optical constant, refraction index, ab- 
sorption coefficient, etc., of the statistically isotropic 
system in zero magnetic field and f,, and f, represent the 
same constant in directions parallel and perpendicular to 
a magnetic field. No experimental test of the relation 
except the inconclusive one of Cotton and Mouton! has 
been made. At the suggestion of A. Cotton we used ap- 
paratus constructed for special colloid-optical work* which 
gave direct value of the absorption coefficients k;, ky, and 
k,. Its principle is shown in Fig. 1. 


Ht 
P Ss, Cc D Ss, a TFT 


Fic. 1. P, polarizer; Si, calcite prism; C, trough with two of 
ments (shaded part for colloidal solution, blank part for water); D, 
Soe Sees S2, calcite prism; A, analyzer; 7, telescope; light 

beam (unsplit and split) drawn in black; magnetic field: at C, parallel 
to paper plan and perpendicular to light ‘beam. 


TABLE I. Value of R —Ri) /(Ri an iron oxide sol. 
Temperature 20°, \ =5. 


H(gauss) 3750 5200 7470 9510 11000 12150 13300 
R 1.5 1.5 1.78 1.88 1.88 1.88 1.90 

Table I gives a selection of data on an iron oxide sol 
that contained plate-like a-FeOOH crystals. At fields 
above 10,000 gauss, the value of R is nearly that given by 
(1). The deviation at lower fields is probably due to the 
strong heterodispersion of the sol used and the dependence 
of optical constants on size of particles in regions near an 
absorption band.‘ In order to obtain R=2, strong fields 
in which few particles, large or small, escape orientation 
must be used. In any case, the satisfactory result at high 
fields indicates that the linear magnetic dichroism (and 


implicitly, magnetic double refraction) is an effect of 
orientation of anisotropic particles. 

A different situation is expected in the anisotropy of 
optical properties in electric fields or under hydrodynam- 
ical orientation. Here relation (1) may become valuable for 
detecting anisotropies not due to orientation alone, such 
as photoelasticity. In hydrodynamical orientation, a 
shear at sufficiently high velocity gradients may lead to a 
reversible or irreversible deformation of the elements if 
their internal elasticity is much lower (or plasticity higher) 
than that of crystals. Protein molecules and particle 
aggregates in which individual elements assume lone range 
equilibrium distances (isotropic geloids and tactoids) may 
be subject to photoelastic effects. Evidence for the deforma- 
tion of tactoids in fairly weak electric fields and at small 
velocity gradients has been given by Zocher and Jacob- 
sohn.® Since tactoids are known to increase in concentra- 
tion as the colloid concentration increases,® the electrical 
and hydrodynamic optical effects dependent on orientation 
may change into complex orientation-deformation effects 
as the colloid concentration increases. A number of anoma- 
lies observed in variation of hydrodynamic double refrac- 
tion with concentration can be thus explained although 
this possibility is being discounted at present.’ If the hydro- 
dynamic double refraction is partly a photoelastic effect, 
the value of R should deviate, with increasing velocity 
gradient, from the value 2.0. 

The new technique may permit quantitative informa- 
tion on the elasticity and plasticity of colloidal particles. 
It may also improve the interpretation of double refraction 
created in isotropic materials by stretching or otherwise 
loading. This effect may a priori be due (1) to an orientaton 
of pre-existing anisotropic elements, or (2) to their deforma- 
tion, or (3) to anisotropic distance-variations between the 
elements (‘‘“Newmann-effect’’). A test of relation (1) in 
such cases will make it possible to decide whether and to 
what extent mere orientation is responsible for the effect 
observed, provided no biaxial particles are present. The 
test requires that, instead of phase differences or path 
differences, which can give only the magnitude of the 
double refraction (m,—.), the magnitudes of my, and my. 
themselves are determined. The new method of measuring 
dichroism (Fig. 1) can easily be adapted to double refrac- 
tion measurements of this type by an introduction into 
the set-up of an interferometer. 


1 A. Cotton and H. Mouton, Ann. ee. Phys. [8] 11, 145 (1907). 

2 P. Langevin, Le Radium 7, 249 (191 

3W. Heller and G. Quimfe, Comptes ibis 205, 857, 1394 (1937); 
206, 64 (1938). 

4W. Heller, Comptes rendus 205, 971 (1937). 

5H. Zocher and K. Jacobsohn, Kolloid-Beihefte 28, 1 (1929 

6 W. Heller, Comptes rendus 202, 61 (1936); 204, 43 (1937); . Phys. 


Chem. (in press). 

7J. T. Edsall, Advances in Colloid Science (Interscience Publishers, 
1942); J. W. Mell: Cold Spring Harbor Symposium on Quantitative 
Biology 6, 218 (1938). 
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Dallas Meeting of Section B, A.A.A.S., and the American 
Association of Physics Teachers 


ECTION B, American Association for the 

Advancement of Science, and the American 
Association of Physics Teachers met jointly at 
Dallas, Texas, on December 29 and 30, 1941. 


INVITED PAPERS 


Sessions on Monday afternoon, December 29, 
and on Tuesday morning and afternoon, De- 
cember 30, were devoted to the following invited 


papers: 


Applications of Electron Scattering. Address of the 
Retiring Vice President for the Section on Physics (B). 
A. L. HuGues, Washington University. 

Stereo-Microscopy with the Electron Microscope. V. K. 
ZwoRYKIN AND J. HILLIER, RCA Manufacturing Com- 
pany, Inc. 

Electron Micrograph Studies of Insect Structures. A. 
GLENN RICHARDS, JR., University of Pennsylvania AND 
Taomas F. AnpeRsoN, RCA Fellow of the National 
Research Council. 

Seismology. Ceci. H. GREEN, Geophysical Service, Inc. 

Electrical Methods in Prospecting. Dart WANTLAND, 
Colorado School of Mines. 

The Gravimeter. D. H. CLEWELL, Magnolia Petroleum 
Company. 

The Theory of Hydrocarbon Reactions. Everetr 
Gorin, Magnolia Petroleum Company. 

Applications of Spectroscopy to the Oil Industry. J. 
Rup NIELSEN, University of Oklahoma. 

Geophysical Exploration and Its Part in National 
Defense. C. A. HEILAND, Colorado School of Mines. 

Training of Physicists for Work in Geophysics. J]. C. 
KARCHER, Coronado Company. 

Training of Students for Work in the Petroleum In- 
dustry. E. A. STEPHENSON, University of Kansas. 


CONTRIBUTED PAPERS, WITH ABSTRACTS 


The morning session on Monday, December 
29, was devoted to ten contributed papers. The 
abstracts for papers No. 6 to 10, which pertain 
to instruction, will be found in the February, 
1942 issue of the American Journal of Physics. 


1. Mechanical Means for the Graphical Representation 
and Solution of Transcendental Functions. Liste L. 
WHEELER AND S. Leroy Brown, University of Texas.— 
A 30-element harmonic synthesizer is used to graph 
and to solve certain transcendental functions. Polar 
equations are graphed by the machine after the ra- 
dius vector has been resolved into its two rectangular 


components. Trigonometric equations are solved by direct 
summation of the component terms. Certain trigonometric 
functions may be graphed and the value of the function 
determined for any angle. Legendre polynomials, associ- 
ated Legendre polynomials and certain types of functions 
used to determine parameters in crystal structure are ex- 
amples wherein the machine method of graphing is appli- 
cable. The machine method of solution may also be used 
to solve certain transcendental equations involving log- 
arithmic, hyperbolic, or trigonometric functions. In these 
cases, the functions are expanded in a power series and the 
equations transformed to harmonic form by trigonometric 
substitution. However, the machine restricts to 30 the 
number of terms of the power series used to represent the 
function; therefore, a practical requirement is that the 
series converge rapidly within the interval of convergence. 


2. Vibration-Rotation Energies of Planar ZXY, Mole- 
cules. SAMUEL SILVER, University of Oklahoma.— 
The methods of Wilson and Howard! and of Shaffer, 
Nielsen, and Thomas? are used to develop the vibration- 
rotation energies of the planar ZX Y2 molecular model to 
the second order of approximation to include the cubic 
and quartic anharmonic terms in the potential energy, the 
dependence of the moments of inertia on the vibrational 
state, the centrifugal expansion effects, and interactions 
between the vibrational angular momentums and the total 
angular momentum. Owing to the low symmetry (C2), 
there are no inherent degeneracies. Under these conditions 
the interactions between the internal and total angular 
momentums contribute only in the second order of approxi- 
mation. However, if an accidental degeneracy occurs be- 
tween a pair of fundamental vibrations, the interaction 
between their angular momentums and the total angular 
momentum becomes large and produces a Coriolis splitting 
of the rotational levels. An approximate accidental de- 
generacy between a parallel and a perpendicular vibration 
is considered, and the dependence of the splitting upon the 
“closeness”’ of the degeneracy is evaluated. This latter 
problem finds application in the study of the formaldehyde 
molecule. 


1E. B. Wilson, Jr. and J. B. Howard, J. Chem. Phys. 4, 262 (1936). 
sa = Shaffer, H. H. Nielsen, and L. H. Thomas, Phys. Rev. 56, 
895 (1939). 


3. Raman Spectra of Compounds in the Gaseous 
and Liquid States. J. Rup NiELSEN, University of Okla- 
homa, AND NEwtTon E. Warp, Magnolia Petroleum Com- 
pany.—An apparatus for exciting the Raman spectra 
of gases and liquids at temperatures up to 300°C is 
described. For phosphorus trichloride, methyl chloride, 
methyl bromide, methyl alcohol, methylene chloride, 
methylene bromide, chloroform, and carbon tetrachloride, 
the Raman spectra of the gas and the liquid at the same 
temperature have been photographed in juxtaposition 
with a liquid-prism spectrograph of speed F : 2.9 and linear 
dispersion 27A/mm at 4400A. The Raman spectra of 
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gaseous m-pentane, n-hexane, and deuterium oxide have 
been photographed with 2537A-excitation. The change in 
the Raman frequencies with the state of aggregation is 
different for different vibrations and varies greatly from 
compound to compound. In the absence of an adequate 
theory for this phenomenon, a search has been made for 
empirical regularities. The perpendicular bands of the 
symmetrical-top-molecules are much less diffuse in the 
liquid than in the gas, showing that the intermolecular 
forces are effective in quenching the rotation of the mole- 
cules in the liquid. The other bands are about equally 
sharp in gas and liquid. . 


4. Vibrational Analysis of the 3200A Band System of CS». 
GENE T. Pevsor,* University of Oklahoma.—Experimental 
conditions were so chosen that the variation of band in- 
tensities with temperature could be determined. From these 
data—assuming a much smaller separation of rotational 
energy levels than of vibrational levels—the initial vibra- 
tional energy level for each of the more intense bands of 
the system was deduced, although with some uncertainty 
because of the overlapping of neighboring bands. In apply- 
ing the general vibrational selection rules developed by 
Herzberg and Teller it was found that, for a “forbidden” 
type of transition which is indicated by the relative weak- 
ness of the system: (a) in case the molecule is linear and 
symmetric in the upper electronic state as it is in the 
ground state, the vibrational selection rules for infra-red 
absorption apply; (0) in case the upper state is not linear, 
Av; must be odd. On the assumption of a linear upper state, 
a fairly plausible level scheme was constructed in which 
ve’ =172 cm™, v3'=707 cm™, and »;'—310 cm. If the 
upper state is bent, as indicated by Liebermann’s results,! 
a rotational selection rule is required to explain the ab- 
sence of pairs of bands terminating in the same level, one 
originating in the rotationless vibrationless level and the 
other in the rotationless level, <n 


* Now at the University of New M 
1L. N. Liebermann, Phys. Rev. 58, 183. 183 (1940); 59, 106 (1941). 


5. The Parabolic and Logarithmic Oxidation of Copper. 
A. L. Diguton AnD H. A. MiLey, Oklahoma Agricultural 


and Mechanical College—. recent study of the growth of 
oxide films on abraded copper surfaces, made from meas- 
urements obtained by the electrolytic reduction method, 
shows that copper may oxidize parabolically over a limited 
thickness range and then change to a logarithmic rate of 
growth. The parabolic growth is expressed by the equation 
y= Kt+A, where y is the film thickness, ¢ is the time, and 
K and A are constants. After the rate of growth becomes 
logarithmic, it is expressed by y= log[a(t+?’)+1], where 
k, a and ¢’ are constants. Thus it appears that copper, 
which has been quoted often as a metal that is typical of 
parabolic oxidation, may also oxidize logarithmically. An 
electrochemical interpretation of Wagner’s ionic theory of 
the oxidation and tarnishing of metals provides conditions 
that may permit a parabolic oxidation rate for ordinary 
thickness ranges and require a logarithmic rate for the 
more advanced ranges. The ionic theory postulates the 
movement of cations and electrons outwards and of anions 
inwards across the film. The growing film may be compared 
with a current-producing cell, the requirements for chang- 
ing from a parabolic growth-rate to a logarithmic rate 
being provided by polarization. The critical film thickness, 
beyond which polarization may be expected, is influenced 
by all the factors that affect the perviousness of the films. 


6. Production of Electric Charges in Water Spray. C. WV. 
Heaps, Rice Institute. 


7. Units in Mechanics. E. .\. SCHUCHARD, Amarillo 
College. 


8. Up-to-date Experiments for the Laboratory. Louis 
R. WesBer, Colorado State College of Agriculture and 
Mechanical Arts. 


9. The m.k.s. System, its Justification and Use. R. E. 
Beam, Southern Methodist University. 


10. Aviation Problems in’ Elementary Physics. Ear. W. 
Tuomson, United States Naval Academy. 


] 


| 
| | 
| 
| 
| 
< 
| | 


LW. 


MARCH 1 AND 15, 1942 


PHYSICAL REVIEW 


VOLUME 61 


Proceedings of the American Physical Society 


MEETING AT PRINCETON, DECEMBER 29-31, 1941 


HE 246th meeting (the 43rd annual meet- 

ing) of the American Physical Society was 
held in the buildings of Princeton University 
and of the Institute for Advanced Study in 
Princeton, New Jersey, on December 29, 30, and 
31, 1941. The American Association of Physics 
Teachers met on the same days, and some of the 
sessions were held in common. The gratitude of 
the societies was abundantly earned by the 
Local Committee, headed by Professor H. D. 
Smyth. Despite the circumstances of the times, 
upwards of four hundred people (as evinced by 
the list of registrants) were in attendance on 
these meetings, which are thus to be counted 
among the best of those that have occurred at 
this season during recent years. Professor A. 
Einstein and Dr. W. Pauli addressed a session 
held on Monday evening at the Institute, their 
topics being ‘‘On Solutions of Finite Mass of the 
Gravitational Equations” and ‘Problems of the 
Quantum Theory of Fields,” respectively. On 
Tuesday afternoon the two socicties listened to 
Professor G. W. Stewart giving his retiring 
presidential address, “Liquid Structure’; to 
Professor A. H. Compton, delivering the first 
Richtmyer Memorial Lecture of the American 
Association of Physics Teachers, “‘War Problems 
of the Physics Teacher’’; and to Professor H. N. 
Russell, who graciously consented to replace a 
speaker hindered by illness, and gave us remi- 
niscences of physics and astronomy at Princeton. 
There were five sessions for contributed papers; 
the abstracts of these are reproduced below 
(those numbered 35, 39, 45, and 46 correspond 
to papers not presented on the floor). 

The dinner was held under the chairmanship 
of Professor G. W. Stewart on Tuesday evening, 
December 30, at the Nassau Tavern, and was 
attended by as many as the room could contain 
—some two hundred and twenty-five. President 
Stewart presided, and Dean Eisenhart in the first 
after-dinner speech welcomed the societies to 
Princeton. Our meetings had been signalized by 
the presence of the senior ex-president (Professor 
Henry Crew, president 1909-10) and the first 
secretary (Professor Ernest Merritt, secretary 


1899-1921, president 1914-15) of the Physical 
Society; and these gentlemen made after-dinner 
speeches, as also did Professor P. W. Bridgman, 
Dr. E. U. Condon, Dean G. B. Pegram, and 
Professor R. M. Sutton. 

At the business meeting of the Physical 
Society, formal announcement was made of the 
results of the election of officers for the year 
1942. The elected officers are: President, P. W. 
Bridgman; Vice President, Albert W. Hull; Sec- 
retary, Karl K. Darrow; Treasurer, George B. 
Pegram; Members of the Council, Lee A. DuBridge 
and J. Stuart Foster; Members of the Board of 
Editors, Luis Alvarez, W. H. Furry, and E. M. 
McMillan. 

Announcement was also made that the Council 
had conferred the title of ‘Acting Editor’’ on 
Professor J. W. Buchta, designating Dean J. T. 
Tate as ‘Editor on Leave” for the duration of 
the war or until further notice. It was further 
announced that the Council had appointed Pro- 
fessor R. T. Birge to the office of Local Secretary 
for the Pacific Coast. The roster of the Society 
as of December 23, 1941, was composed as 
follows: 5 Honorary Members, 891 Fellows, and 
2976 Members. 

The Council held protracted meetings on 
Monday and Tuesday. Word was received of the 
death of one Member, Rollin L. Charles. There 
were four resignations, twenty-four elections to 
Membership, fifteen elevations from Member- 
ship to Fellowship and one additional election 
to Fellowship. Elected to Membership: Charles E. 
Applegate, Elliot T. Benedikt, Fitzhugh W. 
Boggs, Otis L. Boothby, Kent H. Bracewell, 
William F. Brucksch, Jr., J. Robert Doig, Jr., 
Robert H. Esling, David Feldman, John K. 
Galt, Robert W. Hull, M. Eugene Merchant, 
Richard B. Nelson, Ed Ney, John J. O’Connor, 
Nathaniel Rochester, Elizabeth Rona, Louis 
Rosen, Kenneth B. Shiffert, Cyril S. Smith, 
Henry A. Strauss, Fred C. Von der Lage, 
Franklin E. Waterfall, Kurt E. Wilhelm. 
Transferred from Membership to Fellowship: Paul 
C. Aebersold, Stanley S. Ballard, Gerhard 
Herzog, Norman Hilberry, Robert E. Marshak, 
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Warren P. Mason, Marcel Schein, Glenn T. 
Seaborg, Wave H. Shaffer, George C. South- 
worth, Richard M. Sutton, Gerald W. Wil- 
lard, Norman Wright, John Wulff, Robert T. 


Young, Jr. Elected to Fellowship: Charles T. 


Zahn. 
KarL K. Darrow, Secretary 


Columbia University, New York, New York 


ABSTRACTS OF CONTRIBUTED PAPERS 


1. Association Effects in the Raman Spectra of Thio- 
phenol Solutions. Forrest F. CLEVELAND, M. J. Murray, 
AND Ropert H. Saunpers, Illinois Institute of Technology. 
—Since the S—H vibration gives a sharp, intense line in 
the Raman spectrum, as contrasted to the broad, diffuse 
bands arising from the O—H vibration, it seemed quite 
suitable for use in an investigation of association effects. 
Consequently, Raman spectra were obtained, using solu- 
tions of one cm* of thiophenol in three cm of the solvents, 
benzene, dioxane, pyridine, acetophenone and di-isobutyl 
ketone, with equal exposure times and comparable de- 
velopment. With benzene solution, the S—H line at 
2570(9) cm™! was sharp and appeared at the same fre- 
quency and intensity (if allowance is made for the smaller 
concentration) as in pure thiophenol. With acetophenone, 
di-isobutyl ketone and pyridine solutions the line still 
appears at the same frequency, but is now broader and 
has intensities of 5, 5 and 4, respectively, while with the 
dioxane solution two maxima were observed at 2569(3) and 
2542(2). The results for the pyridine solution are in direct 
contrast with infra-red data' in which the S—H band was 
found to be shifted 114 cm™ to lower frequencies, while the 
intensity increased several fold. 


1 Gordy and Stanford, J. Am. Chem. Soc. 62, 500 (1940). 


2. The Near Ultraviolet Absorption Spectrum of Mono- 
deuterobenzene. C. A. Beck, The Catholic University of 
America, AND H. Sponer, Duke University——The near 
ultraviolet absorption spectrum of monodeuterobenzene 
from 2270-2680A has been photographed in the first order 
of a 5-meter grating spectrograph. The spectrum resembles 
closely that of light benzene. The bands at 38640.8 (A °o) 
and 37520.8 (B°) are assigned to the 0—1 and 1—0 
transitions of the 603¢*+, vibration. This yields 517 cm™ for 
the value of this «*, vibration in the upper state. The 0,0 
band is calculated to be 38123.8 and it occurs very faintly. 
Compared to light benzene, the A° is shifted by 30 cm™, 
and the 0,0 band by 34.4 cm™ from the calculated 0,0, 
both to the violet. As compared to heavy benzene, A °» is 
shifted by 149.4 cm, and the 0,0 band by 167.8 cm™ from 
the calculated 0,0, both to the red. Similar to benzene, 
bands appear displaced to the red from the main bands 
603—517=86 cm. The frequency difference of 160 
found in light benzene remains unchanged. The totally 
symmetrical carbon vibration appears in progressions with 
separations of 912 cm=! as compared to 923 cm™ in light 
and 879 cm in heavy benzene. Other bands were explained 
corresponding to assignments in light and heavy benzene. 


3. Fine Structure of the Infra-Red Bands of C.H,. 
Lincotn G. SmitH AND W. M. Woopwarp, Princeton 
University.—The bands of C:H¢ have been studied under 


higher resolutions than previously' in the temperature 
range from 175°K to 300°K. From the structure of the 
fundamental || band at 1379.0 cm™ (which structure is 
clear only at low temperatures), and that of harmonic || 
bands at 2753.3 cm™ and 2369.3 cm a value of 
(42.25+0.05) x 10-*° gm cm* has been obtained for the 
large moment of inertia A. A single |. band with an anoma- 
lous decrease of both intensity and line spacing in the 
center (about 1484) has been observed in the 1480 cm™ 
region. In the | band at 827 cm~ a peak of lower intensity 
about midway between each of the main peaks has been 
resolved. The intensities of these minor peaks decrease 
toward the center of the band and apparently increase 
relative to the major peaks as the temperature is lowered. 
C= 11.06 X 10~*° gm cm? is calculated from the three active 
fundamentals by taking for the 1484 cm™ band Avy =5.20 
cm which is the regular spacing of the lines at the sides of 
the band. This, together with C—C=1.54X10-* cm,? 
gives C—H=1.11X10~* cm and the tetrahedral value for 
all angles. The harmonic bands have all been studied but no 
new definite evidence has yet been obtained concerning the 
assignment of the degenerate fundamental frequencies. 
A complete report on this work will be published in the near 
future. 


1 Levin and Meyer, J . Soc. Am. 16, 137 (1928); Bartholomé and 


Karweil, Zeits. f. physik. hemie B39, 1 (1938). ; 
? Pauling and Huggins, Zeits. f. Krist. A87, 205 (1934); Pauling and 


Brockaway, J. Am. Chem. Soc. 59, 1223 (1937). 

4. Pressure Effects on Spectral Lines. H. M. FoLry* 
AND D. M. Dennison, University of Michigan.—The 
intensity distribution in a spectral line due to interactions 
with neighboring atoms or molecules has been derived from 
the expressions for the growth of states, as in the quantum 
theory of radiation. The translational motion was treated 
classically, and the atomic interactions were introduced as 
time dependent perturbations. The adiabatic solution gives 
the well-known Fourier integral expression of Lorentz and 
Weisskopf. To the approximation that the duration of the 
collisions is small compared with the time interval between 
collisions (low density), the treatment of the interaction 
may be limited to the phase shifts appearing in the Fourier 
integral. With this approximation the line shape has been 
calculated, and it is shown that the phase changes alone 
will produce a shift of position as well as a broadening of 
the spectral line. The ratio of shift to broadening depends 
on the force law of the atomic interaction, and in particular 
upon the presence or absence of resonance interaction. The 
duration of the collisions has been taken into account as a 
next approximation, and the calculated line form shows 
typical asymmetry. Applications have been made to the 
self broadening and foreign gas broadening in molecular 
spectra. 

* Chas. A. Coffin Fellow 1941-42. 
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5. The Calculation of the Magnetic Susceptibility of He, 
HD, and D, by Quantum Mechanics. ENos E. WitTMER, 
University of Pennsylvania.—The molar magnetic suscepti- 
bility x, of Hz, HD, and Dz is given by a formula which 
may be written briefly as x,,=—A+B, where A is the 
diamagnetic term. Using the eleven-term wave functions of 
James and Coolidge, together with a Morse wave function 
for vibration, the value of A comes out to be 4.115 10~¢ 
for He, 4.099x10-* for HD, and 4.08010-* for Dz. 
Although B was calculated from wave functions also, the 
best value of B appears to be the value 0.093 x 10-6, which 
was obtained by N. F. Ramsey from experimental data. 
Using this value, x,, is — 4.022 x 10~* for Ha, — 4.006 x 
for HD, and —3.887< 10~-* for Ds. Due to an approxima- 
tion in the process of averaging by the Morse wave 
function, the values of A and therefore of x,, are good to 
only three significant figures, but the differences are good 
to the third decimal places as written here. Summing up the 
experimental results, E. C. Stoner in his book gives x,, for 
Hz as —4.00+0.05X10~*. The calculated results above 
have a higher degree of accuracy, the uncertainty being less 
than +0.035 x 


6. On the Heisenberg Theory of Ferromagnetism. P. R. 
Wess, Harvard University.—The second of the Heisenberg 
approximations, based on the assumption of a Gaussian 
distribution of the energy levels belonging to a given value 
of the spin of the crystal about the mean value, leads to 
serious difficulties. As pointed out by Van Vleck, there is an 
error in Heisenberg’s calculations of the mean square 
energy which makes his results invalid except in the case 
where the spin per atom is one-half. Moreover, it is found 
in this case that the second approximation leads to a low 
temperature critical point so that it predicts zero mag- 
netization at very low temperatures. In this paper, the 
third and fourth moments of the energy are calculated for 
the general lattice assuming the spin per atom to be one- 
half. An expression for the critical temperature is obtained 
in the form of a series in descending powers of the coordi- 
nation number. It is found that the values of the critical 
temperature and of the discontinuity in specific heat at the 
critical point obtained by including the successive moments 
converge satisfactorily. The calculations are also made for 
the case where the spin per atom is one and comparisons 
are made with the experimental results for iron and cobalt. 


7. Strong Coupling Mesotron Theory of Nuclear Inter- 
actions. S. M. DANcorF AND W. PAutt, Institute for Ad- 
vanced Stud y.—We consider the results of the assumption of 
a strong coupling between nuclear particles and mesotrons 
of spin zero, treating the heavy particles as fixed sources of 
finite radius. Previous investigations* have indicated that 
this theory can account for the small scattering of cosmic- 
ray particles. They have also resulted in the prediction of 
excited states, or isobars, of the proton-neutron, differing in 
charge from the fundamental states. We here extend the 
treatment to the case of charged pseudo-scalar mesotrons; 
the appearance of the heavy particle spin in the formalism 
in this case gives ground for hope that nuclear forces may be 


properly described. This theory again results in heavy 
particle isobars; in this case, however, the isobars differ 
with respect to spin as well as charge, and the energy sepa- 
ration depends quadratically on spin and charge excesses. 


* See, particularly, J. R. Oppenheimer and J. Schwinger, Phys. Rev. 
60, 150 (1941). 


8. On a Field Theory of Nuclear Forces. JuLiAn 
SCHWINGER, Purdue University—Mesotron theories of 
nuclear forces based on perturbation methods have suffered 
from the grave defect that the tensor forces which they 
predict possess inadmissible 1/r’ singularities. Although the 
concept of strong coupling, applied to the pseudo-scalar 
theory, is remarkably successful in accounting for cosmic- 
ray phenomena, it does not remove the objectionable 
singularities. If, however, in addition, a vector mesotron 
field is postulated which possesses the same nuclear 
coupling constant as the pseudo-scalar field, but whose 
particles differ in mass from the pseudo-scalar mesotrons 
observed in cosmic-rays, the inadmissible singularities are 
removed. The sign and magnitude of the resultant tensor 
interaction, which behaves as 1/r at small distances, is 
determined by the mass difference of the two mesotrons. It 
is satisfactory that the positive quadripole moment of the 
deuteron corresponds to the vector mesotron being more 
massive than the pseudo-scalar mesotron, for such particles 
will be highly unstable against disintegration into a 
pseudo-scalar mesotron and a y-ray; and thus would not 
have been observed. However, the spontaneous disinte- 
gration of the vector mesotrons formed at the top of the 
atmosphere will provide a source of soft component to be 
added to the soft component production by the 8 decay of 
the pseudo-scalar mesotrons. 


9. Theory of Nuclear Coulomb Energy. EuGENE FEeEen- 
BERG, New York University—A symmetry argument, 
similar to that applied by Wigner to the problem of nuclear 
mass defects, yields the following expressions for the 
Coulomb energy: 


{4(Z— 1 )Le+3L’,} 
for even values of Z, and 
Z-1 


for odd values of Z. The quantities L, and L’, are matrix 
elements involving the Coulomb interaction, the space 
coordinate exchange operator and the isotopic spin opera- 
tors. It is assumed that L, and L’, are constant in an 
isobaric series and vary smoothly with n, the total number 
of particles. These assumptions make possible the determi- 
nation of L, and L’, as functions of nm. Numerical results and 
applications will be presented. 


10. Theoretical Half-Lives of Beta-Transitions. C. L. 
CRITCHFIELD, Harvard University.—The results of Kono- 
pinski and Uhlenbeck' on the energy distribution of beta- 
particles in forbidden transitions have been integrated in 
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order to determine the relation between half-life and 
maximum energy in such transitions. It is assumed that 
Z<137. Estimates of the matrix elements which appear in 
the five different interactions are made for intramultiplet 
transitions and compared with the experimental results on 
Na®, Sc*, P, Cl* and K**. It appears that all of these 
radioactivities may be first forbidden and that the inter- 
action between the field of the nuclear particles and that of 
electron and neutrino must contain the product of tensor 
operators (tensor-interaction) or of pseudo-scalar operators 
or of both. Thus, possible assumptions for an interaction 
between the fields include the tensor and the antisymmetric 
interaction.? 


1 E, J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 
2C. L. Critchfield and E. Wigner, Phys. Rev. 60, 412 (1941). 


11. Lifetimes for Forbidden Transitions in }-Decay and 
Orbital Electron Capture and Spins of Nuclei. R. E. 
MarsHAK, University of Rochester—A general formula 
giving minimum lifetimes for forbidden §-transitions of 
arbitrary order or forbidden orbital electron capture is 
derived. Exact Coulomb wave functions are used for the 
electron. It is shown that the observed electron emission of 
K* requires Gamow-Teller selection rules. Combined with 
the Konopinski-Uhlenbeck! result that only the tensor and 
vector interactions are compatible with the energy spectra 
of the B-rays from Na*, P® and RaE, it follows that the 
tensor interaction alone can explain both the lifetimes and 
energy spectra of forbidden 8-transitions. The application 
of the tensor interaction to K* and to the other long-lived 
B-emitters, Rb*’, Lu'”*, Be!®, C™, and to existing data on 
orbital electron capture, leads to certain spin and parity 
predictions about parent and product nuclei—e.g., neither 
Be" nor C™ can have a spin greater than 3h, the 2 Mev 
y-ray from K* is associated with k-electron capture to an 
excited state of A*® having even parity, etc. The stability of 
the known neighboring isobars and the conditions under 
which Z-electron capture becomes more probable than 
s-electron capture will also be discussed. 


1 E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). 


12. Elementary Explanation of Thermal Diffusion. W. 
H. Furry, Harvard University.—A successful elementary 
explanation of thermal diffusion was first given quite 
recently by Frankel,! who accounted for the existence of 
the phenomenon for molecules which differ in mass, and for 
its dependence on the intermolecular force law. Frankel’s 
idea may readily be extended to explain the appearance of 
the effect for molecules which differ only in radius, and also 
gives a result similar to that of the mathematical theory for 
the effect of the quantum-mechanical difference in cross- 
section for collisions between identical and non-identical 
molecules.? It may also be extended to explain the appear- 
ance of transport due to thermal diffusion, as well as the 
stationary case considered by Frankel. Simple considera- 
tions can be used to give a correct estimate of the value of 
the thermal diffusion constant. 


1S, P. Frankel, Phys. Rev. 57, 661L (1940). 
2 Effect first suggested by H. M. Mott-Smith. 


13. Isotope Separation Factor of a Thermal Diffusion 
Column. RatpH Simon, Yale University—A hot wire 
type of Clusius and Dickel column was operated at various 
pressures for wire temperatures of 1100°K and 1500°K. In 
each case, after equilibrium had been obtained, the separa- 
tion factor was measured by taking off samples of the gas 
(argon) at the top and bottom of the column and analyzing 
them with a Nier type mass spectrometer. The theoretical 
variation of the separation factor with pressure was 
verified and experimental values of the constants in the 
thermal diffusion theory of Furry, Jones, and Onsager were 
obtained. Running the column under conditions of turbu- 
lent flow produced only a slight, if any, decrease in the 
separation factor determined by extrapolation from the 
data obtained under conditions of lamellar flow. 


14. Difference in Loss of Energy of Deuterons in D, 
and H2. C. M. Crensuaw, V. J. Younc, H. P. MANNING, 
New York University—The energy loss of deuterons in Dz 
and Hz has been measured as a function of energy from 60 
kev to 340 kev. A path length of 18.4 cm at 2 mm Hg 
pressure of gas was used for these measurements. Prelimi- 
nary work indicates the loss to be linear with respect to 
pressure up to 3 mm Hg. 


Incident energy Loss in He Loss in De Difference 
60 kev 18 kev 15 kev 3 kev 
120 17 14 3 
180 15 12 3 
240 13 10 3 
300 11 9 2 
340 9 8 1 


15. Evidence for p-Wave Proton-Proton Scattering. 
Epwarp C. Creutz AND RoBERT R. WILSON, Princeton 
University—The accuracy in the measurement of the 
angular distribution of 8 Mev protons scattered from the 
hydrogen in cellophane foils has been improved. The yield 
appears to be somewhat greater at small angles than would 
be expected for a pure s scattering anomaly. This suggests 
the presence of some repulsive scattering of the p-wave. 
Thus the cross-section per unit solid angle is independent of 
angle from 20° to 45° with an accuracy of 2} percent. At 
45° where the effect of the p-wave vanishes,' the observed 
cross-section in the laboratory system is 1.7+0.1x 10% 
cm?, in good agreement with the value 1.75 cm? 
calculated by BTE? on the assumption of a square potential 
well of depth 10.5 Mev and width e/mc*. The largest source 
of error in the measurement of the absolute yield is the 
uncertainty in the composition of cellophane. This difficulty 
will be discussed. 


1 True on the assumption of a central field. See Breit, Kittel, and 


Thaxton, Phys. Rev. 57, 255 (1940). 
2 Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 


16. On the Relative Probability of the D,2n and the 
D,n Reactions in Ni and Zn. J. M. Cork, L. N. HADLey, 
Jr., AND C. V. Kent, University of Michigan.—Only a 
very few elements offer any possibility for studying the 
relative probability of the D,2” and the D,m reactions. 
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One of these elements is copper in which a 7.9 min. activity 
has been ascribed to Cu (60) and a 3.4hr. activity to Cu (61). 
Since nickel (60) has an abundance of 27.2 percent and 
nickel (61) only 0.1 percent, the yield of these two copper 
radioactivities should tell the relative probability for the 
D,2n and the D,m reactions. Now by reducing the 
energy of the incident beam a change in the relative yield 
would be expected. Actually, the relative yield was found 
to be independent of the bombarding energy and hence 
indicates that the previous assignment is incorrect. 
A similar result is obtained in bombarding zinc and ob- 
serving the radioactivity in gallium. Gallium (66) and (67) 
had been considered as radioactive isotopes of half-lives 
9.4 hr. and 83 hr., respectively, and hence could both be 
made from Zn (66). Actually the relative yield of each was 
found to be independent of the bombarding energy, indi- 
cating that they are probably isomers. The gamma- 
radiations from the 83-hr. zinc have been studied in the 
magnetic spectrometer, giving energies of 94, 174, 187, 301 
kev. 


17. Radioactive Selenium from Arsenic. C. \. Kent, 
J. M. Cork, Ano W. G. WaveEy, University of Michigan.— 
Arsenic has a single stable isotope of mass 75. When 
bombarded with deuterons this can form selenium 75 by 
a (D,2n) reaction or selenium 76 by the (D,») process. 
A single activity whose half-life is 160 days is observed in 
the selenium from this bombardment. When studied in a 
magnetic beta-ray spectrometer of high resolution, many 
electron groups, corresponding to internally converted 
gamma-rays, are observed. For energies below 300 kev, at 
least 8 gamma-rays are observed and for several of them, 
the K—L difference and the relative conversion coefficients 
are given. 


18. Radioactive Isotopes of Lanthanum. KATHERINE E. 
Mounce, M. L. Poot, Anp J. D. KursBatov, Ohio State 
University —A radioactive isotope of lanthanum with a 
half-life of 19+2hr.is produced by bombardment of barium 
with 10 Mev deuterons. The radiation consists almost 
entirely of x-rays which were found by critical absorption 
measurements to be the characteristic x-rays of barium. 
Thus nearly all of the active lanthanum decays by the 
process of K-electron capture. Bombardments of cesium 
with 20 Mev alpha-particles and of lanthanum with fast 
neutrons do not reproduce the activity which therefore 
seems best assigned to La™’. Hilger H. S. lanthanum has 
been bombarded with deuterons and with slow neutrons 
for the purpose of investigating the discrepancies of 
previous reports'** on the period of La™®. The activity 
produced in the lanthanum fraction by deuterons was 
followed through 11 half-lives, giving a period of 40 hrs. 
This same period was produced by the slow neutron bom- 
bardment. The radiation consists of beta-rays and gamma- 
rays of approximately 2 Mev as determined by absorption 
methods. 

1J. K. Marsh and S. Sugden, Nature 136, 102 (1935). 


2M. L. Pool and L. L. Quill, Phys. Rev. 53, 437 (1938). 
30. Hahn and F. Strassmann, Naturwiss. 28, 543 (1940). 


19. A Study of the Radiations from the Disintegration 
of and I, J. R. Downrnc, M. Deutscn, A, 
Roperts, Massachusetts Institute of Technology.—The 
radiations from 1° (12.6 hr.) and I (8d) have been 
studied by spectrometer and coincidence techniques. The 
disintegration of I consists of a beta-ray spectrum of 
energy 0.595 Mev! which is now shown to be simple, 
followed by a 367 kev gamma-ray.2 A gamma-ray of 
80+1 kev has been shown to be present by critical absorp- 
tion of gamma-gamma coincidences. The beta-ray spectrum 
of 1° is found to be complex, consisting of two groups 
whose endpoints are 0.55 and 1.07 Mev. Four gamma-rays 
of energies 0.417, 0.535, 0.670, and 0.740 Mev are known.? 
Coincidence methods confirm the complexity of the beta- 
ray spectrum, and show also that all the gamma-rays are 
in cascade. The results are consistent with the assignment 
of the 0.535 Mev gamma-ray to the transition between 
the levels on which the beta transitions end. The higher 
energy spectrum includes 40 percent of all the beta-rays. 


1M. Deutsch, Phys. Rev. 59, 940A (1941). 
2M. Deutsch and A. Roberts, Phys. Rev. 60, 362 (1941). 


20. Gamma-Rays from Long Period Activities. \. 
Devutscn, A. Roperts, AND L, G. ELLiort, Massachusetts 
Institute of Technology —Gamma-ray spectrometer studies! 
have been extended to several long lived activities. 
Accuracy of the energy determinations (about +3 percent, 
or better) and the energy range investigated (above 0.18 
Mev) are generally about the same as in the previous 
report.! 

Gamma-ray Energies 


Isotope Period Gamma-rays (Mev) Remarks 
8 d. 0.505, 1.06, 1.63, 0.72(?) 
Agi: 45 d. 0.282, 0.345, 0.430, 0.650, >10 3 
Ags or 110 225 d. 0.650, 0.925, 1.51 
Inte 54 min. 0.428, 1.12, 1.31, 2.32 qa 
Zn®& 250 d. 1.14 5 


Fes? and 8 >47 d. 1.10, 1.30 
Co (Fe+d) ~ long 0.119, 0.131, 0.847, 1.26, 1.75(?), 
4 


1M. Deutsch and A. Roberts, Phys. Rev. 60, 362 (1941). 

2 The 0.5 Mev ray may be annihilation radiation. 

3 In fair agreement with Enns, Phys. Rev. 56, 872 (1939). 

4 Compare Curtis and Richardson, Phys. Rev. 53, 942 (1938). 
§ Only a trace of annihilation radiation. 


21. Isomeric States in Indium!”. R. N. Smiru, Purdue 
University.—Silver bombarded with alpha-particles and 
indium by fast neutrons yield a pair of isomeric activities 
for which the growth of the lower activity resulting from 
the decay of the upper can be directly observed. Chemical 
identification assigns both states to indium". Application 
of the formula for growth of one radioactive state from 
another gave half-lives of 16.542 minutes for the upper 
and 17.5 2 minutes for the lower level. The soft conversion 
electrons from the gamma transition between states were 
detected with a thin window electroscope and their energy 
estimated, giving a gamma-ray energy of 120+15 kev. 
Both positrons and electrons were detected from the 
decay of the lower state, the positrons with a maximum 
energy of 1.3+0.1 Mev and the electrons 0.47+0.1 Mev. 
Another group of particles assumed to be conversion 
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electrons from a 95410 kev gamma-ray was associated 
with the lower state. This pair of activities replaces the 
20-minute period previously obtained from alpha-particle 
bombardment of silver and assigned to indium"™® or 
indium™, but is distinct from the 23-minute period ob- 
tained from deuterons on cadmium.! 


1 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 


22. The Temperature Dependence of Slow Neutron 
Resonance Absorption in Silver. T. M. Snyper, J. W. 
KEvFFEL,* J. J. GILVARRY, AND K. Wavy,ft Princeton Uni- 
versity.—The width and cross section at resonance of the 
2.5-volt neutron capture level of silver are obtained from 
its slow neutron “‘self-absorption”’ cross sections at 25°C 
and — 72°C. The self-absorption cross section is determined 
by a comparison of the activities induced in detectors of 
two thicknesses. By averaging the activity of a detector 
over various positions inside a large paraffin block which 
contains the neutron source, the activity due to an isotropic 
distribution of neutrons is obtained. These activities are 
corrected for 8-absorption in the silver and are now being 
corrected for activities induced by capture into higher 
levels. For accurate interpretation of results, a theory of 
the resonance activation of thick detectors is given which 
takes into account self-reversal with Déppler broadening. 
The shape of a resonance absorption level and the activities 
produced by both collimated and isotropic neutrons are 
given. These calculations permit a more accurate analysis 
of the slow neutron measurements of previous workers as 
well as our own. 


* Now at California Institute of Technology. 
t University of Tennessee. 


23. Absorption of Thorium on Tungsten Single Crystals. 
Myron H. Nicuots, Princeton University.—Electron pro- 
jection tube studies of the emission from single crystal 
tungsten wires onto which thorium has been evaporated 
from a thoriated tungsten source have shown that thorium 
is absorbed mainly on the (111) and (001) surfaces—i.e., 
on the surfaces closely surrounding the normal emergence 
of the (111) and (001) crystal directions. Emission patterns 
from large single crystals grown in specially doped thoriated 
tungsten show the same absorption properties as the pure 
tungsten onto which thorium has been evaporated. These 
observations agree with those obtained by Daniel! from a 
study of field emission patterns from thoriated tungsten 
single crystal points and from pure tungsten single crystal 
points onto which thorium was evaporated. 


1J. H. Daniel, M.I.T. Doctor's thesis, June, 1940. 


24. The Ferromagnetic Anisotropy of an Fe-Al Alloy. 
SIEGEL, Westinghouse Research Laboratories.— 
Single crystal bars of an Fe-Al alloy containing 4.1 percent 
Al were prepared by slow solidification of the melt in a 
vaguum furnace inductively heated. The crystals are 
cylinders 3 cm in diameter, up to 10 cm long. The orienta- 
tion of the crystal is determined by x-rays. Disks about 2 
cm in diameter, 0.1 cm thick were prepared with their 
planes parallel to either (100) or (110) crystallographic 
planes. The ferromagnetic anisotropy constant Ki was 


determined by placing the disk in the gap of an electro- 
magnet producing fields up to 3300 oersteds, and measuring 
the component of magnetization in the disk, Jn, per- 
pendicular to the direction of the applied field H, as a 
function of the angle @ between a (100) direction in the 
disk and H. The value for K, for this alloy was found to 
be 3.9105 ergs/cm*. Several Fe-Si crystal disks, of Si 
content between 3 and 4 percent, were measured in the 
same apparatus and gave results in agreement with 
previous data. It appears that the rate of decrease of K, 
with increasing Al content is smaller than that for Si. 


25. A Calculation of the Increase in Electrical Re- 
sistance Produced by Cold-Work. James S. KOEHLER, 
Westinghouse Research Laboratories, AND FREDERICK SEITZ, 
University of Pennsylvania.—A calculation of the increase 
of the specific electrical resistance produced by cold-work 
has been made using Taylor’s dislocation theory. It was 
assumed that the total specific electrical resistance can be 
written as 

P = Pthermal + Pplastic 


where pthermal is the resistance resulting from thermal 
oscillations of the atoms and pplastie is the resistance pro- 
duced by the internal strains in a cold-worked material. 
It was also assumed that pthermal is proportional to the 
mean square of the thermal atomic displacements and that 
Pplastic iS proportional to the mean square of the atomic 
displacements resulting from the presence of dislocations 
in a cold-worked metal. It was further assumed that the 
two constants of proportionality are the same. The results 
of the calculation for severely cold-worked polycrystalline 
materials are given below: 


Cu Ni WwW 
Pplastic 
0.9% 1.0% 3.3% 
[ Zee | 3% 8% 34%* 
thermal Jobs. 


It is found that the resistance produced by cold-work 
increases approximately linearly with the density of dis- 
locations. 

* See Schmidt and Boas, Kristallplastizitat, p. 214 (1935). 


26. Electronic Structure and Polymorphism of Iron 
Alloys. R. SMoLucHowskI, General Electric Company.— 
Purest obtainable iron has up to the melting point a cubic 
body-centered crystal lattice with the exception of a 
short range of temperatures where it is cubic face-centered. 
It is well known that additions of various elements forming 
binary solid solutions with iron influence the range of 
existence of these two crystal lattices in various ways. 
This influence appears to be connected with the position 
of the elements in the periodic system. An explanation of 
this phenomenon is suggested on the basis of the structure 
of electron bands. Substitution of other atoms in the place 
of iron atoms in the lattice changes the electron density at 
the top of the Fermi distribution, affecting the specific 
heat, the energy and stability of both crystal forms. In 
the case of interstitial alloys with carbon, nitrogen, etc., 
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the mechanism is somewhat different. This model helps also 
to understand the polymorphism in ternary solid solutions 
where the influence of various elements follows a simple 
additive law. Various facts can be explained qualitatively 
on the basis of the suggested model. 


27. Hall Effect in Cuprous Oxide. S. J. ANGELLO, Uni- 
versity of Pennsylvania.—Measurements of the Hall effect 
and conductivity of cuprous oxide have been made on 
samples prepared as follows: Copper of known purity was 
oxidized completely in air at 1000°C. The oxide was 
annealed 2 hours at a lower temperature, and quenched 
in water immediately. It is found that the Hall constant 
and conductivity do not obey the exponential laws of 
temperature dependence for temperatures above about 
80°C. The precise value of this temperature depends on 
the annealing conditions. The deviation from the expo- 
nential law of the Hall constant is related to the disappear- 
ance of lattice defects. The rate of diffusion of defects can 
be increased by an electric field when the temperature is 
100°C. The deviation of the conductivity from the expo- 
nential law is due not only to diffusion of lattice defects, 
but also to a rapid decrease of the mean free path with 
increasing temperature. The measurements have been 
carried to approximately 100°C. 


28. Resistivity of Antimony-Tin Single Crystals at Low 
Temperature. C. T. LANE AND W. A. Dopp, Yale Uni- 
versity.—The electrical resistivity of pure antimony and 
alloys of antimony and tin in the form of single crystals 
has been investigated from room temperature down to the 
temperature of liquid helium. All measurements were 
made with the direction of the current perpendicular to 
the principal crystal axis, and for various amounts of tin 
up to about 3 atomic percent. It is found that the average 
temperature coefficient of resistance between 4.2°K and 
77.3°K decreases sharply with increasing tin content 
assuming a small constant value at 3 atomic percent. 
While the addition of tin at room temperature changes 
the resistivity very little, the effect at 4.2°K is very large. 
This “residual” resistivity is approximately a parabolic 
function of the tin concentration. Comparison of these 
results with the Bloch theory of metals is made. 


29. Remark Concerning Liquid Specific Heats. GREGORY 
H. WANNIER, University of Iowa.—The wave type of 
normal mode analysis has been extended recently from the 
solid to the liquid. Because of disorder, liquid modes 
possess a stronger coupling and equipartition is not main- 
tained. Lucas tried to estimate this effect assuming by 
the correctness of the viscosity concept for all waves. 
This makes the specific heat much too small, because 
viscous resistance becomes paramount for all transverse 
and the shorter longitudinal waves. It is more natural to 
assume that the liquid possesses instantaneously solid 
rigidity, but that the stress decays with a half-period 
computable from viscosity data. The liquid is then quasi- 
solid for wave-lengths shorter than 10-? cm. For mercury, 
one finds the specific heat 10 percent below 3R, tending to 
decrease with temperature. This agrees with observation. 


The treatment cannot apply in its present form near the 
critical point. However, Lenz* has shown that even gases 
may be treated by vibrational analysis if the change in 
nature of the sound velocity is observed. Thus it is probable 
that a unified theory of specific heats applicable to all 
three phases can be developed. 


1 René Lucas, Jour. de Phys. 10, 60 (1939). 
2? Arnold Sommerfeld, Probleme der freien Weglinge. From Vortrdge 
tiber die kinetische Theorie, Teubner, 1914. 


30. Atomic Images with the Electron Microscope. L. |. 
ScuirF, University of Pennsylvania.—Some of the condi- 
tions that must be satisfied in order to obtain an electron 
microscope image of the arrangement of the atoms in a 
molecule are discussed. It is shown that in typical cases 
the minimum aperture angle of the objective lens is not 
much less than the angle at which elastic scattering begins 
to fall off rapidly and is about equal to the greatest angle 
at which inelastic scattering is appreciable, independently 
of the velocity of the electron. In the usual transmission 
microscope many of the unscattered electrons will enter 
the objective lens and the image will show poor contrast. 
This difficulty can be overcome by inclining the axis of the 
condenser lens with respect to that of the rest of the 
microscope, so that the undeviated beam just misses the 
objective aperture. Then only scattered electrons enter 
the objective, and the problem of obtaining sufficient 
contrast is replaced by the more straightforward one of 
obtaining sufficient intensity. This method of ‘‘dark field” 
illumination appears to be superior to that which employs 
annular stops in the condenser system, since the necessarily 
very small objective aperture angle and scattering angle 
require the use of exceedingly well collimated condenser 


beams. 


31. Nerve Fiber Impedance. KENNETH S. CoLE, Co- 
lumbia University.—A nerve fiber is similar to a submarine 
cable in that it has a low resistance interior with a high 
resistance capacitative membrane at the surface. The 
impedance characteristics of the membrane may be calcu- 
lated by cable theory from measurements made between 
well-separated long electrodes surrounding each end of a 
single fiber. Such measurements have been made on the 
giant nerve fiber of the squid over the frequency range 
from 10 cycles to 200 kilocycles. The reactance is capacita- 
tive, as expected, at the higher frequencies, but it may 
become zero between 200 and 300 cycles and be inductive 
for lower frequencies. An approximate equivalent circuit 
for a cm? of this nerve membrane is found to be a capacity 
of 1uf shunted by a resistance of 400 ohms and an in- 
ductance of 0.2 henry in series. However preliminary 
experiments with various external electrolytes show that 
this circuit is over-simplified. 


32. A Comparison of Optical and Electromechanical 
Methods of Studying Ultrasonic Fields —WiLLiam Gar- 
TEN, The Johns Hopkins University —Statements made re- 
garding the accuracy to be obtained in measurements of 
ultrasonic velocity and absorption by various methods are 
not always borne out by the consistency of the results 
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themselves. This is particularly true in the case of liquids 
in which measurements have often been made with little 
attention paid to the effects of high intensity, and the 
accompanying possibility of distortion of measurements 
produced by heating effects. Such effects produce tem- 
perature gradients and give rise to large apparent decre- 
ments introducing errors both in velocity and absorption 
measurements.' Observation of ultrasonic fields in liquids 
by optical methods in the ultrasonic frequency region of 
3 megacycles shows that intensities greater than those 
necessary to produce first order Debye-Lears spectra 
produce important distortions of the field. Measurements 
are possible by methods of acoustic interferometry with 
intensities from one to two orders less than those necessary 
for the optical methods, and at these low intensities 
distortions of field due to a possible temperature gradient 
have not been detected. 


ast” Hubbard, Am. J. Phys. 8, 219 (1940); Phys. Rev. 59, 935 


33. Diffusion of Heat Through a Rectangular Bar and 
the Cooling Effect of Fins. I. The Steady State. MELVIN 
AvraMI, Columbia University, AND J. B. LittLe, Bell 
Telephone Laboratories.—Exact solutions for temperature 
distribution and heat flow through a rectangular fin are 
rederived in more general and simple form than previously 
given. These are studied numerically and graphically, and 
shown to yield new results not contained in the approxi- 
mate formulas hitherto used. Except for the factor of 
thermal conductivity of the fin material, the cooling 
effect is a function only of the height-width ratio 8 of the 
fin, and of a dimensionless ‘‘relative boundary resistivity” 
u governing the heat loss to the environment. It is shown 
that, for any value of this boundary resistivity, there is a 
fairly sharp optimum value of the height-width ratio 
beyond which further increase in height will not lead to 
much improvement in cooling effect. This optimum 6 
decreases with decreasing y until, at a certain critical value 
u* in the neighborhood of 1, it becomes zero. At the 
critical u*, the cooling effect is altogether independent of 8, 
and the presence of the fin is a matter of indifference. 
Below u*, the cooling effect decreases with increasing 8, 
so that the presence of the fin serves merely to insulate 
the hot plate. This analysis of a single fin is the basis 
upon which a study of the conditions for optimal cooling 
by an array of fins will be carried out in a subsequent 
publication. 


34. The Consumption of the Positive Arc Carbon. H. G. 
MacPuerson, National Carbon Company.—The consump- 
tion of the positive electrode of an arc between solid carbons 
in air results partly from evaporation and partly from 
oxidation. The oxidation is operative chiefly on the sides of 
the carbon, tapering the end of the electrode and thus 
producing a tip with a diameter } to § that of the original 
carbon. The consumption of the flat tip, or crater, however, 
is due almost entirely to evaporation. The evaporation rate 
is controlled by the pressure of carbon vapor at the crater 
surface and the mechanism of diffusion away from it. This 


diffusion was computed on the assumption that it is similar 
to that occurring in the evaporation from liquid drops of 
the same diameter as that of the carbon crater, and it was 
shown that the linear electrode consumption should be 
inversely proportional to the crater diameter. This was 
borne out approximately by measurements of consumption 
rates made near the overload current. The absolute values 
of the consumption rates are consistent with the hypothesis 
that the surface temperature of the positive crater is at or 
near the sublimation temperature of carbon. 


35. Ionization by Neutral Atoms in the 2000- to 8000-ev 
Energy Range. H. W. Berry, Washington University. 
(Introduced by A. L. Hughes.)—Using the space charge ion 
detector, ionization by collision of He and Nz atoms by 
their own fast neutrals has been studied for energies up to 
8000 electron volts. A beam of ions is first formed and 
accelerated to the desired velocity. After being homo- 
genized by a velocity selector, the beam is neutralized by 
charge exchange in passing through its own gas. A retarding 
potential removes any ions remaining unneutralized, 
leaving a beam of neutral atoms with the velocity of the 
ions from which it was formed. The neutral beam then 
enters a space charge ion detector where the ionization 
takes place. Finally on striking a nickel plate, secondary 
electrons are released which serve as a measure of the 
intensity of the beam. The curves obtained are considered 
in relation to the method of measurement and interpreted 
in terms of a relative cross section. 


36. Self-Quenching Geiger-Mueller Counters. PAavuL 
Wetsz, Bartol Research Foundation of the Franklin Insti- 
tute.—The investigations of Montgomery, Ramsay, Rose, 
Korff and other authors have yielded a very satisfactory 
picture of the discharge mechanism in counter tubes, and it 
is found that the difference in action of the ‘‘self-quenching”’ 
and the classical counter can be explained in terms of the 
same picture. In experiments with argon/ethyl-ether 
mixtures of successively greater ether concentration, the 
transition from the classical to the self-quenching counter 
mechanism was observed to take place in exactly the 
manner predicted by the picture arrived at, invoking 
emission and absorption of ultraviolet photons, and the 
electron capture phenomena. The nature of the “‘plateau”’ 
should largely be a probability question concerning the 
absorption of these photons by the polyatomic gas. In 
agreement with the consequences of this concept, the 
plateau of the self-quenching counter is found to be some- 
what smaller than that of the classical counter, but with 
suitable mixing ratios plateaus of around 200 volts were 
obtained without difficulty. With proper care taken 
especially regarding the completion of the mixing process 
before filling the counters, very satisfactory tubes can 
be constructed with great reliability, and complete 
reproducibility. 


37. The Ionization of Individual Cosmic Rays. W. F. G. 
SWANN AND Paut WE!sz2, Bartol Research Foundation of the 
Franklin Institute—Previously, the results of an experi- 
ment employing a proportional counter in connection with 
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a telescopic counter arrangement of high resolution power 
to define the path length of the rays in the proportional 
counter were communicated. Plotting the number of 
particles against relative ionization, two distinct primary 
maxima were found confirming earlier findings of W. F. G. 
Swann and W. E. Ramsay, and E. Stuhlinger, the second 
maximum corresponding to about 1.5 times the ionization 
of the first. By measuring the distribution in ionization 
values with and without lead absorber, we have identified 
the first maximum as belonging to the penetrating rays, the 
second maximum as being created by the electron com- 
ponent. The same measurements were carried out at two 
greatly different gas pressures in the proportional counter 
to ascertain whether the density of the individual “electron 
avalanches” in the proportional counter may be of influence 
on the results supplied by the tube. However, identical 
results were obtained in both cases. Accepting the Bethe- 
Bloch ionization formula, we find difficulty in interpreting 
the two so distinct values of ionization for mesotrons and 
electrons of energies of the usually assumed order of 
magnitude, as well as the lack of a sharp cut-off of the 
distribution in ionization which this formula predicts. 


38. The Penetrating Power of Extensive Cosmic-Ray 
Shower Particles at Sea Levels. NorMAN HILBERRY* AND 
AnN HEPBURN HILBERRY, University of Chicago.—To 
obtain information concerning the nature of the extensive 
cosmic-ray shower particles at sea level an experiment has 
been performed determining the variation in the number of 
such showers observed per unit time as a function of the 
thickness of a lead shield placed above the counters. 
Identical shields were placed over each counter unit; the 
units were shielded from the sides; and, so that they could 
be tripped only by air showers, the units were placed on the 
laboratory roof. Two series of measurements were taken, 
one with an over-all extension of 110 cm, the other of 40 
cm. The shower-frequency curves come to a maximum at a 
shield thickness of 1.25 cm of lead as would be expected and 
then drop off with increasing thickness. With 10 cm of lead 
above each unit of a threefold coincidence set the counting 
rate is cut to about five percent of the zero shield value. 
This corresponds to a decrease to about thirty-five percent 
of the initial counting rate for each counter unit, indicating 
that about one-third of the extensive cosmic-ray shower 
particles at sea level can penetrate 10 cm of lead. 


* On sabbatical leave from New York University. 


39, Cloud Chamber Tracks of Heavy Particles at High 
Altitude. DonaLp J. HuGuHes,* University of Chicago.— 
During July of this year a series of 5000 cloud-chamber 
expansions were photographed at an altitude of 15,500 ft. in 
Peru. The results show a number of tracks with heavier 
ionization than electrons and with range greater than that 
of a-particles. The present paper deals only with these 
more obviously interesting cases, since detailed measure- 
ments and analysis of all the data have been delayed. 
About 15 of the heavy tracks show a measurable curvature 
in the magnetic field of 1165 gauss, hence allow a more or 
less accurate mass determination. It is found that approxi- 
mately half of these slow, heavily ionizing particles are 


mesotrons, and half protons. One photograph shows a 
positive-negative pair of slow mesotrons, created in the 
material of the chamber. Several cases of knock-on 
electrons supply additional data for mass calculations. The 
rate of occurrence and range of the slow mesotrons can be 
compared with that of fast mesotrons to give an estimate of 
the mean energy at this altitude; the resulting value is 
markedly less than that at sea level. Complete curvature 
measurements of the tracks of the fast particles will furnish 
an interesting check on this estimate. 
* Now at Naval Ordnance Laboratory, Washington, D. C. 


40. Neutrons Produced by the Cosmic Radiation at 
14,170 Feet Altitude. S. A. Korrr,* Bartol Research 
Foundation of the Franklin Institute-—A series of measure- 
ments on the neutrons produced by the cosmic radiation 
was carried out on Mt. Evans. The neutrons were detected 
by proportional counters filled with BF 3. The counters were 
surrounded by water, so that the neutrons detected should 
almost all be slow, and also, so that the neutrons detected 
should mostly have been produced in the water, very few of 
those generated outside the water reaching the counter. 
With this arrangement, counting rates were obtained as a 
function of pulse size, with and without a thin cadmium 
shield. Next, the neutron counter was operated in coinci- 
dence with a shower detecting unit, the geometry and the 
water being unchanged. This experiment was conducted 
with and without cadmium. The number of large showers 
tripping the arrangement was evaluated by causing the 
neutron counter alone, and then the neutron-shower coinci- 
dence, to control a cloud chamber. The results indicate that 
neutrons are present in some abundance, and their number 
increases with altitude by a factor of about two per meter of 
water, and that some of them appear to be generated by a 
process connected with the soft component, possibly a 
nuclear photo-effect. 


* Now at New York University. 


41. The Effect of Changes of Height of Air Mass on 
Mesotron Intensity. Victor F. Hess AND GeorGe O. 
ALTMANN, Fordham University.—The correlation of meso- 
tron ground intensity with upper ‘‘air mass temperature” 
gives a coefficient of —0.4 percent per °C and is almost 
constant for all layers. This corroborates the view that the 
temperature effect of cosmic-rays is primarily an effect of 
atmospheric mass distribution variations.' Likewise the 
height of the position of the center of gravity h gives a good 
correlation (0.7) with mesotron intensity. A coefficient 8 
was computed =—d@//J@h=17.5 percent/km change of 
altitude. Since we have B= —adT,,/dh. Thus 
the mean life range of a mesotron L =croy = dh/adT» = 1/8, 
if we use Blackett’s relation a=dh/LA8T or L=dh/adT. 
Therefore L=1/0.175=5.7+0.4 km, roy=1.9X10~ sec. 
and the mesotron life time at rest ro=1.5X10~* sec. 
assuming y=12.5 corresponding to mesotrons of 1 Bev 
mean energy. From dh/8T,=—a/8 we also obtain an 
independent determination of the change of the position of 
the center of gravity of the air mass with the lower mass 
temperature which is numerically 22.5 meters/°C. 


1V. F. Hess and F. A. Benedetto, Phys. Rev. 60, 610 (1941). 
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42. Cosmic-Ray Measurements between New York and 
Valparaiso. Epwarp B. Berry, S.J., Fordham University. 
(Introduced by Victor F. Hess..—A Compton Model C 
cosmic-ray meter, aboard the steamship Santa Ana, has 
been in continuous operation since January 10, 1941 
between geomagnetic latitude 52°00’ N and 22°10’ S. 
Hourly intensities were averaged over a Greenwich 
meridian day and the corresponding mean position of the 
ship determined in geomagnetic coordinates. The daily 
means were corrected to a standard of 30.00 inches Hg, 
using as barometer coefficient Gill’s' value. To correct for 
mean atmospheric temperature, the data were divided into 
those obtained at geomagnetic latitudes lower than 17.5°N 
and S and those at higher latitudes. Departures from five 
degree mean values were correlated with atmospheric 
temperature. For high latitudes a= d//JAT = —0.12+0.01 
percent per C°, for low latitudes a= —0.08+0.01, in good 
agreement with some values obtained by Compton and 
Turner and by Gill' on the Pacific. All corrected data, 
compared to an arbitrary absolute value of ionization, 
show a magnetic latitude effect in the Northern Hemisphere 
of 7 percent and a temperature latitude effect of 1.5 


percent. 
1 P. S. Gill, Phys. Rev. 55, 1151 (1939). 


43. Nuclear Forces in the Strong Coupling Theory.** 
S. M. Dancorr* AND R. SERBER, University of Illinois.— 
Although cosmic-ray evidence proves the existence of a 
strong interaction between mesotrons and nuclear particles, 
the calculations of mesotron scattering and of nuclear 
forces made on the basis of mesotron field theories have not 
given satisfactory results. These calculations have been 
made on the supposition that the coupling between heavy 
particles and mesotrons could be regarded as small, a 
supposition contradicted by the results of the calculations 
themselves. It has therefore been hoped that the fault lay, 
not in the structure of the theory, but in the approxima- 
tions made in its application. The development of the 
theory for large, rather than small, couplings was begun by 
Wentzel,! and extended by Oppenheimer and Schwinger, 
who showed that on this basis the small observed mesotron 
scattering could be understood. However, the nuclear 
forces resulting from such a strong coupling turn out to be, 
over most of their range, ordinary forces (non-exchange, 
non-spin dependent) which are unacceptable since they do 
not lead to saturation. This can be understood in a general 
way; for strong interactions the quantum field theory 
approaches the classical one, and all effects of the exclusion 
principle consequently drop out. The calculations have 
been carried out for charged scalar and for neutral and 
charged psuedo-scalar mesotron fields. However, the argu- 
ment is of such a general nature that it seems unlikely that 
any strong coupling theory can lead to suitable forces. 

* Now National Research Fellow, Institute for Advanced Study. 


1G. Wentzel, Helv. Phys. Acta 13, 269 (1940). 
** To be called for after Paper No. 11, Session A. 


44. Application of an Electric Model to the Study of 
Two-Dimensional Heat Flow.* MELVIN AvRAMI AND 
Victor Pascukis, Columbia University.—The experimental 


electric model method of solving problems in heat flow, 
previously described by one of the authors, is here reviewed 
and applied to the diffusion of heat through a long rec- 
tangular bar placed with a long side on a hot plate. The 
general mathematical solution for this problem has been 
worked out by the other author in a previous paper.f The 
model consists of a network of lumped resistances and 
capacitances so arranged as to simulate the distribution of 
resistance and heat capacity in the analogous thermal 
situation. The results on the model are compared with the 
mathematical solutions for the steady state, heat flow, and 
transient state. The agreement, even with fairly crude 
lumping (i.e., representing the body by a network with a 
small number of sections), is remarkably good, generally 
within two percent. An important result is that it is 
possible, using a representative network with non-uniform 
sections, to concentrate investigation on the flow in one 
part of the body without appreciable sacrifice of accuracy. 


* To be called for after Paper No. 33, Session C. 
t See Abstract no. 33. 


PAPERS TO BE READ BY TITLE 


45. Energy Distribution of Mesotrons. M. E. Rose, 
Bartol Research Foundation.—Taking into account decay 
and energy loss according to the Bethe-Bloch ionization 
formula the energy distribution of vertically incident 
mesotrons has been calculated for various elevations and 
under Pb. Assuming mesotron production in a layer 10 
percent from the top of the homogeneous atmosphere and 
with a E~*-* primary energy distribution, the distributions 
at sea level for various proper lifetimes, ro, are compared 
with observations. A lifetime of 210~-* sec. gives good 
agreement with measurements (Blackett, Wilson) although 
the experimental error and the insensitivity of shape of the 
distribution to ro do not exclude a 7» as much as 3X 10~* 
sec. The distribution and total number of mesotrons at sea 
level and under Pb thicknesses up to 2 meters have been 
calculated. The linear decrease of intensity and the 
calculated absorption coefficient, 3.0 10-3 cm™ Pb, are in 
excellent agreement with the measurements of Wilson and 
of Pomerantz. The total number of slow mesotrons 
(E< Eo, Ex<~107 ev) as a function of Pb thickness in- 
creases rapidly for small thicknesses but at 45 cm Pb a flat 
maximum is attained. This optimum Pb thickness is virtu- 
ally independent of the definition of a “slow” mesotron (of 
Eo). The decline in number of slow mesotrons for large Pb 
thickness is in accord with cloud-chamber data obtained in 
this laboratory. 


46. On Photometry with the Photoelectric Cell. F. T. 
RoceErs, JR.,* The University of Houston, Houston, Texas.— 
Over a usefully wide range of steady cathode-illumination 
values (L) and steady cathode-to-anode potentials (V), the 
steady current passed by a photoelectric cell may con- 
veniently be expressed as 


i=L[a(1—e-6Y) +4("*—1)], (1) 


where @, 8, y, and 6 are suitable constants for a particular 
photocell and quality of illumination. This expression is 
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especially suited to gas-filled photo-cells; for vacuum 
photo-cells, the y, 5-term is often negligible. For example, 
for a certain set-up with a type 921 photo-cell, the values 
a= 14, 8=0.35, y =43, and 5=0.00015 were used in Eq. (1) 
to give ¢ in microamperes when L was in lumens and V in 
volts. For L=0.06 lumen and 30 v = V=90 v, these yielded 


i/L values within a very few percent (the amount of 
experimental uncertainty) of the measured values. This 
precision is adequate for many photometric purposes, and 
probably does not represent the ultimate of which Eq. (1) is 
capable. 

* With The University of California (1941-1942), on leave of absence. 
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